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Chapter 1 '' : "- ; .>^ 




First-Order Differential 
Equations 



In this chapter we begin our program of studying ordinary differential equations and 
their applications. This includes the derivation of differential equations from physical 
or other problems (modeling), the solution of these equations by methods of practical 
importance, and the interpretation of the results and their graphs in terms of a given 
problem. We also discuss the questions of existence and uniqueness of solutions. 

We start with the simplest equations. These are called differential equations of the 
first order because they involve only the first derivative of the unknown function. Our 
usual notation for the unknown function will be y(x) or y(t). 

Numerical methods for these equations follow in Sees. 19.1 and 19.2, which are 
totally independent of other sections in Chaps. 17-19, and can be taken up immediately 
after this chapter. 

Prerequisite for this chapter: integral calculus. 
Sections that may be omitted in a shorter course: 1 .7-1 .9. 
References: Appendix 1 , Part A. 
Answers to Problems: Appendix 2. 
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1. FIRST-ORDER DIFFERERTIAL EQUATIONS 



1. y = fx 2 dx = -x 3 + c 

O 

2- 2/ = /sin3xdx = -Icos3x + c 
o 



1.1. Basic Concepts and Ideas 

13. y' = -2ce- 2 *, c = -0A 



3. y' = jx~ i dx = 



y = fy'dx = -x- 2 + c 1X + c 

D 



4. y = fxe-* 2 dx = f-±tdt (t = -x 2 *|*) 
2/ = --« 2 + c== Ix 4 + c 

5. j/' = + 2 x - 2,y' + j, = x i _ 2 

6- = — asinx + 6cosx 

V" = -acosx - fcsinx.j/" + y - o 

7. y' = e* + 2ax = 6, y" = e* + ea 



8- y = -e "(acosx + fisinx) + e -*(_ a sinx + 
6wsx) = e -*{(fc _ a ) C0SI _ (a + b)sinx } 

\ ~~ e Z {( 6 -a)cosx-(a + 6)sinx}4-e-*{( a - 
o)sinx-(a + 6)cosx} 
y" + 2j/ + 2y = 0 

9. nHHH 0,4,, ^2 + y3 = ^ x£ n) 

2x + 2yy l = 0-§- <>J^4 

df' V) df^ xS * y!e m7} ° Ajl > 

10. x 2 -^^!^!,^^^ ^ 

11. X 2 +y 2 = c ^JL^x + yy> = OS] $ 

12. -g-*^ "1-g-tH o|s|| 4x 3 +4y 3 =0£ <^^4 
x = 0,y = 1£ x 4 + y* = cofl ^ c = x 




14. y' = 3cx 2 , c=-l 
4 



15. **^»|*m^ < (2 W '-4x = 0, c= v^3 2 -i 




16. y' = c (sec x)' = csec x tan x = y tan x 

SeC 0 = -i— = lo]DH r — T! 

cosO 1 I — c — ^ 



1.2. GEOMETRICAL MEANING OF y 1 = / (i , y ).DIRECTION FIELDS 



17. -§-frr ^ 2x + 8yy' = 0, c = 2 2 +4 = 8 




18. i7)i^Jo| y( a ) = 0°l<*i c = a 2 o.S. «r?!4. 

-1.4 • 10 - 1 1 sec' 1 °\5-2- y = ce*H 



19. %=ky,k 
4- 

yi = ce fct i, 2U- = ce^'M ^ mJ-tJ-?] - < 2 _ tl o] 
ei*2 - ti = -— = — 10 n sec « 1600>d 

K 1.4 

20. Bj-f-S] «fi j/Sf 4* = fcy» ^f\JL 19«d<L3. 



In 2 



In 2 



Z.dday 

-0.1925om-. y(t) = e - 0 1925t (^-^ t 

gram 3f day°|jl i7]^| y(0) = l°lc+) 

tr^* = e-°- 1925 « 0.8248 

<a»d * tf£ y(365) = e -o.i925-365 w 

3.2548 • KT 31 

21. <fr#7|* x, 0 J<d * ^-fr <£* ye)- Sr-S 20>d °.5.-f 

tttfjw 3.6-y 4 -ay** tf£ •<* « | 100 
#$7M 3.6x0.01 u «n <y«d * ^ « | 10000 



22. y' =gt, y = f y' dt = \gt 2 + y(0) zie) £.5. -§-*] °] 
7^ = fyt 2 

23. 100 = ±flt 2 -§r #^ t « 4.4(i), 200 = | 9 t 2 l- f-^ 
t w 6.3(2.) 

24. y'-fe- y<H| «1 31 *KE..S. y' = AynlHj- y(x) = 
ce kx % <$3.,x = 0<an n^)y = y 0 °lH. 
5. c = y 0 , x = 180001) «| j = ^o|n.S. 

y(35000) = yoe-TWo 35000 « y 0 e- 2In2 = 

4 

25. 1800idS.# tl^S-S. ^o.^ yo = 5.3o|^7 13 = 



5.3e J 



, , , In (13/5.3) 

L E i = 1 L - 0.03 

30 



°) Tfl-J} ^S. 180VH *3 ll^-t 31^*1.^(180) = 
5 3e 0.03 180 = n547 L ^ tflo]^ ^ 

o]7)- ijj-c).. o.el.E.3. Malthus^ 7)*Hg-^ ^7)- i-g-g. 
^■t- -3-*r?11 -Ms. <il^7}7} St.). 

26. ^-g- y 0 7> Sr^7l7j-o|I o|4£. rS. f-7^4^ 

cr^7|7i #q = yo+yor = y 0 (l + r) 

cf^7)7j. ^sj ^1 = y 0 (l + r) + y 0 (l + 
»")r = yo(l + r) 2 



QWHx* €e] ^7f| =y 0 (l + r) I - 1 +yo(l + 
r) I_1 r = y 0 (l -f r) x 

daily compounding ^ ^tr -2.V3 + €=1 ^"fl 
y(5) = 1000[1 + (0.08/365)] 365 « 1491.8 
continuous compounding »fl S^tr i'd^- -|!^ "^-Til 
y(5) = lOOOe 0 08 ' 5 » 1491.8 7^5) *)-ol7l- §{4. 

27. fc7l- a $*r*& ^y}^ 



1.2. Geometrical Meaning of y' = f(x,y). Direction Fields 
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1. FIRST-ORDER DIFPERERTIAL EQUATIONS 



3. 
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4. 
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6. 
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£(_*) 

s(0) = lo)4. s (t) = v/2fTT 




direction fieldl n.e|J2.i*!, 2.7|2.;?H i-g- 
$7} 3.13ofl 7W$x]tr?l °i ^ 514.(3.13=^) 
3!>a*i| =l%<$*\ a.ei^l *m Ji^ 102] 4~-5.°{i*\ H 
ot-tr* s)^ °-t 0.5a *<H1 3-i7 r 3.13 "^sMi 
a i<r ^-SH ^£ v=3.13 e*H-H 
aS3 direction field. 




///////*////////// 

•////////////r////// 

////////////////// 
t ^ £ — * i — £ I H. 



0.2 0.4 0.6 0.0 



12 1.4 1.6 



\\\\\\\\\\\\\W\\\\\ 
\\\\\\\\\\\\\\\\\\\\ 



11 M 
3.13 



I. ////////////////// / 



II 



t>.2 M 



18. 0 < j/ < 4°)M y' = Ay = y 2 > Qo]s_z. 

^^"^■( 0 M direction field^Hs. oj.-^ ojcj.) 
solution curve f-£ ^Jl-^l^^ <\HH.£. S 4 ^ 




19. "a^olHJ-oleri exacts* -?-*|-7| & 

«t)5l ^sfl* 34*1^1 r-i 7§+7\ ^r+. 

direction fieldl- n.iH-SL-cr^ o|^J ^^|^°] -fi-g-Aj 

20: computer!- °l-§-*il direction fieldl- t'-St-c- ^Mll! 
ifl, <H ^ packaged matlab^.5. example 
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1. FIRST- ORDER DIFFERERTIAL EQUATIONS 



[x , y] =me shgr id ( -3 : 0 . 3 : 3 ) ; 
yl=x.* y; 

x2=l./sqrt(l+yl.~ 2) ; 
y2=yl./sqrt(l+yl.~ 2); 
quiver(x f y,x2,y2,0.5, 1 . ') 



_ s / 



fill 



• / / / / / 

' ✓ / / / / 

- ✓ ✓ / / / 

. s / J / 

. * s ✓ / 

- ~~ S s s . 



/ / / s s . 



/ / s . ^ 

/ / s ^ _ 



N \ 



1.3. Separable Differential Equations 



1. pagel5 exainple2^ A ^<Hrl- 4l3*h£ 

25x 

2. y' = , ydy = -25xdx 

y 

J ydy = -j 25x£fcr, y 2 = -yx 2 + c (eHJ) 

<*y = . f dy _ f 

L + 0.01y 2 ' J l + 0.01y 2 J 



i + 0.011,- ' - - - " ' dx 

lOarctan(^) = x + c, y = 10tan( — ) 



4. -| = -3x 2 dx 

1 3 1 
- - = -x 3 + c, y = -g— 
y x 3 + c 



l + 0.01y 2 

c, y = 



5. * = Hdx, f*L=[*dx 
y 2 ' J y J 2 

X 2 ,2 ,2 

In |y| = — + c, y = ice « , y = ce < (c-fe- ^^r) 

6. - f% = f kdx, - = kx + 

J y 2 J y 



kx + 1 



J y 2 +y / x '2y + 2' 1 
v icx CX 

= ±cx, y = y = (cfe- ^) 



y + 1 



1 =F cx 



1 — cx 



* £4€-«S»fl (- =u *l$°]-§-) 

X 

y' = xu 2 + u 

u'x + u- xu 2 + u(- = u*]Qi\-*& y' = u'x + u) 

u' = u 2 , J ^ = y<ix, -i = x + c 

X — x cx 

--=x + c, y = — — , y= 

y x + c 1 - cx 



8. y' = 1 +u, u'x + u = 1 + 



u, y* du =y 



u = In |x| + c, - = In |x| + c, y = x(ln |x| + c) 
x 

9. y'=u+— , u'x + u = u + - 
u u 

udu = J —> y =ln l x l + c 

y 2 =2x 2 (ln|x| + c) 

10. (y + 4x = u*]^^ y' + 4 = «') 

y' = „ 2 , ,/-4 = „ 2 , IJ^ = jdx 
1 u 

-arctan(-) = x + c, v = 2tan(2x + c) 
y = 2tan(2x + c)-4x 

-f£k = f dx ' -/ sinydy = / dx 



cos y = x + c 
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• Jy dy = — J xdx, y 2 — -x 2 + c 
x 2 + y 2 = 4 ( SV^ll- 2°] ^) 

13. -|^ = |^, -l„ M = l„ W + ( 



1 . 1 

x x 



14. J y 3 dy = -J x 3 dx, y 4 = -x 4 + c 
x 4 + y 4 = 1 

15. J ^| = y 2(x + l^-* dx 

- - = -2(x + ^e -1 + 2 fe~ x (-T-g-3-g-) 



= -2(x + 2)e- x + c, y = 



2(x + 2)e- 3: +c 



1.4. MODELING :SEP ARABLE EQUATIONS 



y - 



2(x + 2)e~ x +2 
f dy [ 1 

16 ' J 1+V = 7 dX ' 2 arctan ( 2 f ) = * + < 
2/ = - tan(2x + c), y = ^ tan(2x) 

17. /J* - = 

y sin^y y cosh/x 

- cot y = tanh x + c, - cot y = tanh x 

18. = ~y 2t dt, In |r| = -t 2 + c 
r = 2.5e-* 2 



19. lJ y = -R Jdt, L In | J| = -itt + c 

20. y'=x 2 (u-l) 3 +u 

u'x + u = x 2 (u - l) 3 + It, «' = x(u - l) 3 
f du f _, 1, >_o X 2 

Jj^rtf = J xdx ' -2 (u ~ ir ' = l 



(u - l) 3 

(f-o- 



+ c 



-x 2 +5 



21. y' = u + 3x 3 cos 2 u 

u'x + u = u + 3x 3 cos 2 u, u' = 3x 2 cos 2 u 
J sec 2 u du = y 3x 2 dx, tan u = x 3 + c 

tan(-) = x 3 - 1 
x 

22. y' = u + x sec u, u'x + u = u + xsecu 

v! = sec u, y cos u du = J dx, sinu = x + c 

sin(-) = x - 1 
x 



23. y' = 2u + -, u'x + u = 2u + - 

U u 



u'x — 11 + 



u 2 + 4 



If u 

f u du fdx 1 , , , 

u 2 +4 = cx 2 , (^) 2 +4 = 2x 2 
x 

24. t) = x + y - 25. *l$* r 5l x 3. v\&i>M 

t>' = 1 + y> 

i — V 1 — u 



x + y-l 
3 - x - y 



25. y + 2x = t; *l$rtr r ig y' + 2 = v' 

, \-2v . 3 
v' - 2= , v' = 



1 + v 

,.2 



1 + W ' 

J \ + v dv = 3 j dx, u + — = 3x + . 

fy + 2x) 2 
y + 2x + ; = 3x + c 



26. 



(a) x 2 + y 2 = c2) tfnj* i/ = --t 

y 

(b) xy = c£} »j=<d^- nl-g-tj.^ y' = - ^ * 
4- 

(c) y = axB] <5f»g* y> = a <g^4. 

(d) (a)4 (c)s) SL^H (a)£j 7)^-7]^. y' = 

** -1 ^JiL^-cf. 

(e) °J 2] family of curves f- Sf4sj differential 
equation 3.3. S^sHr^ ^7\^-fH-r\-. 

3 tMI 



1.4. Modeling:Separable Equations 



1. v]^y> = ky, y(l)=2y(0) 

^d, y = ce At , ce* = 2c S. -f El fc = ln2 



y = ce ln 24 



3 ^ ^ ^7|?J:cSl 



,,3 In 2 



= 2 3 = 8«H. 



2. 7 r ^-H.# -?-*Kr 

7)-#JE.l- aEf «}-^, v = 10 + at, ol-f-^e)^ 

s = 10t+ ^cf. 50^,-f'U: 2kml- ^ o]^- 

«r°S., 2000 = 10 ■ 50 + -50 2 o) ^^sj-jl 0)3.^ 

3000 „ , , 

a = -t- ^^-4. 

2500 

") ^ «1| ^-ife- f = 10+ 50 = 70 ( meter/sec) 
2500 ' ' 

3. 7\4rS.7\ 1.5^, ^ej-^ a|7^, 2000 = 10i+ — t 2 
3.3.^ 45.4i IL^E.3. 10 + 1.5 x 



45.4 w 78.1 (meter/sec) 

4. 7)-^-i a = 7t 

4rS_ v= 7 -t 2 (i7|^i^ 0) 

ol-f-Tis) s= -t 3 , lO^oJ- ioL^.^ 7]e|^ I (km) 
f 1 ^ 7^i g = 9.8m/sec 2 l- 3L^t>\ ^4^, 



a = 7t-g, v = ^t 2 -gt, s 
"l-f-^Bj^ ^ 676 (m) 



-t 3 - ^t 2 iL5LJfEi 



5. page 19ofl^i y(t) = y 0 efct, fe = -0.000121 o| a 

S. ^2221 = e -3000x0.000121 „ 0 n6 

71.6% 

6. zfl-tr-i- S)-^,y' = fey, y = ce fcf <HMi «r^ 7 |7f 10<>]5. 
3. 

-In 2 



10 



= -0.06931 



1. FIRST-ORDER DIFFERERTIAL EQUATIONS 



e kt = 0.012. , t = fa 66.4 (-g-) V 



5, lo\- 



7. 100<H|^H -^St'S 50°| s|jl 10-g-^- 25, 

* 12.5, 10-g-^ 6.2, 105-^ 3.1, 10-g-^f 1.5, 10-g-^f 
0.7»|£LS. °-f 60-g-°iH 70-g-4o|7l- ^^^o]cf. 



10 4 - 10 3 
10-3 



9 • 10 6 m/sec 2 



io 3 io- 3 + - 



9 ■ 10 6 



S = 10 3 f+-t 2 
2 

( meter) 

9 — - -X. 
dp p 
fdV _ _ [dp 

J V ~ J p 

ln|V| = -ln|p| + c,V= - 
P 

10. ^ejsl ^r^lfe. page 22 (10-b)«IM 



(10- 3 ) 2 = 5.5 



gR 2 



+ c 



2 r 

r = /£+ lOOOofl^s) 4r£.f- „ oE ). 



9« 2 



R + 1000 



+ ^ 



v 2 = gR 2 
2 r """ 2 

2 R + 1000 



9« 2 



ii + 1000 



°1 oo] sj^i &_5.3<a 



> 0 °Ho|: S r °-3., 

10.39(km/sec).£cf-fc- ?1 



/ 2gfl» 
y iZ + 1000 



11. y' = fcy, y(t) = ce fct 
y(0) = 0.01, y(4) = 0.03.2.5.^ 
y(t) = O.Ole - 5— * 

12. At- ^!s| °J=, AA-fr $3 Ail- «js\ ^ 
e}- sj.^, AA = -fcAAx ( k^r "N^SHr) 7\ 

Ax -> 0°1^ A' = -fcA7 r a^. (A(x)-fe °J4<j! 0.5. 

dT 

13. — = k(T - 22) 
at 

/t^22 = /**' r = 22 + < 
T(0) = 5, T(60) = 125. -r-El 

c = -17, fc = — In — = -0.00884 
60 17 

21.9 = 22 + ce kt S. Jf el , t as 580a. 

14. y-fr <g=o]4 

y' = 1-<HA^ i-g-s| <$ - -Mtf^ q-7 r ^ 

y' = 0 - — y, y(0) = 100 iS.^-E), 

y = 100e~25o' 

60-g- <£ « 74.1 (lb) 

15. yf = -~ t Jydy = -4 ^xdx 
y 2 = -4x 2 + c (4*J) 



16. f.qf(^i«jf)o) Hj.7j.g- r , V, AsJ- i\ 

dV 

i#<HN — = fcA 
at 

ZL^til, chain ruleofl 
dV _ dV_ dr 

dt dr dt ^ ' 

V = |7rr 3 0 )S.5. ^ = 47T7- 2 = A 
dr 

A^ = fcA 
dt 

ILBlS-S. r(t) = ifct + c 

r(0) = 1, r(2) = | o.S. k, c» 

r(t) = - it + l-§- ■y^uf. 

0.05cm 7\ 
0 .05 = -it+l-t-#^, 
t = 3.8(71) 4)) ^- <^^4. 



17 . y ' = y, [Hl = [*!l 

x J y J x 



y = cx 

18. f^7 r 4KS. 9 S) ^4^* Hh*^^ psina, 

normal Hh^-^-S-^- 5 cos a 
*y%$\^7\- 0.20 o|s.s. 
*> 

7\^5- = — = 9 sin a - O.2O9 cos a = 3.203 
dt 

t 2 

v = 3.203t, « = 3.203 — 

t = • 10/3.203 = 2.50 

=LS. ^-ife- 3.203 • 2.50 = 8.01(m/sec) 



19. (a) y(t) = ce kt °\W ##7] t H = - 

ce k = 0.2, ce 4 * = 0.05 5.Jf 6j 
In 0.25 

fc = = -0.462 

3 

Sr^Mfe iff = = 1.5 

(b) y(ti) = yi, y{t 2 ) = y 2 ^ 



In 2 



fc = 



l nyi - lny 2 
tl -t2 



In yi - In y 2 

(c) ^<r1i »i*Z7]3, «i| 4* ?i:3r ^-^S:* bU«« 

-H, "J-^JSJ ^^-£1- 7l| Aj^. 514. 

20. (a) -mv 2 - mgh S. 4e| <afe-cf. 

(b) ^•<>U-y"11,^3.'?}£)^£)^o|-i-S(/i)e r «). 
^, -f^W €' < H— -c- *f£ 4^ f-tHl 
-B(/i)Aho|cf. 4^-0)]^ 
f.^| 4^47^ 0^0. A |7j.f- O j.ol| Ad At 

-B(h)Ah = AvAt 

■Jf^-i- At S. M-^rJl At -> 0 #)Sr^, 
= -— f = --=4t- • 0.600y/2gh(t) = 



B(h) 
-26.56— — v'S 



B(fc) 



1.5. EXACT DIFFERENTIAL EQUATIONS. INTEGRATING FACTORS 



, , f dh A f 

(c) J _ = -26.56-/ dt 

Vh = -13.28— t + c 

(d) | = (l/100) 2 o|^, 

= -13.28(l/100) 2 t + c 



h(0) = 150o) c = 12.25 
0 = -0.001328* + 12.251- t = 9924^ 
(e) Ai\ h'7} 9]x\s.S. h^r 4 te) #<H-g- 

4- 

&4- 



1. du = 2xdx + 8ydy = 0 

2. du = 2xdx — 2ydy — 0 

3. du = — e^lndx - ^-e x2 ^dy = 0 



1.5. Exact Differential Equations. Integrating Factors 

du 



4. du = — - 



Ixdx 



2ydy 



= 0 



~(x 2 +y2)2 (x 2 +y2)2 

5. du - -3x 2 sec 2 (y 2 -x 3 )dx+2y sec 2 (y 2 -x 3 )dy = 0 

6. du = cos x cosh ydx + sin x sinh ydy = 0 



9y' 



6x 



u = y*2xydx + fc(y) = x 2 y + 

= x 2 + fc' = x 2 ±S.^k' = 0, Jfc = 



9y 

u = x 2 y = c 



8- |-(-ys- 2 ) = -x- 2 = 



d_ 
dx 



.-l 



u= f - yx~ 2 dx + fc(y) = ^ + fc(y) 

J x 
du 1 ,1 

ti = — — c 

X 

a 

9. — sinh x cos y = — sinh x sin y 
dy 

Q 

= — (— cosh x sin y) 
3x 

u = J sinh x cos ydx + fc(y) = cosh x cos y + fc(y) 

a« 

— = - cosh x sin y + fc' = - cosh x sin yS-&-%-z\ 

k' = Q, k = 

u = cosh x cos y = c 

10. ^-e 3 * = 3e 3 » = — 3re 3 » 

ae ar 

u = J e 39 dr + k(6) = e 3e r + fc(0) 

^ = 3e 3e r + k' = 3re M j9L S.^ 
fc' = 0, fc = ^ 



11. ^- e -2«r = - 2e -2»r=-?L e -29(_ r 2 ) 
86 dr ^ 1 

u = J e~ 2e rdr + Jfc(fl) = ^e~ 2 V + fc(0) 



^ = -e- 29 r 2 + fc' = e-^C-r 2 )^^^ 
fc' = 0, fc = 
u = V 2 V = c 

g a 

12. — -(coty-f x 2 ) = -csc 2 y = —(- xcsc 2 y -< u _ 

ox 

/ cot y + x 2 dx + fc(y) = x cot y + ix 3 + fc(y) 

9" 2 , 3 

— = -x csc^ y + fc' = -x esc 2 yAS.Jf Ei 

fc' = 0, fc = ^ 

u = xcoty + -x^ 3 = c 
3 

13. P = 3y 2 , Q = x 
p » = ^3y 2 = 6y ^ 1 = £-x = Q x (not exact) 



~(Qx - P„) = J-(l _ 6 y) = (ynj^ ^, 



e 3 v 

— — (integrating factor) 



3y 2 

F(y) = exp J R(y)dy 

u = jFPdx + k{y)=: j3e~^dx + k{y) 
= 3xe _3 V +fc(y) 

au x , x i 

- = -e 3„ +fc ' = FQ= _ e - 3y a+E) 

fc' = o, fc = >y-^ 

L. 

u = 3xe 3 » = c 

= i 3.-flH 3xe _ 3T =3e-t 

14. P = 2y- l cos2x, Q = -y- 2 sin2x 
P y = -2y~ 2 cos2x = Q x (exact) 

u = J Pdx + k(y) = 2y~ 1 J cos 2xdx + fc(y) 

= y _1 sin2x + fc(y) 
du _ 0 

— = -y sin2x + fc' = Q = -y _2 sin2x S. 

k' = o, fc = ^ 

u = y _1 sin2x = c 

y(7r/4) = 3.8 S. -fE^ y" 1 s in2x = — 

3.8 

15. P = x 2 + y 2 , Q = -2xy 

P y = 2yjt -2y = Q y ( not exact) 

F(x) = exp y - -dx = x -2 

u = j FPdx + k{y) = J\ + x - 2 y 2 dx + k{y) 
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1. FIRST-ORDER DIFFERERTIAL EQUATIONS 



= x - + k(y) 

dy x x 

k' = 0, k = <#<r 
V 2 

U = X = c 

X 

V 2 

y(l) =2i^ I -*- = _ 3 
x 

16. P = ye x , Q = 2y + e x 
P y = e x = Q x (exact) 

u = J ye x dx + k(y) = ye x + k(y) 

^ = e x + k' = Q = 2y + e x JL -f 6] 
dy 

k' = 2y, k = y 2 

u = ye x +y 2 =c 

y(0) = -1 ye x +y 2 = 0 



17. P = (x + l)e x -e», Q = -xe» 
P y = -e v = Qx (exact) 

u = J Qdy + k(x) = -xe y + k(x) 

|^ = -e* + k' = P = (x + l)e x -e»l -f 
ox 

k' = (x + l)e x , k = xe x 

u = —xe y + xe x = c 

2/(1) = 0 S. -f t\ - xe v + xe x = e - 1 

18. P = 2sinwy, Q = wcosa>y 

P v = 2w coswy 5= 0 = Q x ( not exact) 

^(P„-Q*) = 2 
F(x) = exp y 2dx = e 2x 
u = J FPdx + k{y) = sin wye 21 + fc(y) 



du 



ay 

wcoswye 2 * 3. -f ^ k' = 0, k = *}^f 
u = sinuye 2x = c 

y(0) = ~ 3. 4 e) sin wye 21 = 1 
2w 

19. P = 2sin2xsinhy, Q =- cos 2x cosh y 
P y = 2sin2xcoshy = Q x (exact) 

u = J Pdx + k(y) = - cos 2i sinh y + k(y) 

du . 

— = - cos 2x cosh y + k = Q 3. -t-e1 

ay 

k' = 0, Jfc = ^ 

u = — cos 2a; sinh y = c 

y(0) =11 ^-E-j - cos 2x sinh y = - sinh 1 

20. P = 2xye l2 , Q = e x * 

2 

P y = 2xe x = Q x (exact) 

/2 2 
e x dy + k(x) = e x y + k(x) 



du 
dx 

k' = 0, k = 



^ = 2xe x2 y + t' = Fl T El 
ox 



= ui cos uiye 2x + k' = FQ = 



y(0) = 2 5. -t"E] e 21 y = 2 

21. — (ax + by)=b, —{kx + ly) = ko}s_s, 
dy ox 
b = k "i *H exact. 
b = kt 7}^ji -f^. 

u = Jax + bydx + k(y) = ^x 2 + bxy + fc(y) 



du 



= bx + k' = kx + ly 3. ^] 



I 



k' =ly,k= -y 2 

a 1 , ' 2 

u = -x + bxy + -y 

22. x = s + t, y = s-tx]&°% S\n s 4 + t 4 = c $\ %^ 7 \ 
=)cf. aB)S.S. example 1^ curve f-£- s 4 +t 4 = c 

curve fc-fr «y^* ( \ _\ ) 

V 1 -1 J V2 V sinf cos J j ^ 0 -1 J 

^1 v^nfl Htf - ^*>t- ^*°l5r^l °i =r Si 4- ^.3 

i-E-1 page 27 



E.S. s 4 + t 4 = c curvef-£l 7))^^ 
example 1 £| solution curve -f-s] 7)]^^- <y- 41 °Jc|.. 




23- — yy = 2y. 



dx 



2xy°]ZL£. 



y-fe- integrating factor 

— y • xy 3 = 4xy 3 = — 2x • xy 3 o| o_^. 
oy ox 

xy 3 fe- integrating factor 

9 ok ~ ,2 5 & 



6x z y 



2x • x J y 5 o] 



ay- y - xV ~- ax 

i 2 y 5 -c- integrating factor 
P = y, Q = 2x, F = y 

u = J FPdx + k{y) = y 2 x + k(y) 

du . 

— = 2xy + k' = FQ = 2xy 3. -f E-) 
oy 

k' = 0, k = ^ 
u = y 2 x = c 



1.5. EXACT DIFFERENTIAL EQUATIONS. INTEGRATING FACTORS 

d 



24. -^(ij/)- 1 • y = -x- 2 = ^(-x- 2 • j/) o) £i yfe 



integrating factoroljn. o|^^- 4-g. sflf- ^sj. 
*g y = cxt- "^^4. a^q- y = o-g- sfl7l- oH4. 
j/ = 0£- F = 0»1 ^-f °Jt-tl, integrating factor -^tr 
4-S- *H-M Checking solution o) f-.&tr °l-fr 
tt, F* ^-tr ^-fe- ^sfl 
°H*1 D J F = 0°] 0)^.3. i^s)^ jUf-o] ^ oj 

d d 

25. — e x sin y = e 1 cos y = — e^cosy 
oy dx 

u = J e x sin ydx + k{y) = e z sin y + k(y) 

du 

— = e x cos y + fc' = e 1 cos 1/ 5. -f ej 
oy 

fc' = 0, fc = ^ 
u = e x sin y = c 

26. -^-y cos(x + j/) = cos(x + y) - ysin(x + y) 

£- [y + tan(x + y)] cos(x + y) = ^-y cos(x + y) + 
sin(x + y) = -y sin(x + y) + cos(x + y) 
u = ysin(x + y) = c 

27. — (a + l)yx a y* = (tt+l)(&+l)xV 

u = y*(a + l)yxV<ix + k(y) = y b+1 x a+1 + k(y) 
du 

— = (6+ l)yV +1 + k' = (6+ l)y 6 x° +1 i JM 

fc' = 0, fc = ^ 
u = y fr+1 x-+ 1 = c 

28. P = 3(y + 1), Q = -2x, F = (y + l)/x 4 
(FP)„ = (FQ) X = 6(y + l)x" 4 

u = (y + l) 2 x~ 3 = c 

29. P = 2y + xy, Q = 2x, F-\/xy 
{FP) y = (FQ) X = 0 

u = jFPdx + k(y) = Jl + ldx + k(y) 

= 2 In |x| + x + fc(y) 

, 2 

— = fc' = FQ = - JL -flH 
dy y 

fc = 21n|y| 

u = 21n|x| + x + 21n|y| = c 
u = (xy) 2 e* = c 

30. P = 2 cos y, Q = - tan 2x sin y, F = cos 2x 
(FP)„ = (FQ) X = -2cos2xsiny 

u = sin 2x cos y = c 



31. P = 2coshxcosy, (? = - sinh x sin y 
P» = -2 cosh x sin y, Q x — - cosh x sin y 

-P y ) = |tany 

F(y) = exp /" i tan ydy = exp(- i In | cos y|) 
1 J 1 2 

(-tt/2 < y < 7r/2°J 534-5. *l|tr) 



v/cosy 

( FP )» = (FQ)* = -coshx- ^-g- °\E-3^ F± integral 
v/cosv fect ^ r 

" = y FPdx + k(y) = 2 1 coshx^/cosydx + fc(y) 

= 2sinhx N /cosy + fc(y) 
9u . , siny 

— = - sinhx + fc' = FQ S. ^-El 

oy % /cosy 

fc' = 0, fc = ^ 

°J H J-«tl : 2sinhx v /cosy = c 

32. -£-4 314 4^71-^5. F# ^-* r ^, F = y 2 
■aS}«9 : x 2 y 3 = C 

33. P = 2cosy + 4x 2 , Q = -xsiny 

F(x) = exp y idx = x 

HHin ■■ x 2 cosy + x 4 =c V .. ' 

34. *^|| 334 n^ 7 ^|s. F# ^* r ^, F = e 21 
■>J«V«1) : e 2l cosy = c ... 

35. P = 2xtany, Q = sec 2 y - 
F(x) = e l2 

°JSr«l) :e l2 tany = c - " ' 

36. P = y + 1, Q = -(* + 1) ' - 2 ' 

I(P V - Q , ) = _£ ,: r . 
F(x) = (x + l)- 2 

x + 1 

37. P=^,Q = s inhy 
F(x) = x 

■ySr^l : xcoshy = c 



38. ^7\A #$0.3. "e^- ^ 

xy' + y + 4 = 0 o|q. x dx + ydy = 0 -f-s) ^-^-^ <g 
^■S-^>Som-, exact equation-t- °l-§-*l-fe- i-T- 
^#^r 514- 
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1. FIRST-ORDER DIFFERERTIAL EQUATIONS 



1.6. Linear Differential Equations. Bernoulli Equation 

1. .g.a.'u*) a 61nc = c 61na °l-g- 

2. e -(h+c) j^y e h+c rdx + c j 



— p—c+Cp-h 



e h rdx + cj = e~ h e k rdx + cj 



3- (y' - y)e-« = (ye~ x )' = 4e~ 



ye 



— 4e 1 + cy = — 4 + ce 1 



4. (y' + 2y)e 2x = (ye 21 )' = 2.5e 2 * 
ye 2x _ M e 2x + cy = 2^5 + ce - 2l 

5. (y'+3xj/)el l2 =(yef l2 )' =0 
ye 2 = c, y — ce 2 



6. (y' + xy)e*2 = (ye '2 )' = 4xe*2 
ye 2 = 4e 2 + c, y = 4 -f ce 2 



7. (y'+fcy)e** = (ye**)' = l 
ye fcx = x + c, y = (x + c)e 



8. (y' + 4y)e 4 * = (ye 41 )' = cosxe 4 * 

ye ix = J cosxe 4l <ix = ^ cosxe 4l + -j^ sinxe 4x +c 
y = -fa cos x + ^ sin x + ce~* x 

9- P= -f, r = x 2 e I 

h = f pdx = — 21nx, e h = x~ 2 

y = e- h [/e h r<ix + c] = x 2 [/x- 2 (x 2 e*)dx + c] 

= x 2 (e I +c) 

10. (y' + y)e x = (ye 1 )' = tan x 

ye x — c - In I cos x|, y = e _I (c - In |cosx|) 

11. J ^ 2 = J cotx dx, In |y — 2| = ln|sinx| + c 
y = csinx + 2 

12. p= f, r = x" 4 

h = f pdx = 3 In x, e h = x 3 

y = x~ 3 [/ x 3 x _4 dx + c] = x _3 (lnx + c) 



13. (y' + ysinx)e- COSI = (ye 



— cos x y 



ye" 



14. p: 



= x + c, y = (x + c)e c 
sinh 5x 



)' = 1 



/i = fpdx = 21nx, e h - x 2 

y = x~ 2 [f x 2 sin ^ 5 a dx + c] = x _2 (icosh5x + c) 

15. (y'+4y)e 4 * = (ye 41 )' = 20e 41 , y = e - 4 *(5e 4l +c) 
2 = 5 + ci. T E|c=-3, y = e- 4r (5e 41 - 3) 

16. p = -(1 + 3x _1 , r = x + 2 

ft = — x — 31nx,e h = e _x x -3 
y = e x x 3 [/ e- x x- 3 (x + 2)dx + c] 



/ e x x 2 dx = — e 



-2fe~ x x- 3 dx # o|-§- 



y = cx 3 e* - x, ±7|i;*Hl-M c = 1 



17. J -^j = y2tanh2xdx 

In |y - 1| = In cosh 2x + c, y = 1 + ccosh 2x, c = 3 

18. (secx)' = secxtanxo|-§-, y = csecx, c = — 2 

19. (y' + 3y)e 3 * = (ye 31 )' = sinxe 3 * 
y = e _3x [J sinxe 3l dx + c] 
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(3 sin x — cos x) + c], c = 0 



20. (y'+6x 2 y)e 2 * 3 = (ye 2 * 3 )' = 4, 
y = t' 2x \-l+c), c=\ 

21. J Y^yT = y dx ' arctan y = x > 2/ = tanx, c = 0 

22. p = ±, r = 8x 3 , h = 41nx, e 71 = x 4 

y = x~ 4 [8 / x 7 dx + c] = x 4 + ex -4 , c = 1 

23. y' = 0, 0 + p(x)0 = 0 

24. y = cyi °] ej- y' = cyi 

y' + py = cyi + pcyi = c(yi +pyi) = 0 °1 B.3. y ^ 

25. (yi + y 2 )' + p(yi + y 2 ) = yi + pyi + y 2 + py 2 = 0 

26. yi + pyi = r, y 2 + pyi = 0 o]s.£_ 

(yi + y 2 )' + p(yi + y 2 ) = yi + pyi +y' 2 +PV2 = r 

27. y'j -fpyi = r, y 2 +py 2 = r 0)^.5. 
(yi-y 2 )'+p(yi-y 2 ) = (yi+pyi)-(y' 2 +py 2 ) = 0 

28. (cyi)' +p(cyi) = c(yi +pyi) = cr 

29. yi +pyi = n, y' 2 + py 2 = r 2 °|JE..S. 
(yi+y 2 )'+p(yi+y 2 ) = yi+pyi+y2+py 2 = r x +r 2 

30. <S^r-g-e}HH-§- I 

/dy f \ 
= j dx, In |r 0 - p 0 y| = x + c 
ro - Poy J Po 



PO 



(r 0 + ce- pox ) 



page 34 (4) <>).§-; 
h-p 0 x, e h = e p ° x , 
y = e-P° x [J e"° x r 0 dx + c] = — + ce-P"* 



31. u = \ 3, -r-^ 
v! - 2u = -V- 



2 y' + 2y 



= -1 



y y y^ y^ 
ol^-S. -ij^HJ-^ol €4- t4 30S] 2.3. # ^, 
u= i + ce 2x , y = (| + ce 2l ) _1 



1.6. LINEAR DIFFERENTIAL EQUATIONS. BERNOULLI EQUATION 
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32. u = y 2 5. Jpig 

u' +2u = 2yy' + 2y 2 = 2y(y' + y) = 2y{-x/y) = 
-2x 

(u' + 2u)e 2x = {ue 2x )' = -2xe 2x 

u = e~ 2x [-2fxe 2x dx+c] = l- x +ce~ 2x , y = 

33. u = y~ 3 3. ^ 

u'-u = -3j/-V-2T 3 = -3i/- 4 (y' + iy) = 2x-l 
u = e x [f e~ x {2x - l)dx + c] = ce x - (2x + 1) 

34. J cot ydy = J x = l + csiny 

35. 6e» - 2x = — = — 

y' dy 

dr 

x' + 2x = 6ev <17}*\ — * q-E].<3 

ay 

(x' + 2x)e 2 » = (xe 2 y)' = 6e 3 v 
xe 2 y = 2e 3 y + c, x = 2e« + ce" 2 * 

36. J/ -2 (sinh 3y - 2xy) = — = — 

y' dy 

x' + |x = 4j S inh3y 

<47H "UMA'fe ^ * i+ef-l 
dy 

x = y _2 [/y 2 (sinh3y)y- 2 dy + c] 
= y~ 2 (|cosh 3y + c) 

37. u = y 2 5. 

u' + 2xm = 2yy' + 2xy 2 = 2y(y' + xy) = 2x 
u = e - * 2 [/ 2xe* 2 dx + c] = 1 + ce"* 2 , y = ^ 

38. u = y 2 5. •f-'g 

u' + (1 - i) u = xe* 

u = xe- r [/ ie*xe*<ix + c] = cxe -1 + |xe* 
y = y/u 

39. f-o-U-fcr a|#o] i lb/galS. 
^ «y^«fl ^<aol4. ae^s. ^3.^5) 

1 lb/gals, -y^sfl *J 74 °U ^3.oVs) o 0 i 

£ 1000 lb JL *J ^ojcf. TflALtfl _ H _^ i 

y' = 50(1 + e _01t cos t) - 0.05y 

y = e- 0 05t [/e 0 05t 50(l + e- ou cos t)dt + c] 

= SOe-O-OW- + ^^(sint - 

0.05 cos t) + c] 

50e~ 01t 

= 1000 + [ i + (Q Q5)2 (sin t - 0.05 cos t) + ce" 005 '] 

i7|i^o)l c« -800 CHI 

°] ±.^S\ ^ j,^. 10 00o| :§-§. °£ ^ sjc).. 

40. y' + y = 1 - cos(7rt/12) 

y = c- t [/e«(l-cosf|)<t» + c] 



= e-'[e'(l - 0.936 cos f| - 0.245 sin f|) + c] 
c = 1.936 

dT 

41- — = k(T - 60), T(0) = 300, T(10) = 200 -§- 
1.41 13Si^ £o| #3, 

T = 240e- 0 0539t + 60* <*t 3. , t = 102 mim * ^f- 

42. 30»i£) ^4 (p,roj aJ-^o) tJ +S | e]^), 

VV _ R 
„(t) = fc (1 - e -fct/m) 

y(0) = OolJLJiL, ^f-Sf^ 
IV — R 

»(*)= — —It-? (l-e-*«/™)] 

U = v crit = 127f S)^ A|7J £ cHt - 



17.2 



tcrtt — jt "i 1-124/(^-5) 

o)^l Sfi^V ^At.V ^r-y* 
y(t crit ) = 105(m)* "S^rf. 

43. W - gJL m = M7 s o]u.5_ m o| 1000/9.8 
n J-# tent = 24.8°] Sli,y(i cri( ) = 
149 meter 7\ ^Jcf. 

44. w = y- xA)$o1| 

tu' = x 3 u; 2 + x~ 1 w°\ Bernoulli equation * ^jl 
u = l/w *l*sfl^ 

45. y = ti; + t), y' = ui' + t;' <H1 ^ *(| 

to' = -ptu + p(u) 2 + 2tuu)ol Bernoulli equation * 

46. 0^*01^*^, 

y' = y' + xy" - y"/y 2 = y' + y''(x - 1/y' 2 ) " 
0 = y"(x- l/y' 2 )c|o S . ) 

y" =0»J 3-f-fe-y = ax + 6 

x - 1/y' 2 = 0<>] 7|-f^. y = 2x^2 + <£3_ ci a| 
a6= 1, c = 03}7il# <^^4. 

47. 46»l3 r ^-o| ofig o|-g-*f^, 

y' =y'+xy"+y"g(y'), 0 = y"(x + S (y')) S. 
y" = 0 "J 7$Jt- y = cx + 9 ( c ) 

48. y = ax + 6 £j x^jg* -6/a, y^fr 6o) 37 14^-^ 

7jol7f 15. ^-e-I ft = - a /vT+^ 
^, y = ax + -a/v / l + a 2 (47»l£] ^45+ o a^l^r'4.) 

49. f-H^l n|^oi ^Efls. nL^.^ o.^]^ z^ji- uj-^A 
<H1 ^* 514- 
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1. FIRST-ORDER DIFFERERTIAL EQUATIONS 



1- yA ^M^<r43 



yA ttttA »Wti y-fcr <d*ll4 f 14 3.7)4, <d 
*H4# 14 44- sll4*V^,y'+Ay = B, j,(t 0 ) = £ 
s) -SrWI >sK^= y(t) = f C 

n)|^ol4- 

34^ y(t) > f ej-a 4^, y 1 = B — Ay < 0o|21 

«-^.(«l7H A > o-y-i- 4-8-184) 

^■4:%^r"l 3. 4?)il *flt_VsH 5H-2-H.1 lim y 7} & 

t-*oo 

*l)44. :xb).E.1 lim y'fe- lim y' = B—A lim yl 
t-»oo t~*oo t— »oo 

*) ^11*1-3., J- 0°) 34 (00] °N4 

lim ?J(t^ £4-) 

t— >oo 

B - lim y' „ 

oHl lim y = ^5L_ = oj^. oj. o^. 

t-too A A 

y(t) < f °J ^-fi 4€4*ll ^« ^ 5I4. 

2. arctan.7)- ^71-^0)21 Lo| ^7}4-g <Ss. -g-7)-. o] 
3£ tel^iiL o| ^£4* 3£ 7^4. 

3 Z^ = %(l-l/e) =i _ ^ 

/(OO) ^ 

4. 1SJ f-o) #2. 

5. 1 - e- Q< = 0.5 «■ t = i^ 2 - 

6. e- R >™ = 1 - 0.99 = 0.01 £Wfl= 46 (ohms) 

7. 7(10~ 4 ) = f(l - e-i/(iOi)) = 0 .25|, L « 0.34 

8. 7 P 1- tfl°J«l| I'd, KA + wLB, —wLA + RB = Eo 
* <a^4- o)321-?-iH, 

A = -uLEo/{R 2 +w 2 L 2 ), B = RE 0 /(R 2 +u> 2 L 2 ) 



1.7. Modeling:Electric Circuits 

c = Si. + (/„ _ SL) e -Ha/i 



VA 2 + B 2 = 



S 0 



= , —A/B = wL/R 



VR 2 + w 2 L 2 
* «fe4- "l^fl ^ IHi**! 

A cos u;f + B sin = \A4 2 + B 2 sin(a;t - S) , 

-5 = arctan(A/B)-|- o]4-^ page 45 (6)5] ^4 

4 514- 



9. (a)/ = e-«*( Tl J r jje(— «« + c) 



(b) e-*(f + c) 



10. (a) L7' + RI = E{t)SH -*)-§- ^7j-§- 4>»H ^4, 
4^§- -7-^4 7(a) 3H ^7jo) i7]i7iol 5)2. 
1 7-fe- jump7)- &4- n.ts)21 B-S) jump-fe- /'ofl-jl 
jumpl- 7>4^-4. 

(b) ^1 9<d4 ^4H| 4*1) 4i-f-°J€- 
7 = l-|e-' 

^■4-i-T-e)fe/ = ce- t 'i]H),/£) <d^D s\q 



1 - i e - 4 = 

1 2 e 



ce- 4 3. Jf E) c = e 4 - 



(c) *) 4- ai-f-oJ£ 7 = ^ + (/o - f-)e _ * t/L 



11. /' = -^e-'/^ 0 ) 



u 2 E 0 C 



\ + {u>RC) 2 
E' = wEo cos tfl"y 



(— sinoii -f tiiBCcosoit) 



12. 7(0) = c + 
/(t) = 



wE 0 C 

1 + (wHC) 2 
wB 0 C 



wfiC sinut) 



1 + (uRC) 2 



- 0o)2S., 

(_ e -'/(flC) + cosa;t + 



13. B 0 = E R + E c = HQ' + § ♦ 
Q(t) = B 0 C + ce-*/( KC ) 

V(t) = Sif> = Eo + £ B -*/(Jic) 
V(0) = 0 S. -fE) 

V(t) = B 0 (l - e-«/(* c >) = 24(1 - e -°- 025t ) 

14. 0 < i < 2OO5] ; 
page 46 (7) -i)* 4*«r^, 

RI' + R'l + i = 0, (200 - t)J' + 3/ = 0 

/(t) = c(200 - t) 3 -t ^ ^ Sis 7(0) = lo)21, 

7(t) = (200 - i) 3 /200 3 

200 < tt! t 1 ^ ; 

page 46 (8) <*]-§- 7 2 (t) = ce - '/^ 0 )* <a^-H) 
7 2 (200) = 7(200) = 0 o)21 7 2 (t) = 0 

15. 4 €-4^ 41 ^o) ^4. 

Q' = -^e, o = Qoe- t /(« c ) 

16. e-'/tHC) _ 0 01) t = HClnlOO = 4.605RC 

17. lOQ'+lOQ = 30e- 3t , (Q'+Q)e t = (Qe')' = 3 e - 2t 



Q = «-*( 



i7)i^ Q(0) = 0^.1^-E), 

Q = -(e _t - e _3t ) 

Q 1 = |(3e- 3i - e-«) = 0o] ^« , 
t = la 3 = 0.549 



Q(0.549) = 0.577 

18. »1 a^-g- 20Q' + 10Q = 30 e - 3t o) s)jt., 174 7 i 

Q = 0.6( e - t / 2 _ e~ u )% <£z. , 

Q-fe- 1 = ^|»fl^ SW & 0.349 » 7^4. 




1.8. ORTHOGONAL TRAJECTORIES OF CURVES. OPTIONAL 
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19. 2Q' + Q- 4cos2t + sin2t + 8cos4r + sin4t 

= 2(sin 2t)' + sin 2t + 2(sin it)' + sin 4t-i- ^^-d , 

Q p = sin2« + sin4tf- ^-fe-cf- 
homogeneous equation 2Q' + Q = 0 S] «|| 
Q h = ce-i'o] n.5, °J«i^|^- -#°] 
<3 = Qp + Qh = sin2t + sin4t + ce~i l 

steady state -$*fls) sfl-fc- 
Q = sin2t + sin4i 

20. (a) I = Q'oIjel jL page 46 (7)5. ^-t\,RI+9. = Et 



(b) Kirchhoff >QS\£) RQ' + — 

^4*1-^ £31 10«j (a)Sj- ^ ol-S-5 £ S] jump 
Jfe Q'^l^t //AS) jump* -a °. ?!cf.( Q' = I ) 

(c) 0 < t < 2 i^J- ; 

/' + J = tola. 2.7)^^- (a)ofl /(0) = 0 
/ = t-l+e-', /(2) = l + e- 2 

2 < t ^J- ; 

+ I 2 = 0o) j? E7|- 1 = 2<Hl^i -2S) jump-f- 7^1 s. 
5, (b)ofl 2\*H / 2 (2) = -1 + e" 2 
°l "J^fe h = (1 - e^e- 4 



1.8. Orthogonal Trajectori 




2. (x-c) 2 + (y-c 3 ) 2 =4 

3. i/ + c = cosh(x - c) 

4. 2y' - 1 = 0 

5. = 2ce 2x = 2y 

6. arctan y = x + c, — ^— ^ = 1 

1 + y 2 

7. 3/ = c+l, y = (c + l)x = y>x 

8. i- 4 y = c S\ ojrig y/ = 4 j,/ x 

9- J3^2 = ^ D l£> 2yy'(l-x 2 ) + 2xy 2 = 0 

10. y' = 2xy o|^s. orthogonal trajectory-b 

i = ce - " 2 

11. y' = -y o| £i y ' = ^1- #^ y 2 = 2i + c 

12. y' = \/x °\E.lLy' = -x%f$.y = -\x 2 + c 
13- y' = £ o| S-jLy 1 = -f%%«$x 2 + £ = c 

14. y' = ± o| JE 5y' = -2y * In |y| = -2x + c 



of Curves. Optional 

15. y' = §y/x o] n.5y' = -f x/y 
2x 2 + 3y 2 = c 

16. y' = -y/x °).EL5.y' = x/y # -t^ x 2 - y 2 = c 

17. y> = -2y/x °|5L5.y' = ^ ♦ #3 x 2 - 2y 2 = c 

18. y' = 4^ °1 H.5J/ = ^ * 
x 2 + (y - c) 2 = c 2 

19. 2x + 2yy' = 0, y' = -x/y o) as. 

j/ = y/x 1- ■g-^'ti £.5 #^ y = cx# <y^c}. 

20. 3 *] * *d 7fl Sr^ (x 2 - l)/y + y = 2c 
"lS-Sr^S 2x/y - [(x 2 - l)/y 2 - l]y' = 0 * "J-# 
tlcf. o|4H y'tfl-y.)] -l/y'^- c)|<y*^ orthogona 
trajectory £) olHJ- 

Y - £ + 1 - £ = o* 

(x + c) 2 + y 2 = c 2 - 1 * ? ^ flcf. 

21. xy = c# *|-g-*|--d y + xy' = 0-|- <£&t\. 
ae]B^. y' = x/y* f--d x 2 - y 2 = c 5.-H 
o| y = ±x<>l f^S\ curve-i-ir ^^-cf. 

22. 4x + 2yy' = 0, y" = -2x/y, y' = y/2x, y = c^i 

23. y7f 3 = orthogonal trajectory E}-^, y£) 7]-|-7| 

(i,j/')fe v 9 = (g x ,g y ) s\ 

24. Cauchy Rieman equation ; u x = v y , u y = —v x 

= 0<HH dy/dx = 0)2. o]%£- cf^| 

u y /ux ^ ^0.^.5 -g^l 23S] =i3)-»fl £)sfl u s\ 
orthogonal trajectory 

°1 HJ-'S— 5 u = e x cosyS) orthogonal trajectory!- 

Vy =u x = e x cosy <HiMi v = e*siny + Jfc(x) 
i; x = e x siny + fc' = -u y = e x siny 5 -t-e^ 
fc' = 0, k = ^ 

£.5 v = e 1 sin y = c 



16 



1. FIRST-ORDER DIFFERERTIAL EQUATIONS 



26. (a) j/ tH-yofl -1/y'* *)l°J4fe HJ-'S (example 1), 
s sl gradient* °1 -§- 4c- HW-S-^II 23), Cauchy Rie- 
man equation^ °]-§-4ir HWS-*!! 24) -f-o) °14. 



(b) trajectoryl- t 1 -*)-^ y 

(c) trajectoryfe- y 



ex-* 2 '" 2 



1.9. Existence and Uniqueness of Solutions. Picard Iteration 



2. y = cx 4 £ ^<H^ n 144 i^li^i^- 4^-44- 3- 

iy/x (0,0) % 5-*)°(M < S3-°1 °W4. 
°1 "life 4^4 

3. theorem^ |/(x,y)| <Kt 4^ r 44 , d h-fer 
q = min(a, jf) = a 

4. ^^Bl'y^-S. $°-^,y = cx(x-2) 

(a) y(0) = fc # 0 or y(2) = k # 0 «fl 7f &4. 

ISi-Sl "J-^ 4°J1^ *r 514- 

(b) y(0) = 0 or j/(2) = 0 -f^J-sl sfl 

(c) (a)(b)<ti3 3^* tftm* -frUtr 3)4 ^ 

9t — 2 

/(i, l/) = 2 _ £ x = 0 or x = 2<>)M ^^-ol of 
M.H.5. Theorem 1 4 24 4^4 o^cf. 

5. solution sll 7 r R3 3MM 44>d, a 3<HM n 
7} S1S.S. i£ 

6. y' = xy if(y > 0) S. y = ce* 2 / 2 (c > 0) 
«W7WS y = ce-* 2 ' 2 (c < 0) 

7. /(x,y) = r(x) -p(x)y 4<d°1 

V) = i 43*1 =L*\S-2- 

dy 

8. |s/ — XI <6 -y «1| y 2 3 Sima^ (1 + b) 2 
a^H-JL £ = (Y^r °U ^ 1/4 
o]34M theorems} i4-§- 4^4-^ optimal4 a 
1/40)14. s-, theorem^] SjslM ^H^-t- <2-44fe 
4£ |x - 1| < 1/4 

ae1M--a^lS.^*T L «lJi^ y = l/(x- 2)5.4 ^j- 

|x-l| < MM «H4 €-*«44- 

9. \y\ <6°)M l+y 2 Si] 3j 4 1 + ft2 
A = T ^. ^ 1/2 

optimal *i afe 1/2 

10. (a) Lipschitz condition ^^-^^4 7j-s].2. o|^-aj 

^^J^^l ^^-tt i^s- ^^j'HM Lipschitz condi- 
tion^ °-r^l?l^ -JMH^elf- ^-S-^ *r * 
^71- a-LVf - ^l^lfe ^o|cf. 



(b) |/(x,yi) - f(x,y 2 ) = |sinyi - siny 2 | 
= 2|sin cos *2±3a| < 2 ly2 ~ yi1 • 1 

= \V2 — yi| °]B-3l Lipschitz condition ^V^ti-^r- 

3y 

2)» ^-S-^t ^ 514- 

(c) linear equation^ /(x,y) = r(x) - p(x)j/ 
4 ^^-ol^ r(x),p(x)7 r $4ro] «4- (y7f 0°J«l| 
4 i-a-fl* -«^8r^ °i ^ 514) Z-Q* 4-3*1 /-fe- 
Lipschitz condition ■§- nV^-S r ^l ^4- linear 
equation <HM-fe. fs\ 'S^Ht A A 3- ^ -^"i^ 
Jl^^ 'r- 514- *r*l I u" "ail^^-S. nonlinear equa- 
tionMMfe- ^^°J--°S.fe B.W ^ 

&4. 

11. yo = l 

yi = 1 + /o 1 ldx = 1 + 1 

OT = l + /*l+x(ix = l + x+ ^- 

y 3 = l + / 0 I l + x+4^=l + ^ + X + ^ 
e 1 series °}1-<H ^14. 

12. y 0 = 0 

Vn+\ = Jo x + Vn(x)dx<H| 

*1) e x - x - 1£] series #7$ 3. ^-$4- 

13. yo = -l 

yi = -l + ^-x 
y 2 = -1 + -X+ ^ 
2/3 = -l + -x+^ 

n + l 

yn = -1 + -X + 

0I2.S. y„£ ^ -l - x^fl 4^tr4- 

14. yo = 1, yi = 1 + x, y 2 = 1 + x + x 2 + |x 3 , ■ • • 
#*H*ry = l/(l-x) 

15. j/o = 0 

yi = Jo 2x ~ x3dx = x2 - s r 

V2 = So-^-+ 2xdx = x2 - 

f3 = /o I -f^+2xdx = x 2 -^g 
o|b.s. ^-sfl y = x 2 «\] 



CHAPTER1. REVIEW 
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16. solution^ y = 0S.S. $*fl*[zM f = y/y~7\ (l,0)«=fl 
*\ Lipschitz 7} °H£-.5- •fr^i, picard itera- 
tion^ tt-QS. JL#^ ^ acf. 

17. yo = §, yi = ± + f, !/ 2 = i + f -^e,--- .°3L 



18. j/ = x 3 o] j7 picard iteration^ £]«)) =^<g, 

1, 1 + 3 In a:, 1 + 3 lnx + §(lnx) 2 , ■ • • <afecf. 

19- y = yo + /* /(x)dx o) o.5_ ^ 



Chapterl. Review 



1. »<MHf^l 7 r # ^ ^tr4- 

2. ordinary differential equation-^- ^-■ytl'r 
7\ *m-°J o]HHb iJ-sj-JL partial differential equation 

* *!-S-*Mr ^Si^r ol^J-oj x.|«J-|- 

3. UtMlfe °|»J- D i^- tV#*rfe n% D i*rJL, ^*H*r i 

4. y' = /(x,y),y(x 0 ) = yo •fl'H M (xo,yo)-5-HH-H 

ay 

* ^ 5U4- 

5. 'd'r-g-al'tj, integrating factor °l-§-tr ^"ti, linear 
equations) Utt-^o] picard iteration f-fr 

7. Mixing Problem, Velocity of escape, law of cool- 
ing,Atomic waste disposal,, Electric Circuits -§-•§- 

8. f-7] H^-Sr D|»{^o]E).i direction fieldl- ZLBl^ «|| 
S] SL"M q^H^ Sl4- 

9. "|#™ D J- °N2r «l2l -^-S-aM-M iteration 
method^- ^t}7] ^--§-*}-7fl *°]cf. (-&*) 
computer-i- °|-§-tr 

10. ^•'H^l curve-2-Sl Othogonal trajectory!- 

*H ^7)^-3). Voltage potentials)^ :&*|, -Ml^*)-, 
^.s^-f-oll ol-f-s) ^ 5U4- 

11. F L = L% B c = eft 0 I(t)dt Kirchhoff 
voltage law °fl 7| °1 . 

12. *|HM *j*HlAi 444^ ^Atr °|-fr-tr 7rSi2^3) 
F = ma *r a = w = fa Jit* 

13. *l^#^*j°J ^7)-4 ^ 4€ . 
2H*HrHl, ^7\7\ Slfe *e)^g- o) zl^^ajoj 
*7r4 7j.it- 4=.cj.. 

14. direction field-f- :ze|7)i+ picard iteration <H) o]-§- 

* <r 5l2U, o) SH #ti-5-5.*r Finite 



difference method i+ Finite element method ^f-o] 
514- 

15. linear equation 

W + 4y)e 41 = (ye 41 )' = 17e 4 * sinx 
y = ce~ ix - cos x + 4 sin x 



16. 'g'r-g-el'g 



J ay + by 2 J a 



2by 



2by + 2a 



= x + c 



2/ = 



ce -ai _ 5/ a 

17. g^S-elU 

/25ydy = / 9xdx, 25y 2 = 9x 2 + c 

18. •d^r-S-ei'ti 

/dy f dx 

V*TT = ~J x^+T' arctanj ' = -arctanx + c 
tan 7\^i]^ s\q 

tan(arctan x + arctan y) = ^- = c 

1 - xy 

19. -S-e) >8 , / tan xdx = 2 / cot 2ydy 

- ln|cosx| = ln |sin2y| + c, cosxsin2y = c 

20. — (2xe l2 coshy + 1) = — -e x2 sinhy exact 
ay ox 

equation, sfl-fe e 1 coshy + x = c 

21. y = ux*I£of| S)«|) y' = u'x + ul- Bl«y"Hl ^) < y*r^, 
4x 2 u(u'x + u) = u 2 x 2 — x 2 , 4uu'x = — (3u 2 + 1) 

f 4udu /di 2, „ , . , , , 

J^Ti--J^' 3'°|3« 2 + H = -ln|x| + c 

3u 2 + 1 = cx _3/2 , 3y 2 + x 2 = c^fi 

22. y = ux*l *•)) S) «H y' = u'x + u* o] Hj-«f| fl) U 8r^ , 
x(x«'+«) = xu+x 2 secu, v! = secu, sinu = x + c 
y = x arcsin(x + c) 

23. Integrating Factor method 

P = 3xe» + 2y, Q = x 2 e» + x 

- Qx) = j> F(x) = expjl/xdx = x 
u = f Qxdy + fc(x) = x^f + x 2 y + fc(x) 

— = 3x 2 e!' + 2xy + fc = Px S- -y-E) k = 
ox 

Answer : x 3 e y + x 2 y = c 

24. 234 Integrating Factor 1- ^* r ^ 

2 2 

F ~ e x , Answer : e x tany = c 



1. FIRST-ORDER DIFFERERTIAL EQUATIONS 



25. "d^-g-Ellj, /y = / tanhxdx 

In | y | = In cosh x + c, Answer : y = w cosh i 

26. = 

arcsin y = x + c, Answer : y = sin(x + -7r) 

27. it = xy*l#, u' = u 2 , u = --A-, j, = — i 



28. linear equation (y' +Axy)e 2x * = (ye 2 * 2 )' = 1 
Answer : y — e~ 2x (x + c), c = —4 

29. £-e}H! /9cosxdx = f-cosydy 
Answer : 9sinx = — siny + c, c = 0 

30. (2x + e») y = e» = (xe") x exact equation 
.Answer : xe y + x 2 = 6 

31. integrating factor F # ■f-aflo): ^Vcf. 

P = 3x 2 y, Q = 2x 3 , ^(0.-P,) = l 
F(y) = exp/±dy = y, F# n|HH 
exact equationo| Sflfl- ^ "A^- 
Answer : x 3 y 2 = 9 

32. SH^eH./tanhydyzz/^, 

In cosh y = In x + c, cosh y = cx,c= | 

33. Bernoulli equation u = y 2 *| $}■; 

u' + 2xu = 2yy' + 2xy 2 = 2y(y / + xy) = 2yxy -1 
= 2x o)n. s u0 )| q-q o|uj..g. ii near equa tion 
(u' + 2xti)e* 2 = (ite* 2 )' = 2xe x * 
ue 1 " 1 = / 2x e* 2 dx = e * 2 + c 
Answer : + ce - * 2 , c = 3 

34. Bernoulli equation u = y~ 2 

y 3 y 2 y 3 2 ' 
— — 3 y 3 = —2 (linear equation ) 



u = ce x + 2, Answer : y = 



35. y~ce- 3x 

36. y = ce -ar 

37. y = ce x — 0.1 cos 10a: -0.01 sin lOx 
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38. y = 



c-2x 



/////////////////// 
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//////////////////, 
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39. y' = 2xo) trajectory^ 
y' = ~h> S/ = -|ln|x| + c 

40. y' = -3y/xol traject ory^] 

41. y' = -xy°\B_3_ o]S LS. trajecto ry 2] 

y' = i/(xy), y = v/2in|x| + c 

42. 5-4 412] trajectory^ ce'^l 2 

43. y 0 = l,y„+i(x) = 1 + f* 2y n (x)dxo\\ $]$, 

l,l + 2x,l+2x + (2x) 2 /2,----i- "Sfecf. 

44. y 0 = 2, y n+ i(x) = 2 + /' 1 - y n (x)<fx<Hl £)*!) 



r^'l 2,2-x,2-x+ |x 2 ,2-x + 
# ^-fe- y = 1 + e~ x 



^x 2 - ix 3 



45. y' = ky, y(l) = 1.5y(0) 

y = ce kt , ce k = 1.5c 3. ij-t] e k = 1.5 

a = (i-8)*.t=ii«ft«i.7 

'fWl -q»l|7r s)^- ^ « 2.7 

46. T' = - 100), T(0) = 20 
^T^'Si.i l-'d, T(t) = 100 - 80e fct -§- <25L 
T(l) = 100 - 80e fc = 51.5S. -f *] k = -0.5 

99.9 = 100 - 80e-°- 5t 7 r s)^. '°800 w 13 4 

47. y = ce fct , 2gj = 0.9 3. ^-^ e* = 0.9 
1/2 = £$°J 1/2 = * # ^ 



1/2 = (0.9)', i=M^ w6 . 6 



»r*7 r Xl£ 0.01 = m<H Aj^fr ia^ „ 43.7 



In 0.9 

y(t) 
Ho) 

48. L/' + = /(0) = 0-i- f-^ 

steady state f = ^ o| I0o|^o|: R = 4.8 

9.99 = 10(1 - e -TT 10 " 2 )oH 0 > L = 0.007 

49. 7^g 13SJ<fl^ capacitor Sjtfl So^^l 3)3^ 
■t 1 Sl^-°.S. t2 0 J^ capacitorHl^- 0.99£ 0 7 r f-^J^j 
4- 



CHAPTER1. REVIEW 
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<2 J M-£ E = 0°1 RCi\S.o] RI> + i/c = 0-1- 

/ = / oe «-t2)/(fiC)^. ^ ^ oj^ 

50. A|7J-H) tfltr J/(t)E}- y'(t) = 

20 

«-HJUr°o l - 47fe^ = 20 - — y, y(0) = 80-§- 

y = 500 - 420e-°- 04t o]^5. a^o] ^14^ °l-g-^.5_ 

£-*$3.^ ±^<L£. 7\^7\\ ^4. 

500-420e-° 04i = 500-0. 95<U ^-fr 70.5& 

51. v = at + 10 4 , u(10- 4 ) = alO" 4 + 10 4 = 10 6 .3.-^1 
a = 10 4 (10 6 - 10 4 ) = 99 ■ 10 8 



s (10- 4 ) = 99|0f.( 10 - 4 )2 + io 4 . lO" 4 = 50.5 

52. ^7l^^J^- potential -f-?)<g<Hl ^r^o|3_S. 

x 2 + 2y 2 = 1, \{x 2 + 2y 2 ) = H| f-^H| ^o] 
curvesl-f- ^-^"d ^4- (orthogonal trajectory ) 
-¥■ y' = -x/(2y)-§- ^^-sj-S-S. trajectory-^ 

y' = 2y/x% 1r^-tr4- solution-i- y = cx 2 

53. <*!-&■ f-^<>fl ^#*J.2-£. ^-a-S)£.5. xy = cS\ 
orthogonal trajectory-!- -T-sl-'d ; 94- 

xy = C7\ y' = -j//x# I ?r^-* r J5.S. trajectory-fe- 
y> = x/y* ^tr4. #3 y 2 - x 2 = c 



s 



_ 99-10 8 
2 



t 2 + 10H °\2-3. 




*i-g-*^-*r<d, 

ln(j/ - 6) - ln(y - a) = (6 - a)(fct + c) 



(6-a)fct 



j/ - a 



55. <g^-g-e]H3.5_3. f-^, 

frdr = J -a 2 sm20de, r 2 - a 2 cos 20 
x,2/^Hl solution curvel-i: JxejJUj!, 



90 

8.9998 




Chapter 2 

■ . 



Linear Differential Equations 
of Second and Higher Order 



The ordinary differential equations may be divided into two large classes, namely, 
linear equations and nonlinear equations. Whereas nonlinear equations are difficult 
in general, linear equations are much simpler because their solutions have general 
properties that facilitate working with them, and there are standard methods for solving 
many practically important linear differential equations. 

We first consider linear differential equations of second order — homogeneous 
equations in Sees. 2.1-2.7 and nonhomogeneous equations in Sees. 2.8-2.12. Higher 
order equations follow in Sees. 2.13-2.15. 

We concentrate on second-order equations for two main reasons. First, they have 
important applications in mechanics (Sees. 2.5, 2. 1 1 ) and in electric circuit theory (Sec. 
2. 1 2). Second, their theory is typical of that of linear differential equations of any order 
n (but involves much simpler formulas), so that the transition to higher order n needs 
only very few new ideas. 

Numerical methods for second-order differential equations are included in Sec. • 
19.3, which is independent of the other sections in Chaps. 17-19 and can be studied 
after Sec. 2.12 (or after the end of this chapter) if desired. 

(Legendre's, Bessel's, and the hypergeometric equations will be considered in 
Chap. 4.) 

Prerequisite for this chapter: Chap. 1 , in particular Sec. 1 .6. 

Sections that may be omitted in a shorter course: 2.4, 2.7, 2.10, 2.12, 2.13-2.15. 

References: Appendix 1 , Part A. 

Answers to problems: Appendix 2. 
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER 



2.1. Homogeneous Linear Equations of Second Order 



1. F(x,z,z') = 05] °J*H#°1 £4.y 
dy' dy dz 



2. y" 



dj/ 

dx 
dz 



dy dx dy 



z o]S-%. 



F(y,z, — z) = 0o} <U*MhM €4- 
dy 

3. y' = zS-S. Jf-^, z' = z °]B.2.z = ae x , y - 
cie 1 + C2 

4. y' = ZS.S. ^-d, 2xz' = 3z o] o_s.<a*).n|Bj- 0.5. -g 

^, J/ = QX 5 / 2 + C 2 

dz 

5. 2/' = zii. -f-JL a' = — =■§■ ••Jzj-sl-'d, 

ay 

y" = z'z o]S.S. ■y^l^l! yzz' = 2z 2 



yz' = 2z, SS. 



dz _ 2dj 



, z = ciy 2 °l.H-3 



^y 2 , ^= Cl dx, -i =cii + c 2 # 



6. page 70 (9)»fl 
^2 



t/ = 



exp 

sin' 2 x 



(-/H 



cosx 



sin'' x sin' x 

V2 = Hi Udx = (— cotx) 

7 x x 

sinx cos x 

ae)£.3 y = ciyi + C21/2 = ci 1- C2 

X X 



7. y' = z.?_3 



, _ dz _ 



y" = z'z o|^s. HH^-gr < y*r°lH}- 0 J 

z'z + e» z 3 = 0 "tH^- 

z' + e" z 2 = 0, = e^dy, i = + ci 



/ _ i_ 



y = 



ev+ci 



, (e y + c\)dy = dx, e y + ciy = x + C2 



8. y' = z SLS-^xz' + z = 0, ^ = -«jf, z = Ci i 
y' = ci£, y = ciln|x| + c 2 

9. page 70 (9)ofl o)sfl 

y2 = yi J Udx — x 3 In |x| 
y = Cix 3 + C2X 3 In |x| 

dz 

10. y' = z.2.3 ^-2. z' = — =» 'J4«1-^, 
ay 

y" = z'z o] 0.5. uj-^-i]^ «i*MH}-S! 

z'z + (1 + y _1 )z 2 = 0 6.3. 

z' + (l+y- 1 )z = 0, ^ = -(l + y- 1 )ciy 



= £15 



= y', ye»dy = cidx 



(y - l)e» = c\x + C2 



11. page 70 (9)ofl 2)$| 

f = ■; — — ttt exp 1 — 



(x -1 / 2 cos x) 2 
1 i 

-X 



x _1 cos 2 x cos 2 X 

V2 — yi f Udx = x -1 / 2 cosxtanx = x -1 / 2 sinx 
y = cix -1 / 2 cosx + C2X -1 / 2 sinx 

12. page 70 (9)°fl S|sj| 

t/* -T-^-^S. 4Y ^ 

[/ = -1 + X /2 1/2 



x + 1 x — 1 
y2=y\ J Udx = -1 + |xln 



x + 1 
x - 1 



asHJE-S. y = cix + c 2 (-l + |xln 



x + 1 
x- 1 



13. = 1, y(0) = 2, u(0) = 2 
y'y" = 1, y(0) =2, y'(0)=2 

z = y'^iM zz >. = l, z (o) = 2 -k 

zdz = dt, z 2 = 2f + c, z = ±v/2i + c 

z(0) = 2 °] B.3.Z = v/2t + 4 

y 7 = v/27+4, y(0) = 2 3. +6) y* *j**M 

y=i(2t + 4)l-|, y(6) = f, y'(6) = 4 

14. y'=y", y(0) = 2, y'(0)=2 

z = y'*l**)H z' = *(0) = 2 £ 

z = ce t , z — 2e' 

y' = 2e*, y(0) = 23+6) 

y = 2e', y(6) = y'(6) = 807 

15. y" =2y', y(0) = 0, y'(0) = 1 

z = y' z ' = 2z, z(0) = lff^ 

z = ce , z = e 

y' = e 21 , y(0) = 0iHy= \<?* - \ 



16. y" = Vi + y' 2 , y(-i ) = y(l ) = 0 

z = y'^l^*^ z' = Vl + z 2 

dz , 
— ===== = dx, sinh 1 z = x + ci 

VI + z 2 

y 7 = z = sinh(x + ci), y = cosh(x + c\) + C2 
^^li^iL3+6) 

y(— 1) = cosh(ci - 1) + C2 = 0 = cosh(ci + 1) + C2 
cosh(ci - 1) = cosh(ci + l)°fl*i 
\ci - 1| = |ci + 1| 0)2.3 
ci = 0, n^-sM C2 = — cosh 1 
y = cosh x — cosh 1 

17. cosx, sin 3x7)- u J-^^# linear indepen- 
dent%\E.3u 

y = cicos3x + c 2 sin3xS.^-3.Bfi-|-i L sl-^ ^4. 
y(0) = Cl = 4, y'(0) = 3c 2 = -6 »|°3 
y = 4 cos 3x - 2 sin 3x 



>-ORDER HOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS 
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18. y = ae~ x + c 2 xe- x S. f-JH. «D# T^r-d 
y(0) = ci = 1, y'(0) = -ci + c 2 = 0 olS.5. 

j/ = e ~ x + xe~ x 

19. 3/ = cn-'/2 + c 2 x 3 / 2 5. -^JL sfll- 
y(l) = ci +c 2 = 3 

y'(l) = -f ci + |c 2 = 2.5 5. -t-e) 



Cl = 1, c 2 = 2, y = i-V2 + 2x 3/2 

20. (a)homogeneous linear equation oflx} yi s). ^7). ^ 
4*3 J/i +J/2 i *l)e|-fe- *Jel. 

(b)(c)(d) homogeneous linear equation ^)o) ^j. 

3*1 sfe4- 



2.2. Second-order Homogeneous Equations with Constant Coefficients 



1. 4A 2 +4A-3 = ()■#-, A= 
JL £.5. y = ci e 5 1 + c 2 e~ § ;* 

2. A 2 + 3.2A + 2.56 = 0 #^ A = -1.6 (f^) 

y = ( Cl + c 2 x)e- 1 - 6x 



3. 2A 2 - 9A = 0 -t- -f^ A = 0 
aalJELS.yi^ + cae! 3 



! > 2 



4. A 2 - 8 = 0 -t- A = iv/8 

JE.5. y = c 1 c v ^ 1 + c 2 e- v/5:c 

5. A 2 + 9A + 20 = 0 -§- A = -4, -5 
=L el y = cie- 41 +c 2 e- 5a: 

6. 16A 2 - 7T 2 = 0 ■§■ #3 A = ±ir/4 
ZL^ZLS. y = Cl e* x + c 2 e~* x 

7. 9A 2 - 30A 2 + 25 = 0 -§- #=j A = §(f^-) 

8. 10A 2 + 6A 2 -4 = 0-!- ■f-'d A = -1,0.4 
as)B.S. y = cie~ x + c 2 e 0Ax 

9. A 2 + 2fcA + k 2 = 0 -I- #3 A = -fe(^e-) 
a B.S. y = (ci+ c 2 x)e~ kx 

10. A 2 + A - 6 = 0 #^ A = 2, -3 

USHI^- y = ae 2x + c 2 e~ 3x 
i7]i^ y(0) = 10, y'(0) = 0-1- HHN--^ HI 
y = 6e 2x + 4e~ 3x 

11. A 2 + 4A + 4 = 0 * -t^ A = -2(<f-5-) 
^.e) £S. UsHIt y = (ci + c 2 a:)e- 2 * 

y = (l + 3z)e- 2 * 

12. A 2 -l = 0-|-#^ A = ±l 
4H^y = 3 e -* 

13. 8A 2 - 2A - 1 = 0 -§- -f^ A = -1/41/2 

S)|^y = 0.3e-5 :,: -0.5e2 :!: 



14. 4A 2 - 25 = 0 ■§- -t-d A = ±| 

■eh 



aej.E.3. Sfl-fe- y = e~2- 



15. A 2 + 2.2A + 1.17 = 0 # #3 A = -1.3, -0.9 
3.51.5.3. sfl^y = 2 e - 13 * 

16. A 2 - * 2 = 0 * *g A = S 
a.e) £i sflfe y = ^±i e ^ + %re-** 



-a « - 



17. 4A 2 -4^3 = 0*1-^ A = -1/2,3/2 rh^f,- 'if'. 
««^y = e-5 x 

linear independent 
19. 0^^ i^. ^4 linear dependent. 
■3-e)^.s.linear independent 

21. ln(x 4 ) = 41nx °}2-£. linear dependent 

22. linear independent 

23. linear independent 

24. X7\ oJ=^oj T^oliS. X | X | = x . x = z 2 Hnear 
dependent 

25 - ^ = ^ = ±1 °)E.3. linear independent 

26. sin2i = 2 cos 1 sin 1 °\ZL£. linear dependent 

27. ^ull ^1 o) 7) Hfll-ofl s) 

28. /,y7 r i<^]^ linear independent efs. subinterval 
■fofH-fe- linear dependent"!)^ "til- 1-<H x 2 3|- 
x\x\^ ^^^I^HIa-1 a-i-m^. linear independento) 
x]^ °^^o\}^^ °ix}t\5.£. linear dependent o| 

4- 

30 (a)^-4 ?il^£) A x + A 2 = -a, A X A 2 = 6 
(b)y" + ay' = 0 

(i)A 2 + aA = 0 * -fig A = 0, -a 

y = c\+ c 2 e~ ax 

(n)y' = 2 *l«- 

z' = -az, z = cie~ a:r 

y' = ae- ax ^ sj-S-sf-d y = cie~ ax + c 2 
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER 



(c) -27)- f^-o| o}^s_s, xe- 2 *fe n?} °M4- 

(d) y" - {2k + m)y' + k{k + m)y = OS] sflf- 



p (k+m)x _ e kx 



^k^-^-S] HJ-^-M y"-2ky'+k 2 y = 0°| s\3_, 



lim 
m-+0 



„(k+m)x . 



lim 

m->0 



xe (k+m)x 



m m->0 1 

€4 ^-HH 2.^2] xj^^ ^4) 



xe^M 



-*^|z)-^51m-i- 0A5. JiMl-d HJ-^-iJ 
2.3. Case of Complex Roots. Complex Exponential Function 



1. A 2 - 2A + 2 = 0-i- -t^ A = 1 ± i 

3. ^2.2. iRVsll-fc- y = e^Acosx + Bsinx) 

2. A 2 + 47T 2 y — 0-i- A = ±2tt 

^.BlS-S. -a'iVSll-c- y = (Acos(2ttx) + Bsin(27rx)) 

3. 4A 2 + 4A + 10 = 0 * f-ig A = -I, | 
n.^2.2. y = e"5 3: (Acos(|i) 4- Bsin(fx)) 

4. A 2 + 2fcA + k 2 + 4 = 0 * A = -k ± 2 

y = e"' C3: (Acos(2i) + Bsin(2x)) 

5. case II 25A 2 + 40A + 16 = 0 * f-^ A = -0.8 
3.^2.2. y - (ci + c 2 a:)e- 0 - 8:,: 

6. case I A 2 + A - 12 = 0 •§- f-^ 3, -4 



y = cie 3 * + C2e 



-4z 



7. case III 16A 2 -8A + 5 = 0-§-#<gA=i±§t 
3. a) 2.2. y = ei x (Acos(ii) + Bsin(\x)) 

8. caselll A 2 +4A + (4 + w 2 ) = 0 #3 A = —Z±ui 
3.^2.2. y = e -2l (.4cos(wx) + Bsin(wx)) 

9. case case I A 2 — 9ir 2 = 0 #<g A = ±37r 
0.51.E.S. y = cie 3 * 1 + c 2 e _3,r:r 

10. caseIIIA 2 -2v / 2A + 2.5 = 0-§-f-*d A= V2±-^i 
3^2.2, y = e^(Acos(^x) + Bsin( ^x)) 

11. case II A 2 - 2%/2 + 2 = 0-1: #^A = v / 2 
ZL5H.H..5. y = (ci + c 2 x)e^ /2x 

12. case III 

A 2 + 2fcA + (k 2 + k~ 2 ) = 0-1- #*d.A^-=fc ±.|i 
3-g] y = e~ fc!C (i4cos(^i) + Bsin(^x)) 

13. 9A 2 + 6A + 1 = 0 -§- A = -i 

0 J«!-Sl|^y = (ci + c 2 x)e _ 3 I 
S7)i7d y(0) = 4,y'(0) = -13/3-t HHt-*rir ^^r 
*ll-&y = (4-3x)e-5 I 



14. 4A 2 + 16A + 17 = 0 ■§- A = -2 ± §i 
*«r«lfcl/ = -ie- 2 *cos§ 

15. A 2 - 25 = 0 -fr A = ±5 

V = 2e 5x - 2e~ Sx 

16. A 2 + 0.4A + 0.29 = 0tt^A = -0.2 ± 0.5i 
^r*H£- y = e-°- 2l (cos(0.5x) - 2sin(0.5x)) 

17. A 2 -A-2 = 0*»^ A = -1,2 

18. A 2 - 2A + (4tt 2 + 1) = 0 -I- #^ A = 1 ± 2iri 
^r*fl-& y = e I (-2cos(27rx) + 3sin(27rx)) 

19. A 2 + 4 = 0 -§- -f^ A = ±2i 

a.^2.2. USHIfey = (Acos(2x) + Bsin(2x)) 

y(0) = .A = 3, y(7r/2) = —A = —3 o| n.5. B - ^. 
^• i r«ii-c-y = 3cos2x + Bsin2x 

20. A 2 - 25 = 0 -I- A = ±5 

■ytN-fe-y = cie 5 * + c 2 e -51 

^*Hr 44^* -T-sl-'d, 
y(2) = cie 10 + c 2 e -10 = cosh 10 
y(-2) = cie -10 + c 2 e 10 = cosh W2.2.^z] 
y = |e 51 + |e- 5x = cosh5x 

21. A 2 + 2A + 2 = 0 -§- A = — 1 ± i 
^^li^l- D J-^*Hr y = e-'cosi 



22. 3A 2 - 8A - 3 = 0 -§- f-^ A : 



23. =>) ^-^ 

<=MPi) = y(B 2 ) = 0°1 ^ y = 0«o)ef 
yi,V2 7 \ boundary problem 

y" + OJ/ + 6 = 0, y(P!) = Ki, y(P 2 ) = K 2 S] ^«fl 

yi-y2^-y"+ay'+ii = 0, y(Pi) = 0, y(P 2 ) = 0 S] 
€4- 7Ki<Hl ^^fl yi-y 2 =0o)ji yi = y2 

24. y = e- at cos(wi + 6)S\ ^?§£- cos{uit + 6) 7\ ±lo] 
^o|°5.yfecos(wt + (5)£l ^7] ^1- zlt%2. 7\z\5L 



2.5. MODELING :FREE OSCILLATIONS(MASS-SPRING SYSTEM 
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2.4. Differential Operators. Optional 



1. {D 2 + 3£>)(cosh 3x) = (cosh 3x)" + 3(cosh 3a;)' 
= 9 cosh 3x + 9 sinh 3x = 9e 3x 



[D 2 + 3D)(e~ x + e 2x ) 
( e -« + e 2x )" 



+ 3(e~ x + e 2 *)' 
3e~ x + 6e 2x = 10e 2x 



= e~ x + ie 2x 
(L> 2 + 3Z>)(10 - 
= (10-e- 3a; )" + 3(10- 
= 0 



2e" 



-3z 



)' = -9e- 3l +9e- 



3x 



2. 



(£> - 4)(3x 2 + Ax) = (3x 2 + 4x)' - 4(3x 2 + 4x) 
= 6x + 4 - 12x 2 - 16x = -12x 2 - lOx + 4 
(D -4)(4e 41 ) = 0 

(D - 4)(cos2x - sin2x) = 2sin2x - 6cos2x 



3. (D - 2)(D + 1) = D 2 - D - 2 °\s.S. 
(D 2 - D -2)(e 2x ) = 0 
( D 2_ £) _ 2)(xe 2 *) = 3e 2 * 
(D 2 -D-2)(e-*) = 0 
(0 2 -I>-2)(xe- l ) = -3e- !,! 

4. (D + 5) 2 = D 2 + 10JD + 25 o| 

(Z) 2 + 10r» + 25)(5x + sin5x) = 25(2 + 5x + 2cos5x) 
(D 2 + 10D + 25){xe 5x ) = 20(1 + 5x)e 5 * 
(O 2 + 10Z3+25)(xe- 52; )=0 



A 2 -A-2 = 0-§-#-dA: 
y = cie -1 + c 2 e 2x 



-1,2 



6. 9A 2 + 6A + 1 = 0 -fr -f^ - 1/3 
J/ = (ci + c 2 x)e~3 I 



7. A 2 - 4A = 0 f-ig A = 0,4 
y = ci + c 2 e 41 

8. 25A 2 - 1 = 0 4r A = ±A 
J/ = Cie5 x + C2 e s* 

9. A 2 + 2*A + fc 2 = 0 A = -it 
y = (ci + c 2 x)e _ * 1 

10. A 2 + jr(7r - 1) - 7T 3 = 0 -t #^ A = 7T, -jr 2 
y = cie" + c 2 e~^ x 



11. 64A 2 + 16A + 1 = 0 * A = -I 
y = (ci + c 2 x)e s x 

12. 2A 2 + A = 0 £ A = 0,-A 

y = Cl+C2e 2 X 

13. 10A 2 + 12A + 3.6 = 0 * f-^ A = -0.6 
y = (ci + c 2 x)e~°- 6x 



= c(y'{ + oyi + by i ) + + ay 2 + 6y 2 ) 
= c(D 2 +aD + b) yi + (D 2 + aD + b)y 2 
= cL[ yi ] + L[y 2 ] 
a ]B-S. L£ linear operator 



2.5. Modeling:Free Oscillations (Mass-Spring System 



V - \Jvl + (uo/wo) 2 cos[cj 0 « - arctan {vo/{y 0 w 0 ))} 

2. W = 20, s = 0.02 

k =*£ = ^ = l« 3 .-=f = H = 2.04 

-0 = ^=^=22-14 
frequency; / = |a = 3.52[Hz] 
period = 7 = 1/3.52 = 0.284 [sec] 

3- ^-"d*] -r-7l|7 r -^-ig frequency 7 r 4o|.^ %o\m, /J) 
-§-T^!(*7r 3. -f-^^ojig frequency?)- 7jo)c).. 

2m«Jn||Sl frequency= i./X = &.fE 
olS-S. -f 7fl7f -^BH7 r s)-d frequency -fe- V2v%7\ 

4. &tf. frequency yf^^ ^-fe-tf. 



W/s 0 



5. A_ 
m vy/s 



^^■1 •§- i r«s) Hooke>a-^-I- fcef ^ F<$ tfl^j 
-g-^ol *<HN+ F/fc-yni, ■§• 

-^^x^ ^ o) - F / fclj ^.-^.hi^ ^ 

H\r 7jo]i. F/fc 2 <>lS.5. F/fc = F/Jfci + F/fc 2 
1/* = 1/*! + l/fc 2 = 1/8 + 1/12 

k = 4.8 

7 - « 2^^=^^ = 0.3183 

24 \/f = 0-4775 
(iii) ^^-d^^V -i-^ls) Hooke^l- JfcEr *V* r . 7^ 
°1 y7^ k iy + k 2 yo)JL 

°|7^^r feySf k = fci + k 2 = 20 + 45 = 65 



2^/^ =0.5738 



mi: ^^=o|ef * r ji, yf- -y^c|7 r f-^ 

7i ^o]efs ^ *oH i-<H7j- 0.3 2 7ry. 
^-^S] 37]^ oM^H^S) ^^<H1 o^sfl 0.3 2 7ry 7 7f 
Sli, # lkgtj o.s.^ of 9 8 oo 

nt) aj-^o. ^ o)sl Bj-^oju^ «.^o. 

-0.3 2 7ry7. 
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER 



°M tt<%! *1 2 <S«!'HM^ y^ my" = -0.3 2 iry 7 

k = 0.3 2 7T7°l.EL£. ui% = 0.3 2 7T7/mo] $5L period 
■fe- 2-k/uiq 

°l7j°l 2 u>o = n 

7T 2 = 0.3 2 7r 7 /moliS. m £ ^^*)-^ ^cf. 
m = 0.3 2 7/ir = 281 (kg) 

9. »&S\ £o|7 r 5].fe. ^d-i- ^^-{J 0 |e].3I S^. t& 
JTif - -°r4J2--d 2y7 r £ 

-§-4£r f-4 ^-Tflfe (0.01) 2 7r(2 J/ ) 7 (7fe # 
lkg# 4-§-*fe ±3.-*\ 4 9800 nt). 
O.iH.E.3. yfe my" = -2(0.01) 2 7ry 7 # ^#4- 
o) ^.o] if «Jr)| 0)0.5. -g-^a^) 

■l-'rl "1^-4)4 s^o] >j2j-^,(ifc = 2(0.01) 2 7T7<il 
7j-f) (j 2 = k/m = 2(0.01) 2 7T7o| jl (m = His.) 

frequency^ m/p*) = WfW't = 0.4 

10. y" + u^y = 0<il system o)|-^ frequency -fe- 

(a) *)^ x (JSLS]^ 0 !)" = = -mgsine 
=f-ej mgs\ 

sinfl w 6 o\B.^.mL6" - -mg6 

w 2 , = £ «)J5LS- frequency ■£ -^y/g/L 

(b) (aH 4*11 frequency fe- ^^/^ = 0.498 
period^- 1/0.498 « 24. 

lcycle »I| 2£7 r ^e)°S. l-g-f- 0 ,} 30<g «*^7l34. 

(c) Hooke «y ^1 ofl S)s|| mp = fcso 

S 0 = l o]°jL£= S 

w = ^£ = v/fl = \/9800 = 31.3 

(5 = 9800 cm/sec 2 ) 

HSr*1fe y = Acos31.3t + Bsin31.3t 

^.7]i7d j,(0) = 0,y'(0) = 10 

(3! ^4 4 y* o±sl #fe40 

y = 0.319 sin 31.3t 

(d) 0" + 13.696 = 0 

6(0) = 30°, g'(0) = 20° #^ 

8 = 30cosvT3T69t + 5.4sinVT3T69t (°) 

11. yo = y(0) —C1+C2 

v 0 = y'(0) = -(a - P)a - (a + /3)c 2 
= -a(ci + c 2 ) + i8(ci - c 2 ) 
= -ay 0 + /3(ci - c 2 ) 0)33. 
ci + c 2 = yo 



ci - c 2 = «o//J + <xyo//3 S. Jf 6 ! 
ci = [(l + a//3)y 0 + vo//3]/2 
c 2 = [(1 - a/P)y 0 - vq/0]/2 

12. y7f 0-1- -f-4*fc *l#-°r 43-2-3. $<L^, 
y(0) = ci+c 2 = 0 

y(t) = ci (e-^-^)* - e-^+W) 
= Cl e- at (e^ - e-V*) 

y(t) = 0°M eP 1 = e-* 34 »H»| * r ^cfl t7 r 0°1 »W 

13. yo = y(0) = ci 

^0 = y(0) = C 2 - QCl 5. t-e1 

ci = yo, c 2 = u 0 + ayo 

14. y' = Oo] s]^ t7\ 5lH»> tr4- 
y' = (-QCi - ac 2 t + ci)e~ at = 

B J-#*Vfe tfe f = i - ZL o| 

15. y' = e _t (- sin t + cost) = 0 

sint = cost, t = \ ± nn(n x i^r) 

16. y = Ce- at cos(u)'t-$ 1 ^r delta) 

y' = -Ce -Ot (acos(w*t - S) + w* sin(ai*t - S) =0 
acos(w"i - i5) = -u>" sin(tii*t — i5) 
tan(ai*t — S) = —a/ui* 
u)*t — 8 = arctan(— a/u>*) + n7r(n-g- ^j*r) 
arctan(— a/w*) + 5 n 

« ' — Z n 

=q$zt^q>§2\ a).o|^|?. 

17. q-ifl=8<Hl>Hfe ^ cos^o] 1 »] s)fe 34Mfe y?J:€r 
e- at ZW ^-tf. O.B) £.s. e- a( s) S>^-7]7|- 30o]5r^- 
2.3 e- 30a = 1/2 ^ $744 7 e vcf. 

- 30 ^C= ln l> c=f|ln2 = ^fln2 = 0.023 

18. ^^ofl-H y5i^ e- a£ olJ7 =t)|^ a)-o]^ 
^-^1 16^-M 27r/w*»J4- "ttS-S. ^-^1*4 4-S- ^ 

St 4«14 s)^ e-W-'oi^. o|7js) 

A = a27r/a)* 

e~* costs) 71-f a = 1, w * = 1°]5.S. A = 1o]ji ^■ 
S)^- ^1-^ ^1 15Si4 ^* ir/2n]-f- -§-^oj 
^o|£.5. t = 2f ± n7r(n £ 3<r) 

19. page 89 (9) c£] ^-7)1 of] *] C 7 r ?)7-|^ 7f zj- 
°\x)E.S- frequency-fe- *$°}^. 



2.6. Euler-Cauchy Equation 



1- (3) °1 f^e-t- 7Hg iTj^ ( a - l) 2 = 46 
y' = i^ i ( i ^-lnx + l) 
y" =i r T zi (^lnx-a)l- (l)«fl m<g^ 



2. m 2 -5m + 6 = 0|- m = 2, 3 
y = cii 2 + c 2 x 3 



2.7. EXISTENCE AND UNIQUENESS THEORY. WRONSKIAN 
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3. m 2 - m - 20 = 0 -f^ m = -4, 5 

r5 



4. m 2 + m = 0 -fr #<g m = 0, -1 
y = ci + C2Z -1 

5 - m2 + (fo - 1W + 3.24 = 0|f^m= -1.8(^5-) 
y = (ci +C2lnx)i -18 

6. m 2 - 2m + 2 = 0 ■§- f-'g m = 1 ± i 
y = x [A cos(ln x) + B sin(ln x)] 

7. m 2 + 1 = 0 -I- m = ±t 

y = [A cos(ln x) + B sin(ln a:)] 

8. m 2 = 0 * -I-'d m - 0(tt) 
1/ = (ci + C2 In x) 

9. m 2 + (^ -l)m+§=0 -§-*<?} m = -i,-§ 



y — c\x 2 + C2X 



-§ 



10. m 2 - 0.3m -0.1 = 0|fijm = -0.2,0.5 
y = en -0 - 2 +c 2 x os 



11. m 2 - m + 2 + 1.25 = 0 ■§- f-<g m=±±i 

y = x£[,4cos(lnx) + Bsin(lnx)] <-~ ' ^ «- • 



12. m 2 - 1.2m + 0.36 = 0 #'#<g m = 0(-f-i 
y = (ci + C2 In x)x 06 

13. m 2 + 6m + 9 = 0 -§• #<g m = -3(^-5-) 
!/ = (ci + C2 lnx)x -3 

14. m 2 - 3m + 2 = 0 -§■ -f^ m = 1, 2 
0 J M J-^^-y = cix + C2X 2 



iMi^-S-Jp-lH y = 2x - |x 2 

15. m 2 +(M-l)m+f =0^f^,m = -|(^) 

4.7|2.^o.5.^ y = (2-lnx)x-§ M , , 

16. m 2 + 9 = 0 £ #3 m = ±3i ~~ ' L ^ 5 
1> H i«tl y = A cos(3 In x) + B sin(3 In x) 

y = 2cos(31nx) 

17. m 2 -4m + 4 = 0if^ m = 2(-f 
UtMl^y = (ci +c 2 lnx)x 2 
2.7]i^^.s.4Ei j, = 3x 2 lnx 

18. m 2 + 2m + 1 = 0 & m = -l(-f^) 
"i^n^r y = (ci + c 2 lnx)!" 1 
i7ls^i5.«- E -l y = (3-lnx)x- 1 

19. u(5) = ci + c 2 /5 = 30 

t)(10) = ci + c 2 /10 - 300 -§- #^ 

ci = 570, c 2 = -2700, v(r) = 570 - 2700/r 

20. x = e t 3_ < = lnx 



= fa 5. S.7]iU\. 



y = % v 

dy = dy di = 

dx dt dx " x 
s/" = (y*)'i+y*(i)' 

_( dt d^* +y 

0 = x 2 y" + axy' + by = y" - y« + ay» +% 
= y" + (a - l)y« + by 

"J ^31^ "l^H- ^-Sr^}- ^-a]°.S.Euler-Cauchy 
HH^-fr ^A<t SlSM 7}*^. 



1. W = 

2. W = 



1 e* 
0 e x 



2.7. Existence and Uniqueness Theory. Wronskian 



(A 2 - \ 1 )e^ +x ^ x 



3. cos3x = c, sin3x = sS. 3.7]. 



W = 



ax/2 £ e -ax/2 s 
c -ox/2(_| c _ 3a) e -ax/2(_| s+3c) 

= 3e- al 



-fc-3s 



§5 + 3c 



4. W = 



I m l X m = 

mix mi_1 m 2 x m2_1 
= (m 2 - mi)x mi+m 2 _1 



5. W = 



x 4 x 4 lnx 
4x 3 4x 3 In x + x 3 



5. W = 

- £ 2Xx 



e n ~ xe" 
Xe Xx {l + \x)e Xx 
1 x 
A 1 + Ax 



W- 



7. cos(21nx) = c, sin(21nx) = sS. 5.7|. 

X^C x^S 

Atx M-i c _2x' J -i s px' i - 1 s + 2x''- 1 c 
c s 
He - 2s /is + 2c 

8. cosui = c, sinwx = sS. 3.7] 

V-X 



= 2X 2 "- 1 



W = 



e *c e~ x s 
e _I (-c-a;s) e _I (-s + a;c) 
c s 

-C — —5 + UC 

9- 3o| f-^o] 24 A 2 - 6A + 9 = 0o| character- 

istic equation °1 ^'rTil n ] HJ" 
y" - 6y' + 9y = 0 
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER 



W : 



e xe" 
3 e 3i Ci j_ z„\^3x 



e 3x 
(1 + 3x)e ; 

10. 5,-57)- 8||oj 2*HH-M m 2 - 5 = 04 Jiiu^^i 
5. ?r*lfe- Euler-Cauchy 
x 2 y" + xy' — 5y = 0 



W ■ 



x" x 
5x 4 — 5x~ 



-10x" 



11- 27 r -5-oj m 2 - 4m + 4 = 04 ii^i 

4] 7)-7.1 ^- Euler-Cauchy n]aj- 
x 2 y" - 3xy' + 4y = 0 
x 2 x 2 In x 
2x 2x In x + x 



W = 



12. cosh2x 



- 2 l±eZ!l iSinh 2x 



2 >° — ~" 2 

cosh 2x, sinh 2x-fe- e 2l ,e" 21 SJ- basis. 
2, -27(- sfloj 2*|-H}-^'M A 2 - 4 = 0°1 characteristic 
equation °J -^.K^l^r u)>£ 
y" - 4y = 0 

cosh 2x sinh 2x 
2 sinh 2x 2 cosh 2x 



W 



13. 2,1/2 71- «D oj 2^^ -*-J m 2 - f m + 1 = 04 ii«J- 
^-i) 717-1 ^Euler-Cauchy u)»# 
"" - §y' + y = 0 

,-2 x l/2 



y 



2x 



1. 



-1/2 



14. 0,-27} *flo] 2* r B t J-^-q A 2 + 2A = 0°1 characteristic 
equation o] -tf<r7il^ n)uj- 
y" + 2y' = 0 

1 „-2l I 
W = „ = — 2e -2as 



15. ±2jt»* -5-°.3. 7 r xlfe 2^^*) A 2 + 4tt 2 = 0°1 
characteristic equation o] -^^711 D l HJ" 
y" + 47r 2 y = 0 

cos 2ttx sin 27rx 

— 27TSin27TX 27TCOS27TX 



W = 



= 2tt 



16. ±i% 71-7.1^ 2^*m m 2 + 1 = 04- iiH}- 

^<i) .?-.£. 71-7.1 ^-Euler-Cauchy oHjj- 
x 2 y" + xy' + y = 0 



W - 



cos(lnx) 
-i sin(ln x) 



sin(ln x) 
i cos(ln x) 



17. f , -|4 ZS-Z. 71-7:1^ 2*|->tMM m 2 - | = Of i 
i«8-^-M iS. 7)- 7] ^-Euler-Cauchy njuj- 



x 2 y"+xy'-fy = 0 



W ■ 



r 3/2 



.-3/2 



|a;l/2 -|x- 5 /2 



= -3x" 



18. (a) yi, y 2 7\ basis°l3. yi(xo) = y2(x 0 ) - 0o) 



W(xo) = 



yi y2 
y'i 

°|-EL5. Theorem 2y<H 



0 0 



: 0 



Vl 2/2 



W = 0o] slcf. o]7j,s_ j,!, y 2 7\ basisej-^ £. 
(b) ^HH'Hfe y' = OoliS. (a)sf oi^-s. 



(C) W{X U X2) = 



Z\ 22 



'1 *2 

anyi+oi2y2 Q2iyi+ti22y2 
inyi + ai2y 2 o,2\y'i + a 22 y' 2 



yi 
»1 



3/2 

s4 



an Q2i 

112 Q22 

an ai2 

021 022 

°\B-3. zi,z 2 7\ basis 0 ,) ^if-S-i^l-S- 
an ai2 



= VV(yi,y 2 ) 



021 022 

(d) zi = cosh x 



2° T 2 s 

22 = sinhx = he x - \e~ x 
li 



2 2 

°lS.5. cosh x, sinh x£. basis o]r-)-. 



(e) Cie x + c 2 e 1 = ci cosh x + c _ 2 sinh x 

= |ci(e* + e-*) + IczCe 1 - e" 1 ) 3. -f el 
Cl = |(c"l + C 2 ),C2 = |(ci - c" 2 ) 



2.8. Nonhomogeneous Equations 



1. A 2 - 1 = 0 4 # 'd A = ±1 0)0.5. 
homegeneous >8-^^s) «flfe- y/, = cie 1 + c 2 e~ x 
■asl^fe y = yh + V P = cie x + c 2 e~ x + e- 3x 

2. homogeneous *fl-c- *^I1^3r ^3L, <y«V«fl 

y = yfc + y P = cie* + c 2 e _x + e~ 3x - 3e x 
= (ci - 3)e x + C2C- 1 -(- e- 3x o\z.S- &q l^S) ^ 

3. A 2 + 3A + 2 = 0 4 A = -1, -2 o] ss. 
homegeneous «j-^-i)5) Sfl-^- y h = cie -1 + C2e _2x 
■USHIfe-y = y h +V P = cie- x +c 2 e- 2l +2x 2 -6x-f7 

4. A 2 - 2A + 5 = 0 4 t-'d A = 1 ± 2i °]S.S, 
homegeneous «j-7^/ilsi 

Vh = e x (A cos 2x + B sin 2x) 



■ySr*S-c-y = yh+Vp = e x (Acos2x + Bsin2x) + x 3 

5. A 2 +3A-4 = 0 4#^ A = -4,1 °}2_3. 
homegeneous ^^-^ £) s))^- y h = cie -41 + C2e x 
°J u i«ilfe y = Vh+y P = cie -41 + C2e r - cos2x 

6. A 2 - 4A + 4 = 0 4 f-'S A = 2(^-5-) o| 
homegeneous i^^^s) «fl^ y h = (ci + C2x)e 21 
°JS}«llfe y = yfe + y P = (ci -r c 2 x)e 2x - \e x sinx 

7. A 2 + 1 = 0 4 A = ±i 0)0.3. 
homegeneous «J-^-il£l «|)fe- y ft = Acosx + Bsinx 
■ytNfe- y = yh+Vp = Acosx + Ssinx + ln(?rx) 



2.9. SOLUTION BY UNDETERMINED COEFFICIENTS 
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8. 8A 2 - 6A + 1 = 0 4r A = \, \ o]s.s. 
homegeneous uj-^^s) *))£. y h = c\e* x + 0262* 
•y^fey = Vh+y P = cie* x + c 2 e? x + \e~ x + e. x 

9. A 2 +A = 0ff^A = ii 

•yiHlfe- y = yh +V P = Acosx + Bsinx + 2z 
y(0) = A = — 1, y'(0) = B + 2 = 8 3 Jf 3 
A = — 1, B = 61/ = -cosz + 6 sin 1 + 2z 

10. A 2 — 1 = OS) t( ±1 i J?-e) <y«t^i^- 
y = c\e x + c 2 e~ x - cos 1 

y(0) = ci + c 2 - 1 = 0 

y'(0)^ci-c 2 = -0.2 1-#^ 

ci = 0.4, c 2 = 0.6, y = 0Ae x + 0.6e~ x - cos a; 

11. "i^lr y = Cie x + c 2 e~ x + xe x 
y(0) = ci + c 2 = -1 

y'(0) = a - c 2 + 1 = 0 

ci =0, C2 = —1, ?/ = ze 1 — e~ x 

12. A 2 + 4 = OS] sfl ±2i 3. Jf 6) iiSV«8fe 
j/ = A cos 2z + B sin 2z + 3z cos 2z 

2/(0) = A = 1.8, y'(0) = 2B + 3 = 5 -§: -t^d 

4 = 1.8, B = 1, j/ = 1.8cos2z + sin2z + 3zcos2z 

13. Euler-Cauchy Equation; 

m 2 - 4m + 3 = 0 #3 m = 1, 3 

liSHI-fe y = cix + c 2 z 3 + lnz 

y(l) = ci+c 2 = 0, y'(l) = ci+3c 2 +l = 1 3 JjMs) 

ci = C2 = 0, y = In z 

14. Euler-Cauchy Equation ; 

m 2 - 3m + 2 = 0 -g- -f-^ m = 1, 2 
°JSr*l!fe y = ciz + c 2 z 2 + 3e* 



y(l) = ci +c 2 + 3e = 2 + 3e 
2/(1) = ci + 2c 2 + 3e = 3e 3 J?-E) 
ci =4, c 2 = -2, 2/ = 4z - 2z 2 = 3e x 

15. A 2 + 4A + 4 = OS) $ -2(f^) _° 3-fE) 
H SrStfc- y = (ci + c 2 z)e- 2a: - e" 2 * In z 
y(l) = (ci +c 2 )e- 2 = e -2 

y'(l) = c 2 e- 2 - 2(ci + c 2 )e- 2 - e~ 2 
= (-2ci - c 2 - l)e~ 2 = -2e- 2 3 Jfe) 
ci — 0, c 2 = 1, y = (z - lnz)e -21 

16. (a) homogeneous equation s) <y «V«fl y h % -7- 

tr4-§-, ^Hr*l| y P * s r <4 n 2 -*!! f-£ c)«r^ 
nonhomogeneous equation S| UHl-sH^r <^o) 

m- 

( b ) yp^r y t£ l 4 y P - y*fe homogeneous equa- 
tion s) sfl 

( c ) yp - ypfe- homogeneous equation S| sfl 

( d ) yh- 2 !- yii 7 r homogeneous equation S) U«]-4)| 
43 ^s)|4 43*1 4i sflf-^. 3.^4. 

(e) <ti«}«lifey = cix + c 2 z 2 +3e* 
±7]i£*H y(0) = 3, y'(0) = ci + 3 

= 7 o|n.3ci£ 43. ^S)*)^ c 2 fe ^S) 

*] Sfc4- 

^ y = 4x + c 2 z 2 + 3e*fe- £7)3i; 
s| eflo)4. #H*r*1 &4- 

■frU-tf x Je^(page 97 Theorem l)s| 
<LV*I4 of-d o)^ 

y" - fy' + £y = os) 4^ ^ 
z = o°)M °j4H »).w)7| ^£0)4. 



2.9. Solution by Undetermined Coefficients 



1. A 2 + 4 = OS] S|j ±2i3 J?-Ei homogeneous equa- 
tions) "U^sAfe y h = Acos2x-t- Bsin2z 

page 105 Table 2.1 Basic rule »)| 44 

y p = .fCcosSz + Msin3z»J ^r«l] y p l- §4. 

yp = -3KT sin 3z -f 3M cos 3z 

t/p = -9 cos 3z - 9M sin 3z 

y'p + 4y p = -5if cos 3z - 5M sin 3z 

= sin3z S. -?-6) - 5K - 0, -5M = 1 

y p = —5 sin3z 

^.5)2.3. y = yh+Vp = v4cos2z+Bsin2z-£sin3z 

2. A 2 -l = OS) «i) ±13 -fE) homogeneous equations! 
0 i#$Tr yh = C!e x + c 2 e~ x 

Sum rule ^Modification rule (e x ^ homogeneous 
equations) ^)o) 5.5.) <h| 4b). = Kie 1 + Me 21 <U 

y p = ^(1 + x)e x + 2Me 2x 
Vp' = K(2 + x)e x + AMe 2x 

y'p ~Vp = 1Ke x + 3Me 2x = 2e x + 6e 2x 3 Jf-E) 
K = 1, M = 2, y p = ze 1 + 2e 21 



a.ejs.3 2/ = y h + y p = ae x + c 2 e~ x + xe x + 2e 2x 

3. A 2 + 3A = OS) «)1 0, -3 0.3 -fE) homogeneous 
equations) <y^«l)^- y h = c x + c 2 e- 3;r 

Basic rule °fl <4e| y P = Kcosh4z + Msinh 4z°J -^ 
^r«ll yp* #4- 

y'p = 4K sinh 4z + 4M cosh 4z 
y'p = 16K cosh 4z + 16M sinh 4z 
y'p + 3y p = (16A- + 12JW) cosh 4z 
+ (16Af + 12K) sinh 4z = 28 cosh 4z 3 -fE) 
16K + 12M = 28, 16M + 12if = 0 
#3 K = 4,M= -3 

y - y/i + y P = ci + c 2 e- 3;c + 4 cosh 4z - 3 sinh 4z 

4. A 2 - A - 2 = OS) s|) -1,23 -fE) homogeneous 
equations) •yMj.^^- y h = ae~ x + c 2 e 21 
Modification rule (e 2l £- homogeneous equations) 
s||°)S.3) <H) 44 y p = /fze 21 "] §-4. 

yp = /!T(l + 2z)e 23: 



2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER 



y' p ' = K{4 + 4x)e 2x 

y'; -V' P - 2y P = 3Ke 2x = 3e 2x 5 -fBj 
K = l,y p = xe 2x 

°J u i«l|-c- y = cie~ x + c 2 e 2x + xe 2x 

5. A 2 + 2A + 10 = OS) 41 -1 ± 3i5 -t-e) homogeneous 
equations) lJSV4lfe y^ = e~ x (Acos3x + Bsin3x) 
Basic rule <H| 44 y p = K 2 x 2 + Jfn + KoH -^t 
41* £4- 

y p = 2*r 2 x + i<:i, y p ' = 2*r 2 

y£ + 2y' p + 10y p = 10K 2 x 2 + (4K 2 + WK x )x + 
2K 2 + 2Ki + WK 0 = 25i 2 + 3 5 Jf-E) 
10K" 2 = 25,4^2 + 10^1 = 0,2^2+2^ +10^o = 3 
#3 K 2 = f , Ki = -1, Kq = 0 

= f l2 _ x 
y = e _I (Acos3x + Bsin3i) + fx 2 - x 

6. 3A 2 + 10A + 3 = OS) 41 -3, -1/35. -f &) homoge- 
neous equations) "y^sfl-fe- J/h = cie _3x + c 2 e~ 3 X 
Basic rule 4 Sum rule »)| 44 y p — K\x + Ko + 
ircosx + Msinx°J -^41 ♦ ^4- 

y p = K i - if sin x + M cos x 
y'p = — K cos x — M sin x 

3y p +10y p +3y p = SKii+S/Co+lOiiri-lOArsinH- 
10M cos x = 9x + 5 cos x 5 -t-e) 
3^1 = 9, 3K 0 + lOtfi = 0, -10K = 0, 10M = 5 
ifi = 3, /Co = -10, K = 0,M=\ 
y p = 3x — 10 + 5 sin x 

y = cie -3 * + c 2 e~£ x + 3x - 10 + i sinx 

7. A 2 + A - 6 = OS) 41 -3, 25. JfE) homogeneous 
equations) UuVifl-fe- yh = cie -3x + C2e 2x 

Basic rule "HI 44 y p = K 3 x 3 + K 2 x 2 +Kix + K 0 °^ 

^r$% #4- 

y£ = 3K 3 x 2 + 2K 2 x + ATi 

= 6i<r 3 x + 2K 2 
y p +y' p - 6y p = -6K 3 x 3 + (3K 3 - 6K 2 )x 2 + 
(6K 3 + 2K 2 -6Ki)x + 2K 2 -6K 0 = -6x 3 +3x 2 + 
6x 5 ^e) 

- 6K3 = -6, 3K 3 - 6K 2 = 3, 6K3 + 2/f 2 - 6*0 = 
6,2i<: 2 -6K 0 = 0 

K 3 = 1, K 2 = Ki = Ko = 0 

y P = x 3 

o.e) "JwHI-fe- y = cie -31 + c 2 e 2x +x 3 

8. A 2 + 6A + 9 = OS) «D -3(f.^.)s. JjL^ homogeneous 
equations) <ysV4|-c- Vh = (ci + c 2 x)e~ 3x 

Basic rule <HI) 44 y P = e _I (K'cosx + Msinx)°l 

y' P = e _I {(iW - AT) cos x - (M + sinx} 

y^,' = e _I (-2M cos x + 2A" sinx) 

yp' + 6y' p + 9y p = e~ x {(4M + 3K)cosx + (3M - 

4K)sinx} =50e~*cosx 5. ^] 

4M + 3K = 50, 3M - = 0 

°13-§r *^ /ST = 6,M = 8 

y p = e _I (6cosx + 8 sinx) 



y = (ci + C2x)e _3x + e -x (6cosx + 8 sinx) 

3. A 2 + 2A - 35 = OS) 4) -7,53. -fe) homogeneous 
equations) •yBV4|-r Vft = Cie~ 7x + c 2 e 5x 
Modification rule 3)- Sum rule ofl 44 
y p = cxe Sl 4- K cos 5x + Msin5xl! ■^■ i r4)'l- §4- 
yp = c(l + 5x)e 51 — 5K sin 5x + 5M cos 5x 
y p ' = c(10 + 25x)e 51 - 25Kcos5x - 25Msin5x 
y' p ' + 2y' p - 35y p = 12ce 5x + (10M - 60K) cos 5x - 
(60M + 10JFC)sin5x = 12ce 5x + 37 sin 5x 3. Jf b) 
12c = 12, 10M - 60K = 0, 60M + 10K = -37 

y p = xe 5x — cos 5x — | sin 5x 
aa)5.3 <as>4|t 



y = cie 7x + c 2 e 5x + xe' 



Yq cos 5x — I sin 5x 



10. A 2 - A - I = OS) 4| -1/2,3/25. -fE-) homogeneou 

equations) °J«V41^- yh = cie~i x + c 2 e% x 
Basic rule ofl 44 y p = K cosh 2x + Msinh2x°] ^ 
^41* $4- 

y p = 2K sinh 2x + 2M cosh 2x 
j/p' = 4K cosh 2x + 4A/ sinh 2x 

Vp - V P - |y P = (t* - 2M)cosh2x + M 
2/£")sinh2x = 21 sinh 2x 5 ^-E^ 



^K-2M: 



0 



13 



M -2K = 21 



^ K = f , M = f 
= ^ cosh 2x + ^ sinh 2x 



ae) £.5 «ysl-«fl-fe- 
y = cie~^ x +C2CI 1 + ^cosh2x + ^ sinh2x 

11. A 2 + 10A + 25 = OS) 4) -5(f-^)5 4&I homoge- 
neous equations) "y>*V41fe- y h = (ci + c 2 x)e~ 5x 
e -5x ,xe -5;l: 4homogeneous equations) Sflojjn^. 
Modification rule »)) 44 y p = cx 2 e~ Sx °] -^-^41 -t- 
#4- 

yp = c(2x-5x 2 )e- 5x 

y' p ' = c(2 - 20x + 25x 2 )e- 5x 

y'p' + I0y' p + 25y p = 2c e - 5x = e~ 5x 5 -fEl 

c = 5. fp = 5X 2 e- 5x a.4^-5 U«V4]^ 

y = (ci + C2X + |i 2 )e" Sl 

12. A 2 + 3A - 18 = OS) 4) 3, -65 ^-E) homogeneous 
equations) ^^4)^ y^ = cie 3x + c 2 e~ 6x 

sinh3x = - — =£ 0)^7 e 3x -fe- homogeneous 

equations) 4)0)^5. Modification rule ofl 44 
y p = Kxe 3x + Me- 3l »] ^41 # #4- 

y p = K(l + 3x)e 3x - 3Me~ 3x 
yp' = K(6 + 9x)e 3x + 9M e - 3x 
y p ' + 3y' p - 18y„ = 9i<Te 3x - 18M e - 3x 
= 9sinh3x = |e 3x - fe -31 5 Jf E) 



k = \,M = \, y p = i 
ZLSlS.5 °J«1:4) 



xe 3x + 



y = cie 3x + C2e _6x + Axe 3x + \e~ 3x 

13. A 2 + 8A 4- 16 = OS) 4| -4(f-=-)5 -fE) homoge- 
neous equations) 0 j«l4l^- y h = (ci + C2x)e -4x 



2.9. SOLUTION BY UNDETERMINED COEFFICIENTS 



cosh4x = e *+ 2 e - o|j7 e-* x ,xe~ 4x ^ homoge- 
neous equations] sflo|n..£. Modification rule of) 14 
e| y p = Ke 4x + Mx 2 e~ 4x °l -^*fl-f §4. 
y p = + M(2x - 4x 2 )e- 41 

y' p ' = WKe 4x + M(16x 2 - 16x + 2)e~ 4x 
y p ' + 8y' p + 16y p = &iKe 4x + 2Me~ 4x ~ 
64 cosh 4x = 32e 4x + Z2e~ 4x 5. JfE) 
64A" = 32, 2Af = 32 
y p = \e 4x + 16x 2 e - 4l ;ie) B.S. HtHfl^- 
y = (ci + c 2 x)e- 4l: + ±e 4:c + I6x 2 e~ 4x 



14. A 2 - 4A + 20 = OS) *fl 2 ± 4i£. JM1 homogeneous 
equations) "yut-Sfl^ y h = e 2l (Acos4x + Bsin4x) 
Basic rule o|| nj-ef- y p = K cosx + Msinx°l 

* #4- 

y p = — K sin 1 + M cos x 
y p = -if cos x- Afsinx 

y' p ' - 4y p + 20y p = (19 - 4M)cosx + (19M + 

4K) sin x = 377 sin ii T tj 

19AT - 4M = 0, 19M + 4M = 377 

"l^J-i- #3 *" = 4, M = 19 

y p = 4 cos x + 19 sin x 

y = e 2l (Acos4x + Bsin4x) + 4cosx + 19 sin x 

15. homogeneous equations) "y«}sll^ 
yh = c\e~ 2x + 0262* 

Basic ruleofl 4eJ- y p = A^x 4 + K 3 x 3 + K 2 x 2 + 

K x x + K 0 <!l #2.^ y p = x 4 

nonhomogeneous equations) ^Sr^l-c- 

y = ae~ 2x + C2e2 x + x 4 

2/(0) = ci -(- c 2 = 4 

y'(0) = -2 Cl + ±c 2 = -8 * #3 

ci = 4, c 2 = 0, y = 4e -2x + x 4 

16. homogeneous equations) ^tb^tlfe- 
Vh = e 3x (A cos 2x + B sin 2x) 

Basic rule")) 44 y p = ce 3l °] ^-^sill- ^_°<d 
y P = e 3x 

nonhomogeneous equations) ^Hr«D-c- 
y = e 3x {A cos 2x + B sin 2x) + e 3x 
y(0) = A + 1 = 2, y'(0) = 3 + 2B + 3 = 4 ■§- 
A = 1,B = -1, j/ = e 3 *(cos x - sin x) + e 3x 

17. homogeneous equations) «y St«fl -fe- 
y h = cie 21 + c 2 e~ 2x 

e~ 2x £r homogeneous equations) *)|o].H..g_ Modifi- 
cation rule <H] 44 Vp = cxe~ 2x + K\x + K 0 <(\ 

VP = f - |xe- 2 * 
nonhomogeneous equations) °JhV*||-£- 
y = cie 2 * + c 2 e- 2a: + § - ixe- 21 
y(0) = ci + c 2 = 0 
j/(0) = 2ci - 2c 2 + § - I = 0 -§- 
ci 



16 ' 2 1« 



« = - — e 2 * 4- -^-e- 



2 - 4 Ie 



18. homogeneous equations) ojuj.^)^. 
y h = A cos 3x + B sin 3x 



cos3x-fe- homogeneous equations) s|)o].n^ Modi- 
fication rule ofl n)-e)- y p = x(i<:cos 3x + Msin3x)°l 

y p = 6{-Ksin3x + 3Mcos3x) - 9x(i<:cos3x + 
Msin3x) 

y' P + 9j/p = 6(-K"sin3x + Afcos3x) = 6cos3x 
S, -fE) K = 0, M = 1, y p =xsin3x 
nonhomogeneous equations! °J^r«||^- 
y = Acos3x + Bsin3x + xsin3x 
y(0) = A=1, y'(0) = 3B = 0 ■§• 
y = cos 3x + x sin 3x 

19. homogeneous equations) °J>Jrol|^. 
Vh = (ci + c 2 x)e-°- 6x 



xe o f,I ol homogeneous equations) S))o|£. 



fi -0.6x 

S. Modification rule °fl n)-5)- y p = cx 2 e~ 0 6x °] 
=r«l* y p = 2x 2 e-°- 61 

nonhomogeneous equations) iJttolj-fe- 
y = ( Cl + c 2 x)e-°- 61 + 2x 2 e-°- 61 
y(0) = ci = 0, y'(0) = c 2 - 0.6c x = 1 * #^ 
y = (x + 2x 2 )e-°- 6 * 

20. homogeneous equations) U «{■«))£■ 
Vh = (ci +c 2 )e 1Ax 

e 1Ax ,xe 1Ax o] homogeneous equations) «|)o)5.s. 
Modification rul n)-2r y P = cx 2 e 1Ax °l ^-^sfll- 

y p =x 2 e 1Ax 
nonhomogeneous equations) ^^r^-fe- 
y = (ci +c 2 )e 1Ax +x 2 e 1Ax 
y(0) = ci = 0, y'(0) = c 2 + lAci = 0 f-^ 
y — x 2 e 1,41 

21. homogeneous equations) °J«r^)-fe- 
y/. = ci + C2e~ x 

•^"^(e 0 ' 1 ) -c- homogeneous equations) «))o|^5. 
Modification rul <H] nj-e)- y p = x(K 2 x 2 + K\x + 
/fo)°J ^*fll- y p = |x 3 +2x 

nonhomogeneous equations) 
y = ci + C2e _:r + ix 3 + 2x 

!»(0) = ci+c 2 =8, y'(0) = -c 2 +2 = -l-g-#^ 
y = 5 + 3e-* + |x 3 + 2x 

22. homogeneous equations) "yuVsfl^- 
yh — e _ 5 I (Acos3x + Bsin3x) 

Basic ruleofl 4^ y p = K 0 + ce~ x °l $2. 
^ y P = 4 + e~ x 

nonhomogeneous equations) "yuj-s))^. 
y = e~ 2 1 (A cos 3x + B sin 3x) + 4 + e~ x 
y(0) = ,4 + 4 + 1 = 7 
y'(0) = -4 + 3B - 1 = -2 #^ 

A = 2,B = 0, y = 2e _ 5 I cos3x + 4 + e- 1 

23. r(x)7> xe 1 *] ^-f^ y p = (a + 6s)c*9j ^sfls) 
8111- $2-^ ^4 

25. *)-§- ^-Efl^ 5-s)S) ^ x = I ofl c|l«j| y > 20c- 1 + 
0.2e°- Ss ^* ^-oJSr^ *)^- u i4^ (0 < x < f ) °J 
ofl^ y 7r 20e- :c +0.2e°- 5l l- <& ^ 514- 
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER 



2.10. Solution by Variation of Parameters 



1. A 2 - 4A + 4 = 0°\ n 2(tt)S. Jf Ej homogeneous 
equation^] basis-fe- yi = e 2x "« — ->-o 2x 



W = 



j/2 = xe* 

_„4x 



I 2e 2x (l + 2x)e 2x \ ~ e 
page 108 24(2)°)) 44 2/pf- i^-d 



y p = - e 2x 



P 



e 4x x 
-e 2x x + xe 2x In |i| 

V — Vh + Vp = (ci + C2i - x + x In \x\)e 2x 



-dx + xe" 



ii 



-dx 



W = 



2. homogeneous equations) basis-fe- 
j/i = cos 3x, 2/2 = sin 3x 

cos 3x sin 3x 
— 3sin3x 3cos3x 
page 108 24(2)41 44 J/p# 

„ /" sin 3x 
y P = — cos 3x / — - — sec 3xdx 

. „ f cos3x 

4- sin 3x / sec xdx 

J 3 

/tan 3x x 
dx + sin 3x • — 
3 3 
1 x 
= - cos 3x In I cos 3x1 + - sin 3x 
9 3 

3. homogeneous equations) basis^- 



V\ = er 



V2 = xe 



W = 



= e~ 2x 



e— xe -1 
-e _x (l-x)e" 
page i08 24(2)°)| 44 y P * ^4^ 



y P = -e 

+ xe 



7 e- 



-e 1 cos xdx 



2x 

e~ x cos xdx 



= — e x {xsinx — ^ sin xdx} + x. 

= — e~ x cos x 
4. homogeneous equations) basis^ 
2/1 = cos 3x, 2/2 = sin 3x, W = 3 
page 108 24(2)°)| 44 2/ P * ^4-3 

„ /"sinSx _ J 
y p = - cos3x / — : — esc 3xdx 



/" cos3x 
+ sin 3x / — - — esc 3xdx 



W 



x 1 
= — - cos 3x + - sin 3x In | sin 3x| 

5. homogeneous equations) basis^ 
2/1 = e x , 2/2 = xe x 

e x xe x I _ 2x 
e x (1 + x)e x | ~ e 
page i08 24(2)°)| 44 J/p* ^4-d 

, fxe x e x . x f e x e x , 

== e-i-ix-^^-x-^ 1 
x 2 2 

6. homogeneous equations) basis-fe- 

2/1 = e 2x cos x, j/2 = e 2x sinx 



cosx sinx 
2 cos x — sin x 2 sin x + cos x 



page 108 24(2)°)1 44 t/p# ^4^ 

„2x , 



2/p = —e 2x cos i 



+ e 2x sin 



'P 



P 



■ 2x i 

-e esc xdx 



-e 2x esc xdx 



= (— x cosx + sinx In | sin x|)e 2x 
7. homogeneous equations) basis-fe- 
t/i = e x , 2/2 = xe 1 , W = e 2x 

page 108 24 (2H n}.^ 



y P = - 

= -3e x 



3x2e x dx + xe 



J e 2x 
J xfdx + 3xe x J 



'I e 2x 



3x2 e x dx 



a 12 i , 
22 dx = — x2e 
35 



8. homogeneous equations) basis-fe- 

- 3x W = e~ 6x 



2/! = e~ Zx 



2/2 = xe — , w = e" 
page 108 24(2)41 44 y P * ^4^ 



i/p = -e 
=-3x 



+ xe" 
= -8e 



-3l 1. 



,-61 

16e" 



x z + 1 



-dx 



x z + 1 



-dx 



In |x 2 + 1| + 16xe _3x arctanx 



9. homogeneous equations) basis-fe- 
yi = e -21 , 2/2 = xe -21 , W = e _4x 
page 108 24(2)4) 44 !/p* ^4?! 
„— 2x 2e~ 2x 



y P = ~e 



+ xe' 



/xe" 
er 

1$ 



-dx 



-2x 2e ~2x 



-dx ■ 



-2e~ 



' In Ixl - e,~ 



10. homogeneous equations) basis-fe- 

yi = e -x cosx, 2/2 = e _x sinx, W = e~ 2x 

page 108 24(2)0)1 44 J/ P # ^4^ 

^inx^ _ , 

-4e x sec 3 xdx 



S/p = -e 
+ sinx 



fe~ x s< 
"J— 2 



■ cos X , 



_ 2jj : 4e x sec 3 xdx 

2 

= -e x cosx — ^ h4e ■ 



= -2e" 



. cos 2x 
cosx 



cos X 



' sin x tan x 



11. m 2 - 5m + 6 = OS) sfl 2,3 ».£ ^-E) homogeneous 



equations) basisfe- y\ 

w- \ * 2 

W ~ 2x 3x 2 



f2 



y p = -x 2 ^ ^21x- 6 dx + x 3 J ^21x~ 6 dx 

2 —6 21 o _7 1 . 

= — x^x 0 X J X 7 = -x -4 

6 7 2 

12. m 2 - 2m = OS) 3) 0, 2 o_ £. «. E ^ homogeneous 
equation4 basis-fe- 2/1 = 1, 2/2 = x 2 

y P = -J |^(3 + x)xe x dx + x 2 J -!-(3 + x)xe x dx 



2.11. MODELING: FORCED OSCILLATIONS. RESONANCE 



= --x 3 e x + x 2 ■ -( x + 2)e x 
2 2 



13. m 2 + (f-l)m-f = 0S] «fl i,-f .2.5. -fe] ho- 



mogeneous equations) basis-fe- yi = x 2 y 2 = x 2 

I _S 
12 12 

Ix- 



W = 



= -2x" 



_ 3 
-fx 2 



-V: 

r xi 7 

J ^F 2 " 



x 2 7 - 15x 



2i- 2 4 
- 15x 



dx 



dx 



1 1,14 s „ 1 _a. 7 

-12 ( — 12 - 612) _ -I 2(2x2 
8 3 ' 8 v 

x 2 I 3 



10 a, 
I I2) 



14. m 2 - 5m + 6 = OS] s)| 2, 3 ^.S. -f homogeneous 
equations] basis-c- yi = x 2 , y2 = x 3 , W = x 4 



*•/: 



- 7x sin xdx + 



■75 



7x sin xdx 



= —x (7 sin x — 7x cos x) — 7x cos x = - 7x sin x 

15. m 2 - 3m + 2 = OS) «|| 1,2 0.5. -f 6) homogeneous 
equations) basis^- y\ = x, y 2 = x 2 

Hi 2xl^ 2 



2/p 



= — x I %rx cos xdx + x 2 -^x cos xdx 
3 x 1 J x 2 

= -x(x sin x - y sin xdx) + x 2 sin x = - 



16. m 2 - 1 = OS] H ±1 .0.3. ^-e) homogeneous equa- 
tions] basis-fe- yi = x, y 2 = x _1 

W = \* x ~' \ = -l 



fx 1 1 1 fx 1 

y p = x I -rdx / -x — dx 

P 7 2 xx 4 x] 2 x* 



.I x -2 + I x -2 = I x -a 
6 2 3 



17. m 2 - 9 = OS] 3] ±3 .5.3. -f E) homogeneous equa- 
tions] basis-c- yi = x 3 , 

,.3 ^-3 



y 2 = x~ 3 



W - 



x" 
3x 2 



x 

-3x- 4 
-3 



= -6x~ 



= 8x 3 J xdx - 8x~ 3 J x 7 dx 



5 X 2 o X 8 

= 8x 3 — = 8x~ 3 — =4x 5 



18. (a)variation method; 



3x° 



Vl 



-3x „„ _ 



y 2 = e-',W = 2e~ ix 



Vp = -e 



•3, f £ ~ X 
J 2e~ 41 



65 cos 2xdx 



-65 cos 2xdx 



+ e J 2e~ 4 *' 
= - cos 2x + 8 sin 2x 

undetermined coefficients method; 

y v = A"cos2x + Msin2x5. ^-3L y p 7\ >jJ-^-i]-i- 

*r*M K,M-%r ^*jtr4. 

■y^^AS. source r°) 7j>iKr JS.^"!^ 4-*rS) »J- 

HH ##44. Sflo^l.-tl] ^ 

(b) x 2 Jf-g-°fl-fe- undetermined coemcients methods. 
yp^JL, 35x 3 '' 2 e I ^-S-'H|fe- variation methodf- o] 

-§-*IM fi«r^ S!*Hr «l* -a* ^ sM- 

(c) nonhomogeneous Euler-Cauchy HM^'Hl^i 
source r°] r = r 0 x k ^^^m ^ n|] y p = cx fe f- 

x 2 y" + axy' +by = (fc(fc- 1) + afc + b)cx fc = r 0 x fc o] 
S.S. Al^rMr «U«fl^ cf- ^ $14. unde- 

termined coemcients methods, -^-^rofi-I- t 1 -^ Si 
4- 



2.11. Modeling: Forced Oscillations.Resonance 



1. y h = cie _< + c 2 e _2t o]z.S. ^l^J-o] t:]i4^ 0.5. 
S. ^4. o.e]5L5. steady ^J-tfls] ^-^sfi 
y p = Acos2t-l-Bsin2t ^4. y p l- 

of] ^^3*1)^ A,Bf- §-0.^ y p = -cos2i + 3sin2t 

2. y ft = e _t (Acos2i + Bsin2t) o]^^. a]7J;o] jcjq. 
^ OiS. ^cf. ne]°.5. steady -tfifls] 

y p = Acos3t + Bsin3tl- ^S.^ sjcf. y p % ^ x iq 
"HI 'fl'iJsM A,B1- y P = 1.5cos3t + sin3« 

3. y h = e-'(i4cos\/3t + Bsinv^t) ^l^r 
o| x]i4^ 0«.S. ^4. steady ^J-EflS] s|] 
^- A^pSI] y p = Acos0.2t + B sin 0.2*1- $2- 

y p = -0.02525 cos 0.2t + 0.25 sin 0.2t 

4- yh = cie _t + c 2 e _3t q#°\ ^lM-^ OiS. 

^■4. steady ^s] s||^ Sum rule <H] nf 



2f ^-t*!! y P = Aicosf + Bxsint + A 2 cos3t + 
B 2 sin3tl- $0.^ 14- y P » *y-^-H H'U^^ 
Ai,Bi,A 2 ,B2# §^ y P = icost + isint + 
- i cos 3t + ^jj sin 3i 

5- Vh = e~5 4 (Acos^t + Bsin^t) o)^L5. a]7J-o] 
^IM-^ 0iL5. ^14- ^-6)^-5. steady ^e]]s) ^|^. a 

y p = Ce 4 * ^t+. y p l- »J-*;P-H cfl«y«( 

6- yfc = e-f 4 (Acos^t + Bsin^pt) o]b.5. 

°1 ^14^ 0^.S. #4- ^-51^.5. steady -y-Efls] *fl^. 
y p = ylcosi + Bsintl- ^4. y p % *}^q<% 

*%°mq A, B-i- $0.3 y P = I cos t + I sin i 

7. Basic rule»fl 4e]- y p = A cos 4t + B sin 4ts] -^efls] 
J/ P -l- ^^-^ y P = -6 cos 4c - 7sin4t 
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y = y h + y p = c\e ' + C2e 2t — 6cos4t — 7sin4i 

8. Basic rule°fl 4a]- y p = Acos0.5t + Bsin0.5t£j ^ 

y p l- y P = 4cos0.5t 

y = y h + y p = A cos \/3t + B sin \/3t + 4 cos 0.5t 

9. Basic ruleofl aj-Ej- y p = Acoswt + BsinutS] ^sflsl 
y P * $3^ y P = (1 - w 2 )- 1 coswt 

y = y h +y p = A cos t + B sin f + (l — Cd 2 ) -1 cosa>t 

10. Basic rule°fl 44 y p = Acost + Bsints] ^e))^ 
J/p* y P = -§cost + 2sint 

V = Vh + Vp = (ci + c 2 t)e -3 ' - § cost + 2 sin t 

11. Basic ruleofl 44 y P = Acos2t + Bsin2ts\ tgsl|.e] 
yp* ^-5-^ y P = -0.4cos2t + 3.2sin2t 

y = yh+yp - cie-' + C2e _3t -0.4cos2t+3.2sin2t 

12. SumruleHl 44 y P = ct + A cost + B sin tsl *$f%2\ 
y p % ^3^ ( A i^7\ homogeneous equation s] «fl<i] 
33 ctfl-iH ct) y p =t + -icost+ ±sinf 

y = yh + yp = Cie _i + C2 + t + -|cost + |sint 

13. Basie rule«l| 44 yp-fr -?-*r'Ji yp = sint 
y = y^ + y p = A cos 5t + B sin 5t + sin t 
y(0) = A = l,y'(0) = 5B + 1 = 1 3 ^ 
y = cos 5t + sin t 

14. Basie ruleofl 44 y P f- t 1 *!-^ 
y p = 0.2 cos t + 0.4 sin t 

y = e~'(Acost + Bsint) + 0.2 cost + 0.4 sint 

y(0) = A + 0.2 = 1.2 

y'(0) = B - A + 0.4 = 1.4 3 -f 6) 

y = e~'(cost + 2sint) + 0.2 cos t + 0.4 sint 



15. Basie rule°fl 44 y p l- ^SHd 
y p = -16cos2t - 13sin2t 
y = cie - ^' +c 2 e~i t + -16cos2t - 13sin2t 
y(0) = ci +c 2 - 16 = -16 



y'(0) = -i Cl -5c2 -26 = -26 3 



-16cos2t - 13sin2t 



16. Basie ruleofi 44 y p f- -f-*)-^ 

y p = -6.4 cos 0.5t + 26.8 sin 0.5t 
y = e -4t (Acosf + Bsint) 

- 6.4 cos 0.5t + 26.8 sin 0.5t 
y(0) = A - 6.4 = -5.4 

y'(0) = B - 4A + 13.4 = 9.4 3. Jf-fM 
y = e- it cos t - 6.4 cos 0.5t + 26.8 sin 

17. Sum rule»fl 44 y p f- -?-sl-<d 

y p = | sin t — -ij sin 3t — sin 5t 
y — A cos 2t + B sin 2t + | sin t 

— j^r sin 3t — j-^j sin 5t 



y(0) = A = 1 



105 35 



y = cos 2i + | sin t - -L sin 3f - sin 5t 



19. (a)C*(w) 



3 *i| 



^/m 2 (wg-w 2 ) 2 +w 2 c 2 

#4 A 4 sj-ja o\%& jji^. 

A = m 2 (u> 2 ) 2 + (c 2 - 2m 2 ^)u, 2 + m 2 a; 4 
°|33 Afe u> 2 °l) 2*HMH.3. z%%4$ 
w2 = _ = w 2 - ^ .J "Mfe S)*4 3 

4- <>)a* 41 A = c 2 ^ 2 - «■ tit 
4- 12.333 C*(^max) = 



cy'4m 2 WQ— c 2 



2.12. Modeling of Electric Circuits 



1. LI" + RV + I/C^ 5&>g-i]^ -r-i-I- 3^ ^14- 
R 2 — AL/C > 0 => overdamped 

B 2 - 4L/C = 0 => critically damped 
R 2 - 4L/C < 0 => underdamped 

Rcrit = 2y/L/C 

2. characteristic equation A 2 + &\ + =00]^-^ 
€• a,/3^ 7K!4 I 5t 2^-1 ^oli ^5- 
•e) ^ -f °| ^"133 q4 ^ ^ol4- neli 
3. I h = cie Qt + 026^'^ a]7J:o| ^14^ 033 ^4- 
a = 0°1 ^-f 3. / h = (ci + c 2 t)e a '^ 033 ^4. 

a ± wi°J ?3-f S, ^ 2a = -f o] 

-S-^o|d.s. afe / h = e at (Acosa;t + 

Bsinwt)^^ 033 I2.5l.33 R°\ o^tl ^ 

+ofl^ 4 I = I h + / pfe a.]Qo\ I p $. 7jcf. 

3. I p = 7 0 sin(a;t-e)»||-H amplitude J 0 = ^^52 ^ 
S = 0U ifll aima-i- 7 ^4- S = wL- -^ol33 



c = ^T 0 J"fl ^o-fe- m?\ €4- 

4. L/" + it/' + = jE'«fl^ a MM-& 
I" +21' +21 = 50 cost 

steady state current^- ^-^1 2»jofl S\$l 7 p fl- ^-S[i£ 
^4. Basirrule«Hl ^ «fl I p = Acos t + B sin t 
/ p = -4 sin t + B cos t , / p = - A cos t - B sin t 
/ p ' + 2I' p + 2I P = (—A + 2B + 2A) cos t 

+ (-B - 2A + 2B)sint = 50 cost 3 Jf-E-1 
A + 2B = 50, B - 2A = 0 o|.n 5.A = 10, B = 20 
I p = 10 cos t + 20 sin t 

5. 2/" + 8/' + 10/ = -800 sin 5t 
I p = A cos 5t + B sin 5t% -7 
/ p = -5A sin 5t + 5B cos 5t 
Ip' = -25A cos 5t - 25B sin 5t 

2/ p ' + 8/ p + 10/p = (40B - 40A) cos5t 

4- (-40B - 40A) sin 5t = -800 sin 5t 3. *\ 
40B - 40A = 0, -40B - 40A = -800 0)3,3. 
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A = B = 10, I p = 10cos5t + 10sin5t 

6. 7" + 4/' + 5000/ = Ool 2.3. I p = 0 

7. |/" + 40/' + 750/ = -2500 sin lOOt 

|A 2 + 40A + 750 = OS) «fl -50, -30 -2.5.-T-E1 
/h = cie- 50t + c 2 e- 30f 

Basic rule°fl -S^ Sfl / p = A cos lOOt + B sin lOOt 

I'p - -100A sin lOOt + 100B cos lOOt 

I' p ' = -100 2 Acos lOOt - 100 2 B sin lOOt 

\l' p ' + A0I' p + 750/p = (4000 B - 4250 A) cos lOOt 

+ (-4000A - 4250B) sin lOOt 
= -2500 sin lOOt 5. -f 6) A = ^, B = ^ 
/ = cie- 50t + c 2 e- 30t + ^ cos lOOt + ^ sin lOOt 

8. I" + 4/' + 20/ = 340 cos 4t 

A 2 4- 4A + 20 = 0-2) «H -2 ± 4i 3. JfE} 

7 A = e _2t (ci cos4t + C2Sin4t) 

Basic rule<Hl 2} sfl / p = A cos 4t + B sin 4t 

I' p = -AA sin 4t + 4B cos 4t 

I' p ' = -16Acos4t- 16Bsin4t 

I'p' + AI'p + 20/p = (4A + 16B) cos 4t 

+ (4B - 16A)sin4t 
= 340 cos 4t 3. -r-El A = 5, B = 20 
/ = e - (ci cos 4t + C2 sin 4t) + 5 cos 4t + 20 sin 4t 

9. 0.1/" + 10/' + 340/ = e-'(330cost - 9.8sint) 
0.1A 2 + 10A + 340 = 02} *H -50 ± 30i 3. -r-e) 
I h = e - sot (ci cos 30t + C2 sin 30t) 

Basic rule»fl 2]sfl 7 P = e -t (Acost + Bsint) 
/p = e -t [(B — A) cost — (A + B) sin t] 

= e _t [-2B cos t + 2A sin t] 
I'p' + 100/p + 3400/p = e-'[(3300A + 98B) cost 

+ (3300B -98A)sint] 
= €-'(3300 cost -98 sin t) 3. JfEj A = 1,B = 0 
/ = e -50t (ci cos 30t + c 2 sin 30t) + e -t cost 

10. H)-^ ^ £ 10/" + 80/' + 250/ = 2405 cos lOt 
Basic ruleofl 2l*fl °J«J:Sllf - 

/ = e _4t (A cos 3t+B sin 3t)- f cos 10t+ § sin 10tl- 
^^■4- i7li^[o| /(0)=Q(0)=0«H page 119 

(i"H ^l«H lj'(o) + B/(o) + £q(o)=b(o)=o 

o)B.S.J'(0) =0-§- <£^. 
7(0) = A - | = 0 

/'(0) =3B-4A+5^o =0 o|u_ 5 _ / i = |,B = 

7 = e- 4t (|cos3t- ^sin3t)- |cosl0t+ fsinlOt 

11. »J-^^^r2/" + 8/' + 10/ = 0 
■y u J-«tl-fe- 7 = e _2t (Acost + Bsint) 

i7li^ol 7(0)=Q(0)=0 °Jcfl page 119 (1"H 2) 
sfl 2/'(0) + 8/(0) + ±Q(0) = E(0) = 10 
olH.S.7'(0) =5-§- 

1(0) = A = 0, /'(0) = B - 2A = 5 
A = 0,B = 5 7 = 5e- 2t sint 

12. HJ-^^-S- 0-5/" + 3/' + 12.5/ = -60sin5t 
■yji-sfl-te- 7 = e _3t (Acos4f 4- Bsin4t) +4cos5t 



3l7\Sl^o\ /(o)=Q(0)=0°J^ page 119 (i")ofl 
2}sfl 0.57' (0) + 37(0) + 12.5Q(0)=£(0)=12 
°lS.5./'(0) = 24.fr °3fe4- 
1(0) = A + 4 = 0, /'(0) = 4B - 3A = 24 o|n_ 
yl = -4,B = 3 

/ = e - 3t (-4cos4t + 3sin4t) + 4cos5t 

13. HHH£ 107" + 107 = 10 
■y^sfl-fe- 7 = A cost + Bsint + 1 

10/' (0) + 10Q(0) = B(0) = 0 3, Jf El /'(0) = 0 
1(0) - A+l = 0,/'(0) = B = 0 o|S.S./ = 1-cost 

14. <S-^-M-& 2/" + 20000/ = 0 
^l^-fe 7 = A cos lOOt + Bsin lOOt 

2/'(0) +20000Q(0)=B(0)=110.2.3.-f E) 7'(0)=55 
7(0)=A=0,/'(0)=100B=55 °}2.3. /=0.55sin lOOt 

15. HHH£ 2/" +200/ = 0 

°J fe- 7 = A cos lOt + B sin lOt + ^ cos 4t 
2/'(0) +200Q(0)=B(0)=0^S.4e^ /'(0)=0 
7(0)=A+^=0,7'(0)=:10B=0 °\S-3. 
I = ^ (cos 4t - cos lOt) 

16. i)^^ S1«S-M; 

Q(t) = Q(0) + / Idt = 0.0055 /" sin lOOtdt 

J o Jo 
= 0.0055(1 -cos lOOt) 

") "IHH 

2Q" + 20000Q = 110£| ^HJSJ^- 
Q = Acos lOOt + Bsin 100S + 5^§_ 
<?(0) = A+ ^ = 0,0 =1(0) = Q'(0)=100B 
Q= 25555 (1- cos lOOt) 

17. (a)ii? u J- x i^5) damping constant7|- i+ 

(b)/"+7i/' + i/=B'Sf my"+cy'+fcy=110cos5tl- 
»l5L^B=^ = f = 10,C=f = A 
B' = — cos 5t = 55 cos 5t, B = 11 sin 5f 

18. (a)/p = Ke iat J'p = iuiKe™* 
I' p ' = (iw) 2 Ke iut = -w 2 /< r e iu,t 

Z,/p' + RI'p + i/ p =(-o; 2 /, + iwB + i)/fe iwt 
=B 0 o;e^ J 

7p = Ke iut = - E s °^+i R ) ( C0SUJ t + isino;t)£l -g^ 
^-5-8- ^f^r coswt + jf^j sinwt 

= g5_^2 (5 cos uit — Bsinwt) 

(b) K = ^ = i U g m = f£ 

(c) /"+/' + 3/ = 5e it l-#4. 

/ = ce u 3 f-^,7' = ice", 7" = -ce" 
7" + /' + 37 = (2 + i)ce u = 5e H 3, 
c = =2-i,7 = (2 -i)e" 
72} -y^Jr-g-g- 2cost + sint 
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2.13. Higher Order Linear Differential Equations 





1 X 


x 2 


X 3 


w = 


0 1 


2x 


3x 2 




0 0 


2 


6x 




0 0 


0 


6 


°]B.3. basis 







1. 44 olHMi 47fl 7\ i-f- Sflo]cl. 



12 ji 0 



y = co + c\x + c 2 x 2 + c 3 x 3 «LS. -?-Jt °V 

10 0 0 
0 10 0 
0 0 2 0 
0 0 0 6 
-2.3.JM y = 1 - i x 2 + 5x 3 





f 


1 


\ 


)(:)■ 




0 








-1 








30 


t 



2. 3*1- t> 




37||7f i-f- sflo 


4. 






e 1 


e - * e 2 * 




1 


1 1 


W = 


e x 


-e- 1 2e 2 * 


= e 2x 


1 


-1 2 




e* 


e"* 4e 2z 




1 


1 4 



= -6e 2x # 0 basis. 
y = cie 1 + C2e _I + C3e 2x 

1 1 1 
1 -1 2 
1 1 4 
«.S.JfEly = e x - 3e 2x 



ci N 




' -2 


C2 


)"( 




C3 y 






2x 







W = e~ 9x 



3. 34 olHj-oU 37l| 7\ SL^- Dl«J-Sl sflolcf. 

1 x x 2 

-3 1 - 3x 2x - 3x 2 
9 -6 + 9x 2 - 12x + 9x 2 
= 2e~ 91 jt 0o)jds. basis. 
y = (co + cix + c 2 x 2 )e _3l S. -fOL S7|i?d^: 

1 0 0 \ / co \ / 4 
-3 1 0 ( ci = -13 

9 -6 2 / \ c 2 / V 46 
°-3.-f Ely = (4 - x 2 x 2 )e- 31 



=cos 2 x + sin 2 x 



4. 34 n Bj-°U 37fl7l- i-f- flHJ-S) sDo]cf. 

1 cos x sin x 
W = 0 - sin x cos x 

0 — cos x — sinx 
= 1^0 °}5-&. basis, 
j/ = ci + C2 cos x + c 3 sin x5. ^SL Sl7] 
4fe ««♦ 

/ i i o \ / a \ / 15 

0 0 1 c 2 = 0 

\ 0 -1 0 / V c 3 / V -3 
S-Sl^-^V = 12 + 3cosx 

5. 44 nlHh 0 l2. 4^7} i-f- nlHJ-Sl sHo|cJ.. 
SaS)'^- cosx — c,sinx = s.5. S.7]i}^v\-. 

c s c s 

c — s c+s —c — s c — s 

-2s 2c 2s -2c 

-2s - 2c -2s + 2c -2s + 2c 2s + 2c 
= 32 5* Ooj£.S. basis.(VK£- H^ofM"} 0<>) o\\)o] 



W = 



y=cie x COSX + C2C 1 sinx + C3e _x cosx + C4e~ 



/ 


1 


0 


1 


0 


\ 


/ 


Cl 


\ 








1 


1 


-1 


1 




C2 










0 


2 


0 


-2 






C3 






(!) 


\ 


-2 


2 


2 


2 


/ 


V 


C4 


/ 







W : 



°.5.-fE-ly = (e x + e~ x ) sin x 

6. 44 dI^oIjl 47))7|- JL-f- P)>y-S| «flo|rf. 

coshx sinhx cosx sinx 
sinh x cosh x — sin x cos x 
cosh x sinh x — cos x — sin x 
sinh x cosh x sin x — cos x 
= 4 j£ 0o]2.S. basis.(W^ Oo] oiq^i 

*j*(HM 0°l °H40 

y=ci cosh x + C2 sinh x + C3 cos x + C4 sin x 5. 
iMiTj* n J^4fe ««# ^43 



/ 1 


0 


1 




f Cl > 




( 


1 


0 


1 


0 




C2 




1 


1 


0 


-1 


i) 


c 3 






1 


V 0 


1 


0 




V C4 J 




y 


1 



-^-S^Ely — coshx + sinhx 



W = 



= 2x -3 # 0 o]B.S. basis. 
L *T-3L 4.715.73^- ^4fe- 



7. 34 "lH!- 0 !^! 37)) 7> i^- o|HJ-s) ^)oicf 

1 X X -1 

0 1 -x- 2 
0 0 2x~ 3 
y = ci + C2X + C3X -1 

0 1 -1 c 2 ) = -8 

00 2 / \ c 3 / \ 10 
«LS.-fE-)y = 2-3x + 5i~ 1 

8. 44 °l a J-°l^. 47))7l- i-f. t>l>8-S] sflolcf. 
cos x sin x cos 2x 
-sinx cosx -2sin2x 



W = 



sin2x 
2 cos 2x 

-cosx -sinx -4cos2x -4sin2x 
sinx -cosx 8sin2x -8cos2x 
: 18 ^ 0°l£.5. basis.(VK-fe tt^'Hl^'LV Oo] 
t Oo] ofqcf.) 

y = ci cos x + C2 sin x + C3 cos 2x + C4 sin 2xS. n 



1 0 

0 1 

-1 0 

0 -1 



1 0 

0 2 

-4 0 

0 -8 J 



\ 


( 




f 


1 \ 






5)- 




1 










-1 


J 




C 4 / 


{ 


-4 / 



°-S.-f Ely = cos x + I sin 2x 
9. 44 nl»j-°U 47l)7f S-if. nlHj-fi) SHo)c).. 



W = 



= -100 5* 0°l£LS. basis.(Vy^- H-^m^ 0°1 °H 



1 


1 


COS X 


sinx 


2 


-2 


— sinx 


cosx 


4 


4 


— COSX 


— sinx 


8 


-8 


sin x 


— cosx 



2.14. HIGHER ORDER HOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS 
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ae 2x +C2e 2x +C3Cosi + C4sini;S. -f-jl Sl7]s^t^ 

/ 1 1 1 0\/ci\ / 4 \ 

2-2 0 1 c 2 _ -4 

4 4 -1 0 c 3 16 

V 8 -8 0 -1 / \ c 4 / V 4 / 
2-3-^y = 2(e 2x + e~ 2x ) - 4cosx 





COS X 


sin i 


sin2x 




w = 


— sin x 


cos a: 


2 cos 2x 






— cosx 


— sin x 


— 4sin2x 












1=0 




1 0 


0 










0 1 


2 




-4^0 o]n. 


S. 




-1 0 


-4 









linear independent 

11. 7T cos 2 x + 7r sin 2 x = 7T °| £.5. linear dependent 

12. ln(x 2 ) = 21nxo)S.S. linear dependent 







cosh 2x 


1 


1 


1 




w 




2 sinh 2x 


1 


-1 


2 






4 cosh 2x 


1 


1 


4 








8 sinh 2x 


1 


-1 


8 


i = 




1 


-1 2 




1 


1 


1 




1 


1 4 


+ 4 


1 


-1 


2 




1 


-1 8 




1 


-1 


8 



12 - 48 = -36 # OoIjels. linear independent 
\e 3x - %e~ 3x o\s.£. linear dependent 
15. (x + l) 2 - (x — l) 2 = 4x°| linear dependent 



16. W ■■ 



In x 

x- 1 
-x~ 2 
2x- 3 



(lnx) 2 

2 In a: 
o — 3x+2x In r 



0 


0 


1 


1 








1 


0 


1 - 


-1 








-1 


2 


1 


1 








2 


-6 


1 - 


-1 








1 


0 


-1 




1 


0 


1 


-1 


2 


1 




-1 


2 


1 


2 


-6 


-.1 




2 


-6 


1 



= 2-10 = -8^0< 



B.S. linear independent 



17. <g=# a r°J e x 7\ ^o_S. %±S-5L 
cosx,sinx,lSl < y*r-^- i y-t- £4*^ €4- 

cos x sin x 1 
W — — sin x cos x 0 — cos x 2 + sin x 2 
- cos x - sin x 0 
= 1 # 0 o]^_S- linear independent 

18. O^r JL-g- linear dependent 

19. -tf^r^l^r D l*S-°|5f^ characteristic equationo| jj_-f- 
•^4^4 2443 ^-0.5. U^-S-^si as. 244 4* 

20. (a) (1)* • 0 + 0 • yi = 0-£ <?r^4fe 0o| o\i£ k7\ 

€■^45.5. ^<d*l O^t i*4fe ^Ith-fr 
linear dependent »1 4- 
{2)n.%*\ &4-(2*J *4 28 4 °l-fr) 
(3)<£<d*l ej-4(°fll- #<H T/S»H 

3/ = 0o) sa-i-^i 314.) 

(b) H^r*j°J 431-1- »J4^I 4*1 linear depen- 
dent* ^rfe- °AA^, linear indepen- 
dent* ^^4^^ Wronskian -§• £.4*114 4 
4- 



2.14. Higher Order Homogeneous 

1. A 4 - 16 = 0 -i- f-<d A = ±2, ±2i 

y = cie 21 + c 2 e~ 2:l: + Acos2x + Bsin2x 

2. A 3 + 9A + 27A + 27 = 0 -§- 
A = -3(4^5-) oIds. 

3/ = (Cl + C2X + C3X 2 )e -31 

3. A 4 - 2A 2 + 1 = 0 -§- §<g 

A = -l(f^),l(f^) o\s.S. 

y = (ci + C2x)e _1 + (03 + C4x)e 1 

4. A 4 + 2A 2 + 1 = 0 f-<g 

A = i(f^E-), -i(f-S-) olSJL 

V = (ci + C2X) cos x + (03 + ojx) sin x 

5. A 3 -2A 2 -A + 2 = 0-i-#^ A = -l,l,2 o|3.S. 
y = cie~ x + C2e r + c 3 e 2x 



;ions with Constant Coefficients 

6. A 4 +5A 2 +4 = 0 -§- A = ±i,±2i 

y — A\ cos x + A2 cos 2x + Bi sin 2x + B2 sin 2x 

7. A 3 - A 2 - A + 1 = 0 * -f^ 
A = -l,l(f-€-) °1.H.JL 

y = cie -1 + (c 2 + C3x)e x 

8. A 3 - 3A + 2 = 0 * -f 3 A = -2, l(f^) o| = 5. 
y = cie -21 + (c 2 + C3x)e x 

9. 16A 4 - 4A 2 + 9 = 0 * -f^ A = ±±,±§ °]E.S. 
y = ae? x + c 2 e~i x + c 3 e? x + ae~i x 

10. A 3 + 6A 2 + 11A + 6 = 0 -§- f-ig 
A = -1,-2,-3 o\e.S. 
y = c\e~ x + C2e~ 2x + cse~ 3x 
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER 



11. A 4 = 0°] 0* 4f^°.3. 7}x}5.3. a i»m±: 
y = ax 3 + bx 2 + cx + 1 

2/(0) = a = 1 

y' = 3ax 2 + 2bx + c,y'(0) = c = 16 
y" = 6ax + 26,y"(0) = 26 = -4 
y'" = 6a, j/"'(0) = 6a = 24 3. -f 6) 
?/ = 4x 3 - 2x 2 + 16x + 1 

12. A 3 - 3A 2 + 3A - 1 = (A - l) 3 = 0 1-& 3f5»i 
7}x}2-£_ °J«V«I|^ y = (ax 2 + bx + c)e x 

y(0) = c = 2 

y' = (az 2 + bx + c + 2ax + b)e x 
y'{0) = 2 + 6 = 2,6 = 0 
y" = (ax 2 + c + 2ax + 2ax + 2a)e I 
y"(0) = 2 + 2a = 10, a = 4 o]s.s. 
y = (4x 2 + 2)e x 

13. A 3 - A 2 - A + 1 = 0o) l(f-?)54- 7}x]s. 
2. °JSi«tl-c- y = (a + 6x)e z + ce~ x 

2/(0) = a + c = 2 

y' = (a + bx + 6)e I - ce -1 , y'(0) = a + 6- c= l 

2/" = (a + 26 + 6x)e I + ce~ x 

y'(0) = a + 26 + c = 0 5. 

a = 2, 6 = -1 c = 0, y = (2 - x)e* 

14. °JS}stl-fe 

y = cie 1 + c 2 e _I + Acosx + Bsinx 

y(0) = ci+c 2 + A = -l 

2/'(0) = ci-c 2 + B = 7 

y"(0) = ci+c 2 -A = -l 

y"'(0) = ci +c 2 - B = 7* <a^«ll f-"d 

y = Se 1 - 4e _s: 

15. "ivmt- cie x + c 2 e~ x + c 3 e- 5x 
y(0) — ci + C2 + C3 = 5 

y'(0) = ci - c 2 - 5c 3 = 0 

y"(0) = ci + c 2 + 25c 3 = 125-I- ^^^H--d 

y = ^e* - f e"* + 5e- 5 * = 25sinhx + be~ 5x 

16. 

y = Ai cos x + Bi sin x 4- A 2 cos 3x 4- B 2 sin 3x 
y(0) = Ai + A 2 = 0, y'(0) = B 1 + 3B 2 = 0 
y"(0) = -Ai - 9A 2 = 32 
y"'(0) = -Bi - 27B 2 = 0 -§- <d ^ sfi #<d 
y = 4 cos x — 4 cos 3x 

17. yi = e~ x cosx,y2 = e~ x sinx 

y3 = xe~ x cosx,y4 = xe~ x sinxBj-jL -St-"^ "JHl-sti-c- 
y = Ayi + By 2 + Cy3 + Dy 4 



(yi,yi,2/i'.y' 1 ")| I=0 = (1,-1,0,2) 
(2/2,2/ 2 ,y 2 ',y 2 ")| :c= o = (0,1,-2,2) 
(y3,y 3 ,y 3 ',y 3 ")| I=0 

= (xyi.xyi + yi, 2yi + xy'{,3y'{ + xy'{')\ x=0 
= (0,1,-2,0) 

(y4,yi,y4,y4')| I=0 

= (xy 2 ,xy 2 + y 2 ,2y 2 + xy 2 ',3y' 2 ' + xy%')\ 

= (0,0,2,-6) °]E.5L 
y(0) = a = l 
y'(0) = -l + fa + c= 1 
y"(0) = -26 - 2c 4- 2d = -2 
y"'(0) = 2 + 26 - 6d = 2f- 
a = c= 1,6 = d = 0 
Answer : y = (1 + x)e _x cosx 

18. iJHl-isfife- (ci + c 2 x 4- c 3 x 2 )e- 2x 

y(0) = Cl = 1, y'(0) = -2 + c 2 = -2, c 2 = 0 
y"(0) = 4 + 2c 3 = 6,c 3 = 1 °)S.3. 
y = (1 + x 2 )e -2:c 

20. (a) e^oj «m- £#4^ characteristic equa- 
tion -§- A — A x ±3. M-t-H-H "'IS)-- 2 ] 4^* 

tf* *r 5U4- 

(b) y 2 = uyjol-d 

y' 2 = u'yi + uy' x 

y'i = u"yi + 2u'yi + uy'{ 

V'i' = «"'yi 4- 3«'Vi + 3uVi + 

y27r sfl'y i^-S- 

0 = y' 2 " + p 2 y' 2 ' + piy' 2 + p 0 y 2 

= u"'yi + Zu"y[ + 3u'y'{ + uy'{ 

+ P2(u"yi +2u'yi +uy'j') 

+ pi(u'yi +uy[) +potiyi 

yi^' + fSy; +p 2 yi)u" 

+ (3yi' + 2p 2 yi+p 1 y 1 )u' 

+ «' + P2y" + piyi + poyi)u = 0 

33 *M*t yi°] «So|b.s. r,\x]uj Q± Oo | 

yiz" + (3yi +p 2 yOz' 

+ (3yi' + 2p 2 yi + p iyi )z = 0 °J z<H| rfl«fl 
u = /z(x)dxo]ji y 2 = U yi ^.S.^ 
ny2* ^ *r 514- 

(c) y'" - |y" + fcfV - S=^ = 0 

xz" + (3-3)z'+(0-f + |-x)z = 0 -I- #^ 
xz" - xz = 0, z" - z = 0 
z = cie* + c 2 e -a: 

y 2 = x / zdx = x(cie x + c 2 e~ x + c 3 ) 



2.15. Higher Order Nonhomogeneous Equations 



1. A 3 + 3A 2 + 3A + 1 - 0 -I- f-ig A = -l(3f-^) 
Vh = (ci + c 2 x + C3X 2 )e -1 

Sum ruleHl oj-e} y P = Ce x + K x x + K 0 <il ^-^^l* 

y' p = Ce x +K 1 ,y';=y 1 ;' = Ce x 

y 1 ;' + Zy'; + Zy' p + y p = 8Ce* + K i x + 3K 1 + K 0 



= &e x + x + 3 3. -f El C = 1,K! -1,K 0 = 0 
y = Vh + y P = (ci + c 2 x + C3X 2 )e _I + e x + x 

2. y = x m o| Bj-^-lJ-i- 

m(m - l)(m - 2) + m(m - 1) - 2m 4- 2 = 0 
m 3 - 2m 2 - m- 2 = 0, m = -1, 1, 2 



2.15. HIGHER ORDER NONHOMOGENEOUS EQUATIONS 



Pk = ClX 1 + C2X + C 3 X 2 



page 140 (7)»fl °m y p % 7^ 

2/1 = x~ 1 ,V2 = x,y 3 = x 2 ,r = lnx 



W 2 
W 3 



x~ x 
-x- 2 
2x~ 3 

0 x 

0 1 

1 0 
1 



X x^ 
1 2x 
0 2 
x 2 
2x 
2 



= 6X" 1 



x- 1 0 x 2 
-x- 2 0 2x 



2x- 3 
x- 1 
-x- 2 
2x~ 3 



Vp 



1 2 

x 0 

1 0 

0 1 

'-rdx 



= -3 



= 2x~! 



■ In xdx 



2 /"2X" 1 , 
+ x / In xdx 

_ ^ 61 

= -g- J In xdx - |y x In xdx + ^ J In xdx 



.-1 ,.4 



Vp - -g 

+ 4 



- In x 



2 1 2 



[xlnx - x] = ^-Inx- ii 3 
V = J/h + Vp = cix" 1 + c 2 x + c 3 x 2 + ^ In x - ^x 3 
3. 2«jM r = lnxcfl-i]of| r = x" 5 <U 3-f°14. 
Vv = tlyij~rrdx 



= x 1 /'-^- T x- 5 dx + x /" — L. 



5 dx 



J 6X- 1 



-x' 5 dx = - — I" 2 
12 

y = ClX~ 1 + C 2 X + C 3 X 2 X -2 

12 



4. A 3 + 2A 2 -\-2 = OS) 6)1^-2,-1,1 

Basic rule «f) ^Ef y„ = ir 0 + i<-ix + .f(:2X 2 + .R: 3 x 3 °] 

$-5-^ 2/ P = 2x 3 - 3x 2 + 15x - 8 
Answer : y = cie~ 2x + c 2 e~ x + c 3 e x + 2x 3 - 3x 2 
+ 15x - 8 

5. A 3 -A 2 -4A + 4 = 0S] Sfl-^ 1,2,-2 
Basic rule ofl h^e}. y p - Ce~ x <>] sfll- 
y p = 2e~ x 

Answer : y = c x e x + c 2 e 2x + c 3 e~ 2x + 2e~ x 



6. A 3 - 6A 2 + 12A - 8 = <H 3f-=- 2-f- 7}x]e.£. 

2x 
~2 



yi = e 2x ,y 2 = xe 2x ,y 3 = x 2 e 2x 



W = e 6x 



1 x x^ 

2 2x + 1 2x 2 + 2x 

4 4x +. 4 4x 2 + 8x + 2 

.2 



1 x x 
0 1 2x 
0 4 8x + 2 



= 2e 6x 



Wi = e 4x 
W 2 = e 4 * 



W 3 = e 4x 



X' 

2x 
8x + 2 

x 2 

2x 
8x + 2 
0 
0 
1 



= -2e 4l x 



r = xle x o] n^s. 



rdx 



2e Sl 



-dx + xe 2 * 



e**x2 e 



/ 



,2i 



-2e 4x xx2 e 2x 



2e 6x 



-dx 



2-1 I 

7 

'753 



xe 2 *?x§ + x 2 e 2 *-x? 



+ i)x5e 21 = -L xle 2 * 



105 



y = (ci+ c 2 x + c 3 x 2 + —xi)e 2x 
105. 

7. m(m - l)(m - 2) + 3m(m - 1) = 0 
m(m - l)(m + 1) = 0 6) 
yi = 1,2/2 = x,y 3 = x" 1 



W = 
Wi = 
W 2 = 

w 3 = 



1 

0 

0 
0 
0 

1 
1 

0 
0 

1 

0 



X 

1 

0 
x 
1 
0 
0 
0 

1 

X 

1 



2x~ 3 

X" 1 

-x- 2 
2x~ 3 
x- 1 
-x- 2 
2x" 3 
0 



-3 



= 2x 



= -2x" 



0 0 

Iw rdx = f 



= 1 



-2x - 1 e x 



2x" 



-dx 



= — y xe*<ix 



= (1 - x)e x 

fW 2 f x ~ 2 e x J 1 

JW rdx = J^^=2 e 
f W 3 f I e x J If, 



yp 



= ~{x 2 -2x + 2)e x 
page 140 (7)ofl o^sfl y p M. 

E^y^^ 

= (1 - x)e :c + Jxe* + i(x - 2 + £) e « = l e * 

£■2 XX 

y = c l +c 2 x + csx- 1 + — 
X 

8. 4m(m - l)(m - 2) + 3m - 3 = 0 
(m - l)(4m 2 - 8m + 3) = 0 
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER 



2/1 = x,y 2 
x 



W= 



■■ x 2 , yz 
i 

X2 



3 

: 12 



12 



Wi = 



w 2 = 



W 3 = 



i i 

;12 



1, 



2 

1. .,- 
4 



0 
0 

1 

x 
1 
0 
x 
1 
0 

»1. 



12 
1 
2 



4 X 



3 i 

-X2 
2 . 



4 J 
1 

X2 



4 X 



Wi 



,/2 u In 1 u \ 1 ii 

= -4 -2 2 X 2 X 2 = X 2 

\9 10 8 ) 90 

"USi^-fe- y = cix + c 2 x2 + c 3 x2 + ij^ 

9. A 3 + 3A 2 + 3A + 1 = 0o] 3f-5- -1* 7r*l°..S. 
Vfc = (co + cix + c 2 x 2 )e _I 

Basic rule of] 142} y p = e _I Acosx 4- Bsinx 1 *! ^ 

t 1 *!!!- y P = e _I cosx 

y — (co + cix + C2X 2 + cosx)e _r 

y(0) = co + 1 = 2,1/(0) = ci-co-l = 0 

y"(0) = 2c 2 - 2ci + c 0 = -1 3. 4*H 

co = l,ci = 2,C2 = 1, y — (l+2x+x 2 +cosx)e _I 

10. m(m - l)(m - 2) + m - 1 = 0S| sfl l(3-f-€-)°. 
yi = x, 1/2 = x In x, 1/3 = x(ln x) 2 
x xlnx x(lnx) 2 
W = 1 lnx+1 (lnx) 2 +21nx 



0 

xlnx 
1 



2(lnx)± + 



W 2 = 



W 3 = 



x(lnx) 2 
21nx 
2(lnx)l + f 
(lnx) 2 
21nx 
2 

x(ln x) 



lnx 
1 
1 



(lnx 
2 In 
21nx h2 



lnx 
1 
0 

xlnx 

1 21nx 
x x(lnx) 2 
0 2 lnx 

x xln 

0 1 



= x(lnx) 2 



= — 2xlnx 



y P = } I —rdx 

i=l 



X /",, *2 , , /", , X(lnx) 2 f , 

— 2 / ( ln x) ax — xlnx / lnxax 4 — - / lax 

- ^[x(lnx) 2 lnxax] 



— x In x(x In x — x) + 



x 2 (lnx) 2 



= |[x(ln) 2 - 2(xlnx - x) - 21nx(xlnx - x) 



+ x(lnx) 2 ] 



y = c\x + c 2 xlnx + C3x(lnx) 2 + x 2 
2/(1) =ci + 1 = 1,1/(1) = ci +c 2 +2 = 3 
y"(l) = c 2 + 2c 3 + 2 = 3 5. -f Ei 
Ci = 0, C2 = 1, C3 = 0, y — x In x + x 2 



11. m(m - l)(m — 2) — 3m(m • 
1,2,3 «.3.+el 
2/1 = x,2/ 2 = x 2 ,y 3 = x 3 
X x 2 x 3 



1) + 6m - 6 = OS] 



IV = 



1 2x 3x 2 
0 2 6x 
= x • 2x 2 = 2x 3 



w 3 = 



x" 
2x 2 
^2 



x' 
x 

I X X' 

I 0 x 
r = 24x 2 o]B.S. 



=x 4 , W 2 =- 



X' 
X 

2 

X 

0 



X" 
2x 2 
6x 

x 3 
2x 2 



=-2x 3 



= Y,yif~rdx 



+ X 



= 12x— - 24x 2 — + 12x 3 — = x 5 

4 3 2 

y = c\x + C2X 2 + C3X + x 5 
1/(0) = ci + c 2 + c 3 + 1 = 1 
y'Q) =ci +2c 2 +3c 3 + 5 = 3 
y"(0) = 2c 2 + 6c 3 + 20 = 14 3. Jp-iH 
Ci = 1,C 2 = 0,C3 = -1,2/ = x - x 3 + x 5 

12. A 4 + 10A 2 + 9 = OS] SI] ±i, ±3i 3. -f 6) 

2/ft = Ai cos x + Bi sin x + A 2 cos 3x + B2 sin 3x 
Basic rule<H] n}-E]- y P = A cosh x + Bsinhx°J ^-^r 
««♦ 2/ P v = 2/p = 2/p o|S.S. 

y p v + lOyp 1 + 9y p = 20A cosh x + 20 sinh x 

= 40 sinh x 2. Jf E] 
2/p = 2 sinh x 
y = Ai cos x + Bi sin x 

+ A2 cos 3x + B2 sin 3x + 2 sinh x 
y(0) = Ai + A 2 = 0,2/(0) = Bi + 3B 2 + 2 = 6 
y"(0)=-Ai -9A 2 =0 
y"'(0)=-B! - 27B 2 + 2=-26 S_ ^ 
Ai = A 2 = 0,Bi = B 2 = 1 
2/ = sin x + sin 3x + 2 sinh x 



2.15. HIGHER ORDER NONHOMOGENEOUS EQUATIONS 
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13. A 3 — 4A = OS] s)| 0, ±2 -f E-i 
Vh = ci + C2e 2x + c 3 e~ 2x 

Basic rule <H1 y p = Acosx + Bsinx°J ^rS|| 

♦ J/p = -2sinx + cosxl- ^ 51 4. 

y = ci +c 2 e 21 + c 3 e -2:c + -2sinx + cosx 

y(0) = ci + c 2 + c 3 + 1 = 3 

y'(0) = 2c 2 -2c 3 -2 = -2 

y"(0) = 4c 2 + 4c 3 - 1 = -1 5. ^] 

ci = 2, C2 = C3 = 0, y = 2 - 2 sin x + cos x 

15. (£> - 1)(Z> 2 -2D + 2D)(D 2 - 4D + 5)y = e x Hl 



H- 



H y P 



rdx3L ^tr y P 7 r 



characteristic equations} i$7} 1, 1 ± i,2 ± 
yi = e x , y 2 = e* cos x, y 3 = e x sin x, 
y4 = e 2x cos x, y 5 = e 2x sin xS. ^JL ^ *1 
Y 



W = 



W 



Y' 

Y" 
Y f,t 

y(4) 

Y' 

Y' 

Y" 
yin 

y(4) 



+ 



Y 




Y 


Y' 




Y' 


Y" 




Y" 


ylll 






y(s) 




y(») 



^|AV*r^ (V = (yi.jte.j/s.jM.ys)) 



y y y 

y" y y 

y// _j_ ylll _j_ y// 

y/H ylll y(4) 

y(4) y(4) y(4) 

y 

y 
y 

7 y(4) + . . 



y 
y 

= 7 y" 

y/// 

y(4) 

*J) W = ce 7:E °]r4. ^7|A-} 7^- 3-(l,l±i,2±t)t-S| 
^ 0 J31 , 0)74^- -yuJSWS, ^^l^oluj-s) Wron- 
skian£ ce s *(s-£- ^-fs) ^)o| ^4.) 

"V^7l-x| o]^j-s. y2,y3,y4,y5-b 
(D 2 — 2D + 2)(D 2 — 4D + 5)y = OS] «flo|.o£. 



Wi = 



WW 
yi/ 



2/2 


1/3 


2/4 




J/2 


w 3 


v\ 


y' 5 




*i' 


y'i 


y'i 


y 2 " 


y 3 " 


y'i' 


wi" 



"12, 



rdx 



e^dx 



W ' ~ ~ J e 7x 

■w 2 



4-S--5-5. y 2 f^rdx + y 3 J ~rdx = ce x °} 
* 'ti*) W 2 ,W 3 % ^Aj-sj) _ SL ^ j 

yi.W4,ys7r 

Ly = (D — 1)(£> 2 — 4D + 5)y = (D 3 — 5D 2 +9D 



5)y=0S] 
W 2 = - 



yi 


V3 


y* 


ys 


y'i 


Vz 


wi 


y's 


y'i 


y'i 


y'i 


y'i 


y'i' 


y'i' 


y'i' 


y'i' 



Vl 

y'i 
y'i 

V - Vi+5y x 

y\ yi ys 



yi ys 

V4 y's 

y'i y'i 

y'i - 9j/ 4 + 5y 4 y'i 

2/3 

y'i Vs y' 3 
11" 11" 1,11 

»4 2/5 2/3 

0 0 y^" - 5y' 3 > + 9y' 3 - 5y 3 
3/1 y4 ys 

y'i y'i y's = -e 5x Ly 3 °]m 

y'i y'i y'i 

x)S. W 3 = e 5x Ly 2 <$-2r ^ ^ Sl^.(%2\<$ 



9y5 + 5 2/5 y; 



wi' 

0 



-Ly 3 



%S] o|-S-«r^, 



_;c Ly3dx 
~ x Ly 2 dx % 



* * SU,+*a|*4 y 2 = y 2 - y 3) y^ = y 3 + y 2 * 
°l-§-*r^, y ^ rd3; = - / e _I iy 3 dx 

= e- I Ly 3 - /" e- x (Ly 3 )'dx 

= e _I Ly3 - J e _I (Ly 3 + Ly 2 )dx 

/W2 /" W 3 

— rdx + y 3 7 "j^T rd:r 

= e~ x {y 2 Ly 2 + y 3 Ly 3 )<£ tfl , 
r = y2^y2 + y 3 iy 3 f- "l-S-sii^.'d 
r' = y 2 L V2 + y 2 £y 2 + y 3 Ly3 + y 3 £y 3 
= (W2 - y 3 )iy2 + y2(iy2 - Ly 3 ) 

+ (W3 + y 2 )iy3 + y 3 (iy 3 + Ly 2 ) 
= 2(y 2 Ly 2 + y 3 Ly 3 ) - 2T<>|^LS. T = ce 2x o\z\. 

/W2 f W 3 

-^rrdx + y 3 J — rdx = ce x °J 

* a i *r 512. 

fWt rw 5 
W4 7 ^y- rdl + vsy ^r»-dxi 4^7>x] aj.^ o_5. 

T^^-T^'y ^-t-^ variation of parameters-!- 

t 1 ^?!- ^ 0 v €-^tr4-c- ^ °i ^ °AA- ^^.S, Basic 
ruleof] S] sfl y p = ct-5. -¥-3. ^«fl* ^-Sffe 
3<jHi-i- ^^4^ *rS4- 
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER 



Chapter2. Review 



I. homogeneous equation <HH sfl^l 1J-<g- 4 A 1 *fl7|- s} 

3. 4€- Sif-sl U^the-S. a-ysl'S lin- 
ear dependent:!^} 7,) ^^.'d linear independent. o| 

basis-fe- linear independent °| <H o): ^Vcf. 

4. ^K^f. ^3- S)fe^* lin- 
ear independent^ ^-f- 7^*1 -f^s. SIt-I^V, 
■gaV^S. n7fl5| tHrt-gr Wronskian -§• ^Afsfl o> 

5. tfl-f-S-S] mechanics -g-*H-H Tr^ 4 2*8*| F = 
ma = my"<Hl 7| °M 2^ i>| •§-#-§• i^tr ^J^-H 

6. tr^HH-^ 5M-S. linear independent! °fl ^1 «V-^^1 
Ti-^- -^^Sl JgtHH linear independent!- ">fl7)«f 

linear dependents) t|- o r -T- - e t D |7r Sl^- 

"?l^*r-fe- *fl (particular solution)-!: -=p-«(| «>> tr<4- 

8. n7)| ^t-^ n - Ml i^^ls) tV# 
■H^! n x n<g^£l ^^-i]. linear independent^ -f! 
"M-fe-til ■$--§- sKjl, homogeneous equation 2) ba- 
sis-f-S.-r-&l -^-^sil! -f-Sr-c- variation of parameters 
method formular M-Et\+i4- 

9. -a-TTfl^r HJ-^^al- Euler-Cauchy 

10. y(») + an-iCi)^"- 1 ) + a„- 2 (i)y("- 2 ' + ■•■ + 
02(i)y" + ai(:r)y' + a 0 (i) = r(x)°] o)HHH 
a n _ 1 (x) , a„- 2 (1) , a 2 (1) , ai (x) , a 0 (x) , r(x)7\ >f-<H 
3! ^-^t- 7<HHi continuous <tH3] °lHf-£ itrtr 
±7l*MMfc ^<H*J Jo^ ^-ojtr sfl! 7^Jcf. 

II. <>1|! r(x) = e x 7 r homogeneous equation s\ H 
7\ s]^ basic rule y p = ce^-iH y p = xe x 3_ if- 
3- ^-t^I* "J-'ti-i- Modification rule o| s]- tr4. 

12. yp-YLvij -^rdx 

yiWi + y 2 W 2 + ■■■+ y„-i W n _! + y„V7 n = 0 
y\ W x + y' 2 W 2 + ■■■ + j4_, W n _! + y;W„ = 0 
yJ'Wi + y 2 'W 2 + • • • + W„_i + y£W n = 0 

„(— « Wl + ■ ■ ■ + ySr^W,-! + yl n - 2 V n = 0 

yl n_1 Vj + • • • + l&T^Wn-i + yi"" 1 > W„ = W 
tt J* °l-§-*r^ J/ P 7F JK^7r *«S* <F S14- 



13. linear equation °| t) ^7]n)]-g- 

14. ^ -y^-lr 7|-x]-fe. 7jJf-5f ^5.^- = 
7r^l^ 7|-f 7 r sU^fl -T- -ae* 7}7-lfe 7J^ over- 
damping <H|, 7|-7.|^. 7j-f^- critical damping 
HI 7l-7-|^- Ti-Sj-^- underdampingoll sfl^ll 

15. input source -2| frequency u7\ system^! frequency 
u) 0 = .^/^ <H| 7 r 77 r -s-nfl solution^! «fl7 r $ ampli- 
tude 1- 7 r 7.1S 7jf.s|.^ 7^^- resonance(^-^)o|E|- 

16. 4A 2 + 24A + 37 = 02| «t| -3 ± -f E| 
y = e~ 3x (Acos |x + Bsin |x) 

17. 2A 2 - 3A - 2 = 0B| sfl 2, -| S. -r-E) 

y A = cie 2x + c 2 e~i I fl- <£ji Basic rule»fl 4e|- 

y p = Kr 2 x 2 + Kix + K"o ^3. ^-=r«t|-|- 

y p = x 2 -3xl- ■yfecf. y = Cie 2x +c 2 e~ h x + x 2 -3x 

18. m 2 - 9 = Ofi| n ±3 iLS-JMy = cix 3 + c 2 x -3 

19. m 2 - 4m + 4 = 0£| «fl 2(f-?)S. Jf E| 

yfc = (ci + c 2 lnx)x 2 f- y p = c°l 4*r«li* t 1 " 
y P = 3-i- V = (ci + c 2 In x)x 2 + 3 

20. A 3 -4A 2 -A-|-4 = 05l ^ l,-l,4S.JfEj 

Vh = cie 1 + c 2 e~ x + C3e 4l l- Basic rule ofl.n|- 
Ay v = Ce 2l °l *fl-t $0.^ y P = -5e 2l! * ^^4- 
y — c\e x + c 2 e~ x + C3e 4x — be 2x 

21. m(m - l)(m - 2) - 9m(m - 1) + 33m - 48 = 0S| 
^| 2,4,6 S-S.^- 1\ y - cix 2 + c 2 x 4 + c 3 x 6 

22. A 2 - 2ttA + 7T 2 = 0^1 «fl 7r S. -y-Ei 
Vfc = (ci + c 2 x)e 7rx 

e nx S\ xe 7rx 7\ homogeneous equation £) *H o] 3. 
5. Modification rule <H| n^-e} y p = Cx 2 e nx <^ Sfl-i- 
?/p = x 2 e ,rx -I- ■y-^t)- y = (ci+c 2 x + x 2 )e ,r:,: 

23. A 2 + 2A + 2 = 0S| «H -1 ± is. Jf el 
y^=e _I (Acosx + Bsinx) 

Basic rule^l o^-e)- y p = e~ x (acos 2x -f-6sin2x)°l *H 

-I- S--?-^ y P = -e _I cos2x °| 

y = e~ x (Acosx + Bsinx - cos2x) 

24. A 2 + 4A + 4 = 0£| sfl-fe- -2(f-^) 

. yi = e _2l ,y2 = xe~ 2l S. variation of param- 
eters method-!- <H ^1 y p !- 

r = ^-,W = e- 4l (15^ ^-^l 15«*i ^-i) 

/J/2 / 2/1 

— rdx + y 2 y -rdx 

/ Tp — 2 x _— 2 i r p~ 2x «— 21 

= -e- 2l ln|x|-e _2l: <>1°.S 
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y = (ci + c 2 x - In \x\)e~ 2x 

25. A 4 - 5A 2 + 4 = 0<H Sf| ±1, ±25. Jf e) 
J/A = cie 1 + c 2 e~ x + c 3 e 2 * + c^e~ 2x 

Basic ruleo)] 4ef y p = Acos2x + Bsin2x°] sfl-l- 

y P = cos2x o|s.5. 
y = ae x + c 2 e~ x + c 3 e 2x + c 4 e~ 2x + cos2x 

26. A 3 -A = OS] $ O.ilJL Jj!-E) y A = ci+c 2 e*+ C3 e-* 
sinhx7 r homogeneous equation S] 4H.E..5. modi- 
fication rule ofl nj-ef y p = Cxsinhx°] ifl-f- 

J/ p = |xsinhx°).E_.£. 

y = ci+c 2 e x + cse~ x + |i sinh 1 

27. A 3 + 3A 2 + 3A + 1 = 05} «fl -1(3^)3. ^-e) 

J//i = (ci + c 2 x + C3X 2 )e _I o|ji Basic rule<H| nrEr 

j/p = Acosx + Bsinx°J %2.-<g 

S/p = -2cosx - 2sinx °|.E..£. 

y = (ci +c 2 x + c 3 x 2 )e- :l: -2cosx-2sinx 

28. A 2 + A + 1 = 0<q *l -\ ± ^ijL Jf 3 

y h = e~5 I ( J 4cos^x + Bsin^x)o|3. Sum 
rule«H| nfe)- y P = Ai cos x + Bi sin x + A 2 cos 2x -f- 
B 2 sin2x°] sfl-t- 

S/p = sinx - 3 cos 2x + 2 sin 2x °]E.£. 
y = e - i x (A cos ^x + B sin ^x) 
+ sin x - 3 cos 2x -f 2 sin 2x 



29. m 2 - 1.4m + 0.49 = OS) *|| 0.7(f-e) 

Vh = (ci + c 2 ln|x|)x°- 7 ol2. y p = c<?l ^l-f- 4^ 

7 



c =0^5 = 7' J/ = (ci+c 2 lnjx|)x 0 -7+ '1 



30. A 2 — 4A + 4 = OS) 



f-JH. variation of parameters 
method-I- y p -f- §_5_«g 



</i = e 2x ,y 2 = xe 2x 3_ 



r= ~-,W = e 4l (15*J 15<d #2.) 
J/p = ~yi J ^ rdx + V2^ ^rdx 



- -e 2x f xe2x 
~ J e 4 * 



J e 4 * x 



dx 



-dx + xe 2 

= -e 2x x + xe 2x \n\x\ °]E.£. 
y = {ci+ c 2 x + xln |x|)e 2x 



31- -*<KM|^ "J-^^Js) characteristic equations) *j|s|. 
Basic rule <H) nj-e)- «JHrS|)l- 
y = Acos4x + Bsin4x + e x 
y(0) = A + 1 = 6,y'(0) = 4B + 1 = -2 5. -f-t) 
A = 5,B = — 5 , y = 5 cos 4x - I sin 4x + e x 

32. -*j-^r^)^ HM^s] characteristic equations) sfla). 
Basic rule <H| 4e)- °J«r*))l- -7-S r f! 

y = cie 1 + c 2 e 2x + 3 cos x + sin x 
1/(0) = Cl + c 2 + 3 = 1, y'(0) = ci + 2c 2 + 1 = -6 
5. -fe) y = 3e* -5e 2x +3cosx + sinx 

33. Euler-Cauchy »J-^-i)s) j££ ^-4)4 variation of 
parameters methods. UH-*])-!- i"-*)-^ 



!/(l) = ci + c 2 = 5 

y'(l) = 2ci + 3c 2 + jt = 5 + it S. Jf Ej 
y = 10x 2 - 5x 3 - x 2 sin ttx 

34. ^j-^Til^ Hf-^s) characteristic equations) s|) _2± 
u>i3_ ^-E) °J«r4)fe y = e- 2 *(Acosu;x + Bsinwx) 
y(0) = A = 1,3/(0) = -2A + uiB = u- 2 i -^-E) 
.4 = Brrl, y = e- 2l (coswx + sinwx) 

35. -y-=r^|=r HJ-^s) characteristic equations) 4)5)- 
Sum rule °fl n^-e)- ■ySrSlH ^-§1-^ 

y = A cos 2x + B sin 2x + e~ 2x + x 2 
y(0) = A+1 = 2,y'(0) = 2B - 2 = 2 
-S. -T-E-) y = cos2x + 2sin2x + e- 2l: + x 2 

36- ^<H=?il^ HJ-^'MS) characteristic equations) sfl sf 
Basic rule °fl h)-e)- °Ji}rSfl-I- i 1 *)-^ 
y = ci e x + c 2 e Sx + 2 cos x + sin x 
5/(0) = ci + c 2 + 2 = 2, y'(0) = Cl + 3c 2 + 1 = 1 
-5. T-6) ci = c 2 = 0, y = 2cosx + sinx 

37. Euler-Cauchy HJ-^S) I£ uj-^-iJ 4 variation of 
parameters methods. °J«}«fl-I- ^S\^ 

y = ax + c 2 x _1 -f 2x 3 

y(l)=ci + c 2 + 2 = -1, y'(l)=ci - c 2 + 6=11 
-5- -t"*H y = x~ 4x _1 + 2x 3 

38. ^J-t^It u J- x J^s) characteristic equations) s|) i(^ 
e) -IS. -f e) °J«V4)-b 3/ = (ci + c 2 x)e* + cae- 1 
!/(0) = ci + c 3 = 2, y'(0) = c 2 - c 3 = 1 

y"(0) = 2c 2 + a + c 3 = 0 S. -fEi 

ci = 2,c 2 = -l,c 3 = 0, y=(2-x)e* 

39. Euler-Cauchy "J-^'Ms) ^.i ^^4)4 variation of 
parameters methods. 0 JS}«I1-1- 

y = cix + c 2 x 2 + c 3 x 3 - ^ 
y(l) = ci + c 2 + c 3 - i = 5 
y'(l) = ci+2c 2 -f3c 3 + i = 13 
y"(l) = 2c 2 + 6c 3 - 1 = 10, 3. e) 
ci=-3,c 2 =10,c 3 =-§,j/=-3x-rl0x 2 - fx 3 - i 

40. -iKM)^ characteristic equations) 4)5). 
Basic rule <H) nj-e). oj^v^lf. ^s\^ 

V = {ci+ c 2 x + c 3 x 2 )e- x - 2 cos x - 2 sin x 
y(0) = ci - 2 = -l,y'(0) = c 2 - ci - 2 = -3 
!/"(0) = 2c 3 - 2c 2 + ci + 2 = 5 S. -^-E) 
ci=c 3 =l,c 2 =0 y=(l + x 2 ) e - a: -2cosx-2sinx 

41. /" + 2000/ + 2507 = 110 • 415cos415t 
Ip = A cos 415* + B sin 415tS. 
V; + 2000/; + 250/p = 

[(-415 2 + 250)A + 415 ■ 2000B] cos 4154 
+ [(-415 2 + 250)B - 415 ■ 2000A] sin 415t 
= 110 ■ 415 cos 415«S -y-E) 
A = -0.01093, B - 0.05273 
I p = -0.01093 cos 4154 + 0.05273 sin 415t 
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42. A 2 + 2000A + 250 = OS) «fl -1999.87, -0.125008 

JL JflH I h = Cie -1999-87t +C2e -0.125008t 

43. 307" + 501' + 40/ = 800 cos 4t 

J p = Acos4i + Bsin4tS. ^2. /p-f- £°L =1 
/ p = -^cos4t+|§sin4t 

44. <d*1 0 < t < O.Ol^J;; I'{ + 200/J + 64007i = 1600 
SlShflfe h = cie- 160t + c 2 e- 40t + 0.25 
/i(0)=ci+c 2 +0.25=0,/J(0)=-160ci - 40c 2 =0 
2.2.^ h = 0.0833e- 16O< - 0.3333e- 40t + 0.25 
t)~§- 0.01 < t°J tt'J'i + 200/ 2 + 6400/ 2 = 0 
*a u J«i|fe h = cie- 160t + c 2 e- 40t 
/ 2 (0.01)=cie- 16 + c 2 e-°- 4 =/i(0.01) 
/^(0.01)=-160cie- 1 - 6 -40c 2 e-°- 4 =/;(0.01) 3. JjLe) 
/ 2 = -0.3294e~ 16Ot + 0.1639e- 40t 

45. 3! mass-spring systems) -*J 
4y" + 20^ + lOy = 100 sin 4t 

BLC-circuitB) H^-M-Sr L/" + J?/' + £/ = £'o| o. 
3.L = 4,K = 20,c = 0.1,£ = -25cos4H «Jig-£ 
^. 

46. 4/" + 20/' + 2/ = 100 cos lOt o| 

41" + 20/' + 21 = 100e 10i< l- cf-§- /£) -M^r-r-* 

€4- / = Ke 10it Z. -r-^ 
/' = lOKie 10 ",/" = -lOOAe 10 " 
4/" + 20/' + 2/=(-398 + 200t)/sTe loit =100e 10<t 
•]SL±K = _ sg \°? 200 i = -0.2006 - 0.1008* 



Ke 10it = (-0.2006 - 0.1008i)(cos lOt + i sin lOt) 

°) 3JiKe 10it -a^r-r-fe -0.2006 cos 10t+0.1008 sin lOt 

47. y" +2tf + 6y = sin2t + 2cos2t 

j/p = .4 cos 2t + B sin 2tS. -r- Ji y p l- n"-*^ 
y p = \ sin 2t 

48. 0.125y" + 1.125y = cos t - 4 sin te) «JHH|fe- 
y — A cos Zt + B sin 3t + cos t — 4 sin t 
&7\3l7$. y(0) = A + 1 = 0,2/(0) = 3B - 4 = 0 

y = -cos3t + |sin3t + cost - 4sint 

49. A 2 + 2\ + 6 = OS) «1) -1 ± VUSl ^«V«J^- 
y = e _< (A cos \/5t + B sin v/5t) + | sin 2t 

y(0) = A = 1,2/(0) = V5B - A + 1 = 0 
iS. 1 ?-!^ y = e _t cos \/5t + | sin 2t 

50. u% = £ = 24o]j3L page 116 (15)<H| SH 
4 2 =2(24-a> 2 )U "J, ^u> = 4«J «fl *)tfl amplitude* 

^12)2. al)s) amplitude^- page 116 (16)<H1 

-y^fl^. y" + 4y* + 24y = 10cos4tfi) •y^-i- 7- 
sil-B. 1 ^, Basic rule°f| y = e~ 2 '(Acos2\/5i + 

Bsin2\/5t) + 0.25 cos 4t + 0.5si n4t-fj- <g^.is)| -y^fl 
$3] amplitude-fe- \/0.25 2 + 0.5 2 = 0.5593.^ page 

116S) <y*i«ti. 



Chapter 3 



Systems of Differential 
Equations, 
Phase Plane, 
Qualitative Methods 



Systems of differential equations occur in various applications (see Sees. 3.1 and 3.5). 
Their theory (outlined in Sec. 3.2) includes that of a single equation. Linear systems 
(Sees. 3.3, 3.4, 3.6) are best treated by the use of matrices and vectors, of which, 
however, only modest knowledge will be needed here ('see Sec. 3.0). 

In addition to actually solving linear systems of differential equations (Sees. 3.3, 
3.6), there is a totally different approach, namely, the powerful method of discussing 
the general behavior of solutions in the phase plane (Sec. 3.4). This is called a 
qualitative method because it does not need actual solutions (which would make it 
"quantitative"), which for many practically important systems cannot be obtained 
analytically. 

The qualitative method also gives information on stability. This concept is of general 
importance in engineering science (for instance, in control theory). It means that,* 
roughly speaking, small changes of a physical system at some instant cause only small 
changes in the behavior of the system at all later times. 

Phase plane methods can be extended to nonlinear systems (Sec. 3.5), for which they 
are particularly useful. 

Notations for variables and functions. For the unknown functions we shall write 
^i = yi(t), y z = y 2 «) (or sometimes yi = yi (x), y 2 = y 2 ( x )). This seems preferable to 
suddenly changing the independent variable x in y = f(x) (Calculus!) and in y = y(x) 
(Chaps. 1, 2) into a dependent variable ( Xl = x^r), x 2 = x 2 (t)), as it is sometimes done 
in systems of differential equations. 

Prerequisites for this chapter: Sees. 1.2, 1.6, Chap. 2. 
References: Appendix 1, Part A. 
Answers to problems: Appendix 2. 



3. SYSTEMS OF DIFFERENTIAL EQUATIONS.PHASE PLANE, QUALITATIVE METHODS 



3.1. Introductory Examples 



1. example is] A7\ -f-nfl^r 5]3-3. eigenvalue^- 
7\ s]jl eigenvector-fe- ^ U SHHfe 



y = ci 



+ c 2 



i7l2.:*H s]«H Cl = 75, c 2 = -75 

, . , : f -0 01 0.02 I . 
2. example 15] A7\ A = [ q.01 -0.02 J : 

As) eigenvalue^- 

-0.01 - A 0.02 



0 = det(A - AI) = 



= A 2 + 0.03AS. -t-e-1 Ai = 0, A 2 = -0.03 



0.01 



-0.02 - A 



eigenvector 



- x (i) = 



«(« = 



(A- AiI)xW =0S] ^»3?qj 
-0.01 + 0.02a = 0 o] E_3,a = 0.5 
(A - A 2 I)x< 2 > = OS] ts§ JLJLJM 

0.02 + 0.026 = 0 e\s_5_b = -1 

xCD = 

°J u J-*fl-fer y = cixt 1 ' + c 2 x( 2 )e-°- 03t 
&7}Sl^°] Ci + C2=0,0.5ci - c 2 =150 o| 3.3. 
ci = 100, c 2 = -100 

Answer : y = 100 



1 


,x( 2 > == 


1 


0.5 




-1 



1 


- 100 


0.5 





,-0.03t 



3. example IS] A7\ ^7} §-4 13 * 

4. /i(0)=2ci+c 2 +3 = 28 

/ 2 (0) = ci + 0.8c 2 = 14 3. -r-E-i ci = 10, c 2 = 5 



5. A(0) = 2ci + c 2 + 3 = 9 

J 2 (0) = ci + 0.8c 2 = 0 5. -f E| ci = 8,c 2 



-10 



I' 2 = 0.4/i - fhS. «HJ4- 3 Si* "J-^^-lr ^°J^I 
xjE]^ J 2 = -I.6J1 + 1.06/2+4.8 ol£.s.»y-^^ 



o 




r 'i 1 


=A 







] + [ 4.8 ] ' A_ [ -1.6 1.06 



o) =14. As] eigenvalue^ -1.5,-1.44, 44^ 
eigenvector^ 



X (D = f 1 

[ 0.625 



o|2, ^*)| [3,0] T ^ a^&JUiiL 'i^n^r 



h 

h 



■■ Cl 



x (O e -1.5t + C2X (2) e -1.44( + 



[ 1 

[ 0.64 



7. system ^.S. "Fp-'H-H ^ HJ-t!; 
yi =y,V2 = y's. ■f-'g, 



y'2 J 



=A 



3/1 

</2 



,A= 



0 1 

1 0 



As] eigenvalue^ 0 = det(A - AI) = A 2 - 1 
3. -r-El Ai = 1,A 2 = -1 
A! = IS] eigenvector* x< x > = [l,a] T S. -^"d 

-l i l r i 

1 -1 a 



(A-I)x( J > = 



= 0 °.3L^ 



a = l.xW = [l,!] 1 



n r^7 r xl3. A 2 = -l£] eigenvector^- x( 2 )=[l,-l] T 



yi 

2/2 



= ci 



e' + c 2 



1 

-1 



y = 2/i = cie f + c 2 e 



"■HtTIIt 1 "IHJ"- 2 ! characteristic equation-!- o| -§-*}• 

A 2 - 1 = OS] 4 A = 1, -1 3. -f E1 y = cie 4 + c 2 e-' 
*S| *i3Kr U*!^- 



8- = y,y 2 = y's. -f-'g, 

L 



=A 


" 2/i 


,A= 


0 1 




. 2/2 . 




-2 -3 



(A + I)x 



(i) 



As] eigenvalue^- 0 = det(A - AI) = A 2 + 3A + 2 
3.^] Ai = -l,A 2 = -2 
Ai = -IS] eigenvector!- x* 1 ) = [l,a] T 3. ^ 

a = -l,x( 1 > = [l,-l] T 

"r^M-S. A 2 =-2£|eigenvector-fe- x( 2 )=[l,-2] T 

'"[SHIil^l-' 1 ' 2 ' 



e" £ + c 2 e _2< 



2/ = ci 



9- j/i = y,y2 = y' 3. -^pd, 



2/i 

L 2/2 



2/1 
»2 



,A= 



0 1 
9 0 



As] eigenvalue^ 0 = det(A - AI) = A 2 - 9 
5. -T-E-) Ai = 3,A 2 = -3 
Ai = 3S] eigenvector-!- xW = [l,a] T S. •f-'d 

(A-3I)xW = [- 3 _ 1 3 ][;]=0o^ 
a = 3,x( 1 ) = [l,3] T 

v\%7\x}3. A 2 =-3£)eigenvector-fe- i( 2 >=[l,-3] T 

y = cie 3 ' + c 2 e -3t 
10. yi =y,y 2 = y'S. -f-'d. 



f y 1 } 1=a[ yi 1 

L f 3 J L 3/2 J 



1 

4 



AS] eigenvalue-fe- 0 = det(A - AI) = A 2 
3,^] A 1 = 4,A 2 = -i 
Ai — is] eigenvector* x^ 1 ^ 

(A-4I)x(D = F " ! 1 



'A- 1 



l,a} T 3, ^ 



o = 4,x( 1 ) = [1,4] T 

b\%7W3- A 2 =- is) eigenvector^- i( 2 )=[l,-|] T 
n.i\5-3. 



' yi 




1 


yz 


=Cl 


_ 4 



4J 

-it 



e 4t + c 2 [ _\ e 4 



y = cie 4 ' + c 2 e 



11. yi = y,y 2 = y' S. -f-f!, 
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As] eigenvalue^ 0 = det(A - AI) = A 2 - 4A 
S. JM Ai = 0, A 2 = 4 
Ai = OS] eigenvector!- xW = [l,a] T 5. ^ 

A X W - 



' 0 




0 





U J 

a = 0,x( 1 ) = [1,0] T 
nf^7}-7:|s. A 2 =4S| eigenvector^- x^=[l,4] T 

=Li\2.2. 



L vi 



y = ci + c 2 e* 
12. t/i = y,y 2 = y',j/3 = !/"•£• -f-^, 







2/1 




' 0 


1 


0 


2/2 


=A 


V2 


,A= 


0 


0 


1 


. v'z . 




. 3/3 . 




2 


1 


-2 



AS] eigenvalue^- 0 = det(A — AI) 

= -A 3 -2A 2 +A+2 s. Ai=l,A 2 =-l,A 3 =-2 
Ai = IS) eigenvector!- x^ = [l,a,b] r S. -t-^ 

[-110 
(A-I)x( 1 >= 0 -1 1 
2 1-3 
E-j a = b = l,xW = [1,1, 1] T 

"Rt^M-S- A 2 =-ls]eigenvector-fe- x( 2 )=[l, -1, 1] T 
A 3 = -2s]eigenvector-fe- x< 8 >=[1, -2, 4] T 





1 






a 


=0_2-3.-f 




6 









1 




" 1 




' 1 


V2 


=<=! 


1 


e'+c 2 


-1 


e~'+c 3 


-2 


. V3 - 




L 1 




1 




4 



2/ = c\e* + c 2 e ' + c%e 



■ it 



14. (a) yi:=mifi] € efl 3 °.S.-f 6] roiS] 

2/ 2 :=m 2 S] ^efl^ m 2 S] ^*|o|o.S. 

i=.^0| -S-oHuJ. 7_jo].£. 2/2-^014. 

=.^•11 ^tr t^H 3 

tr aJ^HKMN ^ k 2 (y 2 - yi)S\ 1h°U ^ 
* 2^ «M Sl*fl o]7j£ miy'j'4 ^cf. cf-g- 
m 2 »l| ^H-Sr^ Sl-fc- ^l-Sr -fc 2 (!/2 - yi)°l^ 
°l^*m 22 / 2 '4 #4-^, 
miyi' = - fe i2/i + My2 - 2/1) 
"J2j/ 2 = -^2(2/2 -yi) 



= Axe ut i 



JLZ]2.2, y'{ = -5 yi +2y 2 
y' 2 ' = 2yi - 22/ 2 

(b) y = [yi,2/ 2 ] T JL *JL (a)S| -*!■§- 
4] £.2. x+eM<3 

y»=A y> A=[- 5 _ 2 2 

y = xe ut 2. y" = w 2 : 
"il:#*r— 2. Ax = cj 2 x ^- w 2 s). x-fe- As] 
eigenvalue^]- eigenvectors] 
As] eigenvalues}- eigenvector-g- t l *1- , i! 
Aj =-l ) x< 1 ) =[1,2] T 
A 2 = -6,x( 2 ) = [2,-l] T o]u^ 

y = tl,2] T e it £fey = [l,2] T e- it 2.^ 
y = [2, -l] T e i,/5t £ty = [2, -l]" 1 ^-^* 
°M] superposition principle °]| s]b(] ■ytjVsfl 
\_ 

y = [l > 2] T (c 1 e« + c 2 e- it ) 

+ [2, -l] T (c 3 e i ^« t + c 4 e- i v / 6t) 7 f 34. 
-f--i]e ,x = cosx + zsinx-|- °]-|-s)i 
y = [l,2] T (ai cost + 61 sin t) 

+ [2, -1] t (q 2 cos V6t + b 2 sin y/Et) 

(c) 21 = 2/i,2 2 = y[, 23 = 2/2,24 = y' 2 3- 



r «i 1 




■ 0 


1 


0 


0 ■ 




Zl 


4 




-5 


0 


2 


0 






4 




0 


0 


0 


1 




23 


L 4 . 




2 


0 


-2 


0 . 




. 24 . 



Ai =i,z( 1 ) = [-i,l,-2i,2] T 
A 2 = -iM 2) = [i,l,2i,2] T 
A3 = i\/6,z( 3 ) = [2iVE, -12,-tv/6,6] T . 
A 4 = -iv^6,z( 4 ) = .[-2»v/6, -12, i\/6, 6] T 

[2l,22,23,Z 4 ] T = ClZ^'e'' + C2z' 2 'e -it 

[2!,2 3 ] T = [l,2] T (cie« +c 2 e-«) 
+ [2, -l] T (cse i,/St + cke- iy/St ) 
(ci =— ici , c 2 =ic 2 , C3=i\/6c3, C4—— iV&Ci) o] 
SS. (b)s] 44^. 



3.3. Homogeneous Systems witn Constant Coefficients. Phase Plane, Critical Points 



l. 1*1 &q 7^ -fy. 



2. 


" y[ ' 


= A 


' Vl 


,A = 
-A 


' 2 


2 




. y'2 . 






VI - 
2 - 


5 - 

2 


-1 


det(A 


-XI): 






5 


1 - A 





= A 2 - A - 12 

= 0°.S.4e-] Ai = -3,A 2 =4 
A; = -3S] eigenvector!- x^ = [l,a] T S. -f-^ 

o = -|, x( 1 ) = [2,-5] T 
n}^r7 r 7]S. A 2 =4S]eigenvector-b x< 2 )=[l,l] T 
ae-]B.S. t/i = 2cie" 3f + c 2 e 4t 



(A + SIJx^ 1 ) 



2/2 = — 5cie 34 + c 2 e 



p 4t 



3. 


r y'x ' 


= A 


yi 


,A = 


1 1 




. & . 




. 2/2 . 


3 -1 



det(A - AI) = A 2 - 4 = 0«.S.^-e1 
Ai = 2,A 2 - -2 

Ai = 2S) eigenvector!- x^ 1 ' = [l,a] T S. -f-^ 
(A-2I)xW=[ - 1 _ 1 3 ][;]= 0 o^ E . 

a = l, x( 1 )=[l,l] T 

A 2 =-2£]eigenvector-fe- x( 2 '=[l,-3] T 
a.5] 2.2. yi = cie 2t + c 2 e~ 2t 
y 2 — c\e 2t — 3c 2 e _2t 
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3. SYSTEMS OF DIFFERENTIAL EQUATIONS .PHASE PLANE.QUALITATIVE METHODS 



det(A - AI) = A 2 - 12A + 27 = 0 °-5.J?-e1 
Ai = 3,A 2 =9 

Ai = 32] eigenvector!- x^ = [l,a] T 5. -f'd 

(A-3i)xa) = [5 !][;] b oum 

a = _I, x« = [3,-l] T 

A 2 =9£)eigenvector-fc- x< 2 )=[3,l] T 
£L£ yi = 3cie 3t + 3c 2 e 9 ' 
2/2 = -cie 3t + C2e 9t 



2/i 



= A 



]■-[: t] 



det(A - AI) = A 2 - 2A + 2 = 0 SLS.^ 

Ai = 1+ i, A2 = 1 — i 

Ai = 1 + is] eigenvector ■§■ x^ 1 ' = [l,a! T 

(A-(l+i)I)x( l > = 



[T --!][!]-«« 

a = -i, xM=[l,-il T 

™\%7\AS- A 2 =l - isleigenvectorfe x< 2 >=[l,i] T 
y = ci [ ^. jed+^+ca [ \ ] e* 1 -)' 

= e'{ci[ _^ ](cost+tsint)+C2[ \ ](cost— isint)} 

= e<([ Cl + C2 . lcost+f Cli 7 C2i lsint) 

\L -CU + C 2 l J L c l + c 2 J / 

°1 ^1 ci + C2 = A, c\i - c 2 i = BS. ■f-'d 
yi = e'(.<4.cost + Bsint) 
j/2 = e'(— Bcost + Asint) 

*\t\=*\lV=\-i ->} 

det(A - AI) = A 2 + 12A + 36 = C^-r-tH 
A = -6(*50 



A = — 62] eigenvector-!- x^ 1 ' = [I, a 



(A + 61)xW = 
a = -1, X W = 



-2 -2 1 
2 2 J [ a 

[1>-1] T 
cj eigenvector?)- &.S..E..5. 
(A + 6I)u = xM"] ul- ^o): tVt} 
^^:«r7l] u = [0,a] T S. ^ 
-2 -2 



= 0 _° i-ftf 



Hi] *«-[-. 

ol^fl y = cix( 1 )e- 6t +c 2 (x( 1 >te- 6 '+ue- 6 *) o|.u_j 
yi = ci + c 2 te~ 6t 

cie -6 * -c 2 (t + i)e- 6t 



1/2 





r fi 1 








7. 


3/2 


=A 


J/2 


,A= 




. «i . 




. J/3 . 





10 

-10 

-4 



-10 

1 

-14 



-4 
-14 

-2 



AS) eigenvalue-^- 
det(A - AI) = —A 3 + 9A 2 + 324A - 2916=0 2.3.%- 
El Ai=-18,A 2 =9,A 3 =18 
Ai = -182] eigenvector* x = [l,a,b] T S. ^ 

■ 28 -10 -4 ] [ 1 " 
(A + 18I)x= -10 19 -14 a =0 

-4 -14 16 J [ 6 
S_$-B\ a = 6 = 2,x( 1 > = [1,2,2] T 



■a\%7\x\2. A 2 =9S]eigenvector^- x< 2 >=[2, 1, -2] T 
A 3 =18Sleigenvectorfe- x( 3 >=[2, -2, 1] T 

yi = cie _18t -I- 2c 2 e 9t + 2c 3 e 18t 
y 2 = 2cie~ 18< -I- c 2 e 9t - 2c 3 e 18t 





yz - 


= 2cie 


-1st _ 


r fi 1 




" yi 






=A 


V2 


,A= 






. V3 . 





-3 -1 
0 -4 
0 1 



„18t 

2 
2 



AS) eigenvalue^ 
det(A — AI) = — (A + 3)(A + 4)(A + 5) + 2(A + 3)=0 
SLS-tt A 1 =-3(^5-),A 2 =-6 
Ai = -3fi) eigenvector!- x = [l,a,6] T 5. -r-'d 

"0-1 2 ] [ 1 " 
(A + 3I)x= 0-12 a =0 °.S.^ 

0 1 -2 J [ & . 
-a + 2fc = 0olS.S.,x( 1 ) = [1,0,0] T x( 2 >=[l,2,l] T 
A 3 =-6S)eigenvectorfe x( 3 >=[l, 1, -1] T 
a. 3 yi = (ci + c 2 )e- 3t + c 3 e- 6t 
y 2 = 2c 2 e _3f + c 3 e _6t 
3/3 = c 2 e _3t - c 3 e _6t 
(Ci + C 2 » CilLS. Slcf.) 





' "i 1 




' 2/1 




" -1 -4 2 " 


9. 


2/2 


=A 


y2 


,A= 


2 5-1 




. v 3 . 




. f3 . 




2 2 2 



As] eigenvalue^ 
det(A - AI) = — A 3 + 6A 2 - 9A=0 

Ai=3(f-5-),A 2 =0 
Ai = 3S| eigenvector! x = [l,a,6] T S. -r-^ 

'-4-4 2 
(A-3I)x= 2 2-1 a =0 

2 2 -1 J [ b 
S.S.if-t] 2 + 2a - 6 = 0°1 B.S. 
x(') = [l,0,2] T x( 2 >=[l,-l,0] T 
A 3 =0sjeigenvectorfe- x< 3 >=[-2, 1, 1] T 
yi = (ci + c 2 )e 3t - 2c 3 
j/2 = -c 2 e 3 ' + c 3 



10. A = 



y 3 = 2cie 3t + c 3 
2 



s] eigenvalue^- —3,4 



2 

5 -1 

eigenvector-g- [2, -5] T , [1, 1] T 
"iHin^ yi = 2cie- 3t + c 2 e 4t 

y2 = -5cie -3 ' + c 2 e 4t 
yi(0) = 2c x + c 2 = 0,y 2 (0) = -5ci + c 2 

ci =l,c 2 = -2 
yi = 2e- 3t - 2e 4t ,y 2 = -5e- 3 ' - 2e 4t 

11. A = J ' 0 ]^ ei g envalue, & i) -1 
eigenvector-g- [1, 1] T , [1, -1] T 
°J H i«lfe-yi =cie t - r c 2 e-' 
y 2 = cie 4 - c 2 e _t 
yi(0)=ci + c 2 =l,y2(0)=ci - c 2 =0 
iS.-f iH ci = c 2 = § 
yi = cosh t, y2 = sinh t 



= -7 



3.3. HOMOGENEOUS SYSTEMS WITN CONSTANT 



COEFFICIENTS. PHASE PLANE, CRITICAL POINTS 
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12. A: 



1 1 
4 1 



S\ eigenvalue^ 3,-1 



z\7-\2] eigenvector-g- [1,2] T ,[1,-2] T 
"i^tfxrVl =cie 3t +c 2 e- t 

y 2 = 2cie 3t - 2c 2 e-* 
yi(0)=C! + c 2 =4,y 2 (0)=2 Cl - 2c 2 =4 
2-3.^ ci =3,c 2 = 1 
i/i =3e 3t +e-',y 2 = 6e 3t -2e-* 



13. A 



2) eigenvalue-^- - \ , 1 



_i _5 

L 2 2 - 

eigenvector^- [2, -1] T , [5, -1] T 
HlUfe yi = 2cie~5 +5c 2 e* 
j/2 = — cie - 5 — c 2 e' 
yi(0)=2ci +5c 2 =10,t/ 2 (0)=-ci - c 2 =-5 

°.S.-t-e1 ci = 5, c 2 = 0 
j/i = lOe - ?,^ = — 5e - 3 

14. A = |^ i 2 ]^ ei g envalue "Sr 1>3 

zj-zj-S} eigenvector-gr [3, -1] T , [3, 1] T 
"i^^ 2/i = 3 Cl e' + 3c 2 e 3t 
J/2 = -cie* +c 2 e 3t 
yi(0)=3ci +3c 2 =0,y 2 (0)=-ci +c 2 =2 
2.3.^ ci = -l,c 2 = 1 
yi = -3e< + 3e 3 ',j/ 2 = e £ + e 3t 



15. A: 



-14 10 
-5 1 



5] eigenvalue-^- —9,-4 



eigenvector^ [2, 1] T , [1, 1] T 
■ySl^lfe- j/i = 2cie" 9t + c 2 e- 4t 
2/2 = cie -9 ' + c 2 e~ 4t 
yi(0)=2ci +c 2 =-l,y2(0)=ci + c 2 =l 
JLJL-r-el ci = -2,c 2 = 3 
yi = -4e- 9t + 3e- 4t ,y 2 = -2e~ 9< + 3e~ 4f 

lf 5- 2/'i = -#J/i + 2SoW 

«J-xj-i]oj ^^o) eigenvalue-g- -0.04,-0.12 
zj-zfs) eigenvector^- [1,2] T , [1, -2] T 
USHI-ir 2/1 = cie- 0 04t +c 2 e- 012t 

y 2 =2cie- 0 04< -2c 2 e-° 12t 
yi(0)=ci +c 2 =100,y 2 (0)=2ci - 2c 2 =200 
2.3.^ ci = 100, c 2 = 0 
yi = 100e-° 04 ',y 2 = 200 e -° 04f 

17. page 43 kirchhoff current lawofl -g-7| 

*( RC-S)3.«IM * H - *J-= fe Jj _ / 2 ol 

cf. nJ-EH kirchhoff voltage lawofl S)*fl RC-S\3.s] 

voltage drop £- £ / h + R(h - h) = 0 (*1) 

D r#7r*lS. -^H RL-$5-W\= 

LI' 2 + R(/ 2 - h) = 0 (*2)7 r ^tM-- o| 

S-*r-d £/i + «(/; - / 2 ) = 0 

<^7H (*2)>Mf- tfl-gsi-'d 

RI[ = RJ 2 - i/i = R(f (/i - J 2 )) - i/i 

= (£-*>'l-£* 



V 2 = £ 'i - f 7 2 7 r 34- 
o]*fl H = 3,L = 4,C = 



3 

"I 
4 J 



°] jl eigenvalue-^- —1,-3 



z^S] eigenvector^, -3] T , [3, -1] T 
UtHlir J/i = cie"' + 3c 2 e- 3t 



2/ 2 = -3cie" 



- C2e 



.-it 



18. 17»!»fl 2) iff aj-^^s) 

f R/£ - 1/(KC) -R/Z, 
[ R/L —R/L 
det(A - AI) = A 2 + ^A + ^ = OJLS, 

valued- 7)-^ ^A^-g-S^l^r 



4R 2 C 2 - LC 



20. example 4; 

1 

2i 



y = ci 
= ci 

+ c 2 



e 2it +c 2 



1 

-2i 



-2it 



1 

2i 

1 

-2i 

0 ci+ ^ 2 . cos2t+i c 0 ij - c r' 

2cit - 2c 2 i J [ _2c i ~ 2 C2 

ci + c 2 = A,cii — c 2 i = BS. -t-^ 

]sin2t 



(cos 2t + i sin 2t) 

(cos 2t - isin2i) 



sin 2* 





A 


cos 2t + 


y = 


2B 


rf + 


|y 2 2 = 


A 2 + B 2 



example 5; 



y = ci 



1 

— i 



g (-l-i)t 



+ e *C2 



e (-l+0« + C2 
\ j (cos t + i sin t) 
"*C2 \ j (cost — tsint) 
= e-'(\ Cl+C2 . loost+r Cli_C2Z 

\L c l l - c 2« J L -Cl - C 2 J J 

ci + c 2 = A, cii - c 2 i = B5. -f-'S 

'--'([ i ]«•«+[-*]-«) 



j/i = e _t (A cos t -f B sin t) 

= VA 2 + B 2 e-« cos(<5 - t) 
2/2 = e _t (— A sin t + B cos t) 

= VA 2 + B 2 e-' sin(<5 - t) 

(S^r ?&(A,B)2\ ^) 2.3. ^ s\S-3, 5 - % 
7\ 9,r 2 =y\ + yl = {A 2 + B 2 )e~ 2t = coe 29 
{c 0 = e~ 2S {A 2 + B 2 )) 
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3. SYSTEMS OF DIFFERENTIAL EQUATIONS .PHASE PLANE.QUALITATIVE METHODS 



1. p = 3, q = 2, A = 1°]2.5. unstable node 
HHr*H^ yi = cie',2/2 = c 2 e 2t 



3.4. Criteria for Critical Points. Stability 

y = ci 



lim = lim 4 

(»l.»2)-*(0,0) J/j t-+-oo y' t 



.. 2c 2 e 2 ' 

lim — 

t-+— oo cie' 



2C2 , 

= lim e = 0=const o]£.5. improper node. 

t-*-oo c\ 

2. q = -9o\s.S. saddle point 

(saddle points unstable <y) 
"J^sH-Sr yi =c ie - 3t +c 2 e 3t 



V2 



= — 5cie 34 + C2e ; 



3t 



3. 9 = -3°|£..S. saddle point 
"ysHS^- yi = cie-' + c 2 e 3t 

J/2 — -cie - * + C2e 3t 

4. p=- 12, 9=27, A=36°| 2.5. stable attractive node 
^*«Ur 3/1 = c ie - 3t + c 2 e- 9t 

2/2 = -3cie- 3t + 3c 2 e _9t 

lim 4 = lim 4 

(yi,»2)-»(0,0) J/j t-t«> Jl'j 
9cie- 3t -27c 2 e- gt 

— urn 



9t 



t-+oo — 3cie -3< — 9c 2 e~ 
9ci - 27c 2 e -6t 

= -3=const o]ZL3. 



= lim 



t-+oo -3cj - 9c 2 e 
improper node 

5. p=-4,g=8, A=-16<>| stable attractive spiral 
tHWfe- yi = e~ 2t (Acos2t + Bsin2t) 

J/2 = e- 2t (Bcos2t - Asin2t) 

6. p = 0,g = 9, A = -36o| =L5. center 

(center^ stable ) 
1JSH8fe yi = (2j4 + 6B) cos 3t + (2B - 6 A) sin 3t 
y 2 = 10 A cos 3< + 10B sin 3t 

7. p = 0,9 = 9o]^.s. center 
USr*ll-fc-yi = Acos3t + Bsin3t 

y 2 = 3B cos 3t - 3 A sin 3f 

8. 9 = -10o]^.S. saddle point 
"J'irsil-te- yi = cie~ 5t + 4c 2 e 2t 

y 2 = -cie _5t + 3c 2 e 2f 

9. 9 = -40o|o^5. saddle point 
°J u i«ll^ yi = 3cie- 10t + c 2 e 4 < 

y 2 = 4cie -10 ' - c 2 e 4t 



10. p = -2,9 = 1, A = 0o)u 
-1 0 
-5 -1 



A = 



stable attractive node 
det(A - AI) = (A + l) 2 = 0 



-2..S.-T-E-] eigenvalue-^ -1(^-5-)°JiH|, eigenvector^ 
[0, l] T *l-M-g-°)r4. rLB)£.S. degenerate node. 

(A + I)u = [0, 1] T # ^«rfe uf- $ o.^ hi0] T 
3.^2.5. 



' 0 


e-* + c 2 r 


0 




l - 




1 




1 


t + 


5 

0 


) 



11. 9 = -2o|d^5. saddle point 

yi = cie( 2 -v'6)t + c 2e C 2 +v / 6)* 

y 2 = -y/eaeV-^t + x /6c 2 e( 2+v ^) t 

12. A 2 + |=05] sfl ±|iS.-fEl y = Acos| +Bsin| 
yi =y,y2 = y's. ■T-'d 

yi = y2,y 2 = -fyi - iy^; = y2y ' 2 
-|y? = y 2 2 + c 

n.e)£.S. (y,y')^ trajectory!^ Ef«-t 

13. < y»J*fl^y = c 1 +c 2 e- at 

yi = y,y2 = y's. -T-'d 

y'l = y2,y' 2 = -ay 2 °]S.£.y' 2 = -ay[ 
33-*^ V2 = -ayi + c ( ^*Str 3-*}*) 



14. <a u J*llfe y = e"' (A cost + Bsint) 
0 1 
-2 -2 

stable attractive spiral 



A = 



p = -2,9 = 2,A = -4 



15. (10) p = 2,9 = 1, A = 0°1^5. unstable node 

(11) 9 = -lo) 2.5. (unstable ) saddle 

(12) p = 0,9 = 4o| s.5. (stable) center 

(13) p = -2,9 = 2, A = -4o| 2.5 stable attrac- 
tive spiral . 

16. A|7j-») tytyo] v\7\2.5. trajectory S) aj-^nj Bj-^cf. 
^- stable improper node <H|^1 unstable improper 
nodei Bfflc}. 

17. A + 0.11= Q \]w 

p = 0.2,9 = 4.01, A < 0 °]2-5. unstable spiral 5. 

18. centeHiS. A = \ a 6 }s.^ 
I c —a J 

9A = -a 2 - bc> 0, A A = -4 9A < 0 

a + k b 

c —a + k 



A - 



°)2.5p A = 2k, 



9 A = k 2 - a 2 - 6c> 0, A A = A A < 0 

3.^2.5. k < 0<>|^ stable attractive spirals, 

fc > 0°|ig unstable spirals. Ur^^-- 



19. A = 



»]25. 



b 1 + 6 
-4 + 6 6 

p = 26, 9 = 36 + 4, A = 4(6 + 1)(6 - 4) 
spiral point;A < 0°]o^o): £|.n_^ 

- 1< 6 < 4 
saddle^ < 0o]o^o|: tf-2.5. 6 < -| 
node; 9 > 0, A > 0°] <H of t}2.5. 

-|<6<-lor4<6 



3.5. QUALITATIVE METHODS FOR NONLINEAR SYSTEMS 
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3.5. Qualitative Methods for Nonlinear Systems 



1. limit cycled- ^r^S) i-E- trajectory S[ 7]?\7\ 0 (7\ 
# AA%: x 4°] &40°1^> center ^9]s\ trajec- 
tory s_s. trajectory £)- t]^7\ 0°| «H 

2. J/ = A cos t-KBsin t, = Bcost - Asint °| 
radius=vV + y' 2 - VA 2 + B 2 

3. yi*r4 ufl^ 7 r # £o] -l-ef^M- nfls) ^Efl(^-^ 

0)°U, ^^.4 n]-^ 4- ^1^7). 7 l^. ^.g. 

wave 3L<$2] trajectory ^- ^!* r 7|- 3|xj-§- Sj-ja 51}^ 
*<M* V2^3t- 3£ 7 r # xj^* 

4. example is)- Sr^-S. critical point (n7r,0) ^-<HM 
no) =s^o|ig saddle, no] -t^ 0 !^ center7|- Jfltf. 



5. y' 2 = y 2 = 0,y 2 = yi -y\ = 0-£ h!#*H=- (yi,y 2 )-& 
(0,0)4 (1,0) 

(0,0)oll^ y[ = y 2 ,y' 2 = yi - y\ « yi°l°.S. 

o|3. g = -1 < QolJS.5. saddle. 



A = 



1 0 



(i,0)«H (j/i-i)' = y 2 ,y 2 = -(yi-l)-(yi-i) 2 « 
-°i J]°Up = o, 



-(yi -1)0)2.3. A = 
5 = 1 > 0°1.E.3. center. 

6. y[ = V 2=0, y' 2 =-yi - y?=0 * (0, 0), (-1,0) 
(0,0HH y' 2 = -yi - y\ as -yx o| o £ 

A= ^ q °l^.p = 0,g = 1 o)iS.center 
(-1,0)<>1M yi = yi +1S. ^ 

yV=y 2 ,y 2 =-(yi — i)- (yi - i) 2 =yi -yi 2 * yi °1 

° q "lJL q = -1 < 0°|:E.3 saddle 

7. yi = y 2 = 0,y 2 =|y 2 _ yi=0 ^ ^ (0,0),(2,0) 
(0,0)o|]^ y' 2 as -yi °|.E.3center 

(2,0HM yi =yi -2S. ^ 

y 2 = + 2 ) 2 - (yi + 2) 2 =|yi 2 + yi « yi <>1 =LS. 

saddle 

8. y'j =y 2 = 0,y 2 =y 3 -y 1= 0 -§: (0,0), (±1,0) 
(0,0)<HH y 2 « -yi °l_E.Scenter 

(l,0)o|M yi=yi-lS ^ 

y 2 =(Vl + !) 3 - (yi + l)=y"l 3 + 3yi 2 + 2yi * 2y x 
°1°.S saddle. f}§7[^|S (— 1,0)<>1|>HS. saddle 

9. y[ = y 2 = 0,y 2 =9yi - y 3 =0 •§- (0,0), (±3,0) 
(0,0) y' 2 «9yi ol.E.3 

° J j °)JL 5 = -9 < 0 o]^s.saddle 

(3,0)«HM yi =yi -3JL3 

y 2 =9(yi + 3) - (yi + 3) 3 =-yi 3 - 9yi 2 - 18yi 
as -18yi °lJE.S center. 



"r^H^. (-3,0)ofl^i center 

10. yi = y 2 = 0,y 2 = -4yi + 5yf - yf=0 #^ 
critical pointy (0, 0), (±1, 0), (±2, 0) 
(0,0)^1^ y 2 W -4y x <>lP.5.center 

(1,0)<H|^ yi = yi - 15. -f-^ y' 2 « 6yi <>1 as. sad- 
dle. v\%7\x]S, (-1,0) o)]^i saddle 
(2,0)ofl>H yi =i/i-2S. ■r^'d y' 2 « -24yi o) u_S 
center. 4^7 r x]s (-2,0)»fl-MS. center 

11. yi = y 2 = 0,y 2 = -cosyi=0 

(f +2rMr,0),(-f +2n7r,0)(n^ °Js)S| xj^) 

sinx = x - |r + £ - ^ + ... o)o.s 
(f + 2n7r,0)o)|^ yl = yi - (| +2ri7r)S ^ 
y 2 = - cos(y"i + f ) = sinyi as yi °]£.S saddle. 
(-§ + 2n7r,0)oM yi =yi + (f - 2n7r)S ^ 
y 2 - cos(yi - f ) = - sinyi w -y"i o| center 

12. yi - y,y 2 = y'S ^y[ = y 2 ,y' 2 = 4yi - y 3 
•d 1 ^ **r'd,y 2 y 2 = (4yi-y 3 )y' l 

"M mtr*W f = 2y 2 - \yt + < 




13. yi = y 2 ,yiy 2 + y| = 0 

*W '^Bi^ yi^+y 2 = o 



yi = y 2 * tfloj^l^ ^e|* r ^ ff 
0 o l, d y 2 = % (*^di 



.21 



14. damping term °] l-H^r'd ^-7|^o] +}*%<£i>l C en- 
terl-^ spirals Br^H H— tl-^^-S 7 r 4o] ^ TjJ 

yi=y 2 =0,y 2 =4yi-y 3 -y 2 =0 (0,0), (±2,0) 

°lPLS critical point ^^-^4. 

" 0 1 



4 -1 



(0,0)HM y' 2 as 4yi - y 2 o] B.SA = 

j! q = -4 < 0 °)as saddle 

(2,0)o)M y"i=yi -2S -f-'g y' 2 as - 8yi -y 2 o] u.S 

A = _° g _^ o|ji p = -l,, = 8 > 0, A = 

-31 < 0»|£i spiral ( centeHH sprials vltfH 
4.) (-2,0)of|^£ 4%4^l5 sprials 4^4. 
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°\JL p = n,q = 1, A = 



16. (a) y' 2 =fi(l - y\)yi - yi 
0 1 
-1 n 

4 o|HS.;j > 2<a nflfe- unstable node, 
0 < /i < 2°J unstable spiral, = 0>y 
nflfe center, -2 < ^ < nfl-fe- stable 
attractive spiral, // < -2U ifllfe- stable at- 
tractive node . 

2. p. -* Oo]^ page 181 (ll)ofl 2\i%A\ iso- 
cline -g- *14*r ^-iil-ol €4- 



(b) ^-£.7 r *|\2.<d negative damping, ^£7| a. 
^ positive damping. 
Rayleigh equation-!!- D|-g-S r 'd 
Y'"=- f j.{-lY ,2 Y" + (1 - §Y' 2 )Y"} 

+ y'=o 

y"' - m(i - y 2 )y» + y' = o o| 

y = yS. -f-^ Van der Pol equation °] sfcf. 



(c) yi = y 2 ,y 2 = -(wgyi +Pyf) 

*m y 2 y' 2 = -(wg»i + fttfM 

..2 . ..2 ..4 



3.6. Nonhomogeneous Linear Systems 



1. y7\ (1)£| sfie}-^ y - y( p )^- homogeneous equa- 
tion^ *Ho]o3. #"3*1 y = y( fc ) + 
i=f *fl °|= *)- 3!-g- homogeneous equation^ n7| °] 

4 y (1) ,y (2) , ■ • • ,y (n) -t- % 1=^ 4°W i-s- 

* a^l-s] <y ciydJ+cay^-f - ■ -r-c„y< n > 



Ah) 



(yi,yi,-- - ,y n )±s, -f-4- 4-1 



y(D- y(l)( 0 ) = (1,0,0,- ■ • ,0)* 
y(2)- y(2)( 0 ) = (0,1, 0,--- ,0)* ^^5=*, 



y WtyW(0) = (0,0,-,0,l)i *H**kSL* 
JLS.JL (3# 2*1 3«H*| 7Hr*r4), 

yW = yi (fi)yW + y 2 (0)y< 2 > + • • • + y„(0)y(») 
■r-'d y^-g- homogeneous equations) 8j)o];n. yCO.2). 
±7|5.^o| ^-4. jLei.ES. 3# 2^ -3-<a^ ^eH s] 

y (1) ,y (2) ,--- ,y (n) s) ^^iuiL JM€ ^ «4- 



2. A 



-[; »] 



\s] eigenvalue^ -2,2°]3_ 



z\*\;£) eigenvector-g- [1, -1] T , [1, 1] T 
°M1 y P = u + vtS. if-JL ^*Hf- #-°-<g 
y' p = v = A(u + vt) + [t, 1] T 
vi = 2(u 2 + u 2 t) + t,v 2 = 2(ui + vit) + 1. 
ui = 2u 2 ,2i>2 + l = 0,2ui + l = t) 2 ,fi = 0 -§- 
vi = U2 — 0,v 2 = -\ 



-i.«i = -i 



Cl 



3. A = 



+ C 2 



_ 3 



eigenvalue-g- -1,1°] 3. 



z^^i eigenvector^- [1, -1] T , [1, 1] T 

°H1 y P = ue 3t s. ^2. ^asi- 

y ; = 3ue 3 * = A(ue 3t ) + [1, -3] T e 3t <>ls.5. 

3ui = ti 2 + l,3u 2 = ui-3 -i- #>d ui = 0,u 2 = -1 



y = ci 



-1 



4. A 



s) eigenvalue-g- -l,2o|; 



AA^ eigenvector^- [1, 1] T , [1, i] T 
y p = ucost + vsint5. -f-Jl -^-^rSlll- 



y' p = — usini + vcost 

= Aucost + Avsini + [10cosi,0] T 

— tii = 3vi - 4v2,vi = 3ui - 4u 2 + 10 

- u 2 = vi - 2u 2 ,t) 2 = ui - 2u 2 -§- 03 ^ sfl 1-^ 
ui = — 7,U2 = — 3,t>i = l,u 2 = —1 

^.elS-S. °JtV«iife yi = cie-' + c 2 e 2t -7cos<+sin< 
y 2 = cie _t + |c 2 e 2< -3cost-sint 

T 3 1 1 
A= 7 _ 3 s) eigenvalue-g- -4,4o)j7 

zj-zj-S| eigenvector-g- [1, -7] T , [1, 1] T 
y p = u cos 3t + v sin 3JS. Jf-Jl ■^-'r*!! * 
y p = [sin3t,3cos3t] T 
■aSr^fe yi = cie~ 4t +c 2 e 4t +sin3t 

V2 = -7cie _4t + c 2 e 4t -I- 3 cos 3t 



6. A 



[ 2 3 



S) eigenvalue-^- 2,5o|a. 

z}-^^ eigenvector-g- [1, -2] T , [1, 1] T 
y p = u + vtjL ^2. $0.^ 
^Sr^l^- yi = c ie 2t + c 2 e 5t - 0.18 - 0.4i 
y 2 = -2cie 2t + c 2 e 5t + 0.32 + 0.6t 



7. A = 



-2 11 
-1 0 J 



5) eigenvalue-S- — lo|jl 



eigenvector-g- [l,l] T *m- -S-o|c).. 

Z\ \ u = [ \ ]°J u * *-2-^ u = [-1,0] T 

y P = ue'S. ^3. $ °.<d 

y^ = ue* = Aue' + [0,e e ] T £. Jf El 
- 2ui + U 2 = Ui,-U! + l= u 2 -ir #>S 
«1 = J. "2 = f 

•Jtmfe yi = e-*(ci - c 2 + c 2 t) + ie ( 
y 2 = e _t (ci + c 2 t) + |e* 



8. A 



0 4 1 

^ 0 £] eigenvalue-g- 4, — 4»]; 

zj-zj-s)" eigenvector-g- [1, 1] T , [1, -1] T 
y p = u + vt + wt 2 S. -^rSfl-I- % 2J& 

yi = v + 2wt 



= [J 5](u + vt + wi 2 ) 
[ 2 -°i6t 2 ] W 



3.6. NONHOMOGENEOUS LINEAR SYSTEMS 



S3 



v\ — 4u2 ,V2 =iui +2, 2wi = 4i/2 , 2w2 = 4v\ , 
0 = 4w 2 ,0 = Awi - 16 -f-^ 

W\ = 4, W2 = 0, V\ = 0, V2 = 2, Ui = U2 = 0 

:3.<H-H.3. USH* yi = cie 4< + c 2 e- 4t + 4t 2 

J/2 = cie 44 — C2e _4< + 2t 
yi(0) = ci +c 2 = 3,y 2 (0) = Cl - c 2 = 1 °.3.-r-Ef 
ci = 2, c 2 = 1 



9. A = J °| eigenvalue* 1,-1o)ji 

z]-zj-£l eigenvector* [1, 1] T , [1, -1] T 



y p = ue 
y'=2ue 24 



' 0 


1 


ue 24 + 


6 


1 


0 


-3 



e 2t o^-jj 

2ui = u 2 + 6, 2u 2 = ui - 3 ^"-f^ ui = 3, u 2 = 0 
yi = cie* + c 2 e-' +3e 2t 



y 2 = cie 4 — C2e * 



yi(0)=ci +c 2 +3 = ll : y 2 (0)=ci -c 2 = 0 
E^Cl = c 2 = 4 
*1|* yi = 8cosht + 3e 2t ,y 2 = 8sinht 



10. A = 



4 —J 
2 -6 



£| eigenvalue* 2, — 4°] JL 

eigenvector* [4, 1] T , [1, 1] T 
y p = u cosh t + v sinh ts. ^-JL ^rS)| 1- $J2_^ 
y p =u sinh t + v cosh t 

=A(u cosh t -(- v sinht) + , 2 , C ° S ^ li . , . 
v ' I coshf + 2sinht 

cosh^* tii = 4ui - 8u 2 + 2, i> 2 = 2ui - 6u 2 + 1 

sinh-§* ui = 4di - 8u 2 ,U2 = 2i>i - 6v 2 + 2 

l-'d Ui=U2=0,V X =2,V2 = l 

S.S. 'i^^r yi = 4cie 2 * + c 2 e~ 4t + 2sinht 
y 2 = cie 2 ' ■+- c 2 e _4t + sinht 
yi(0)=4ci +c 2 = 0,y 2 (0)=ci + c 2 = 0 
S-Sl^Ci =c 2 =0 

sfl-fe- yi = 2sinh t,y 2 = sinht 

11. A = | g S) eigenvalue* 5i, — 5i«] 5L 

q^S] eigenvector* [1, i] T , [1, -i] T 
homogeneous equation s] IJmVsI]* 



: ci 



1 

t 

ci + c 2 

Cli — C 2 i 



Cll — C2l 
-Cl - C 2 



sin5t 



cos 5t + 

y p = u + vts. ^-2. ^«fl* #iL3 y p = [3t, -4] T 
■atr^l-c- yi = Acos5t + Bsin5t + 3t 
V2 = B cos 5t — A sin 5t — 4 
yi(0)=A = l,y 2 (0) = B - 4 = -2 43 
«i|* yi = cos5t + 2sin5t + 3t 
y 2 = 2 cos 5t — sin 5t — 4 



12. A 



-3 -4 

5 6 



£| eigenvalue* 1,2o|jt 

eigenvector* [l, -1] T , [4, -5] T 
equations) -^-^ <H] Si* e 4 7|- homogeneous equation 

Sfl oj| q-Efq- £.5. modification^! nj-e)- 
y p = ute 4 + ve'iL ^JH ^^Sfll- $ °.-5i 



y p = ute s + ue* + ve f 
= Aute* + Ave* + 



u = Au,u + v = Av + [5,-6] T . 

u* A£) eigenvector°|H.S. u = a[l,-l] T ft 

<-H~ 5 4 rHi]-[. 

$7} 51 °.ei^ a* 5(a - 5) = -4(-a + 6)-§- 
4 «rJH.5. a = 1 o] 3. 7j-^tr vf- v = [1,0] T 

— ?i yp — f*"' - 1 - — *«'i T 



; [te t + e t ,-te t i 
"i^n^r yi = cie' + 4c 2 e 2t + te* + e 4 

y 2 = -cie 4 — 5c 2 e 2t - te 4 
y(0) = ci + 4c 2 + 1 = 19 
y 2 (0) = -ci - 5c 2 = -23 S.^b] Ci = -2, 



a — 5 
-a + 6 

2.3. 3L 



c 2 = 5 



13. A = 



0 



■2} eigenvalue* 2i,— 2io]; 



zM^i eigenvector* [l,2i] T , [1, -2t] T 
homogeneous equation s] ■y «}«))* 



■ Cl 



1 

2i 
ci + c 2 
2cii — 2c 2 i 



•c 2 



1 

-2i 



cos 2t+ 



ciz — c 2 z 
-2ci - 2c 2 



sin 2t 



y p = ucost + vsints. ^-jl -^sil-I- ^-A^ 
y p = [4cost,sint] T 

■ySr^i* yi = Acos2t + Bsin2t + 4cost 
H2 = 2B cos 2t - 2 A sin 2i + sin t 
yi(P)=A + 4 = 5, y 2 (0) = 2B = 2 S. -f ^ 
A= B = 1 



14. A = 



■2) eigenvalue* 3, -1°]; 



1 4 
1 1 

eigenvector* [2, 1] T , [2, -1] T 
y p = u + vt + wt 2 S. -f-Jl *^*fl-i- ^ 
y p = [t 2 ,-t] T 

O.B] n S <a«Vsfl^ yi = 2cie 34 + 2c 2 e- 4 + 1 2 

y 2 = cie 34 - c 2 e -4 - t 
Vi(0) = 2ci +2c 2 = 2 

y2(0) = ci - c 2 = -1 o.S.-r-Ejci = 0,c 2 = 1 



15. A^ 



5 4 
1 2 



■21 eigenvalue* 6, lojjr 



AA$\ eigenvector* [4, 1] T , [1, -1] T 

y p = u + vt + wt 2 5. -f-JL ^-^sfll- $ o.^ 

y P = [t 2 -5,-t] T 

ZLB] <a«J«ll* yi = 4cie 64 + c 2 e 4 + t 2 - 5 



y 2 = cie 



,6t _ 



c 2 e r 



yi(0) = 4ci +c 2 - 5 = 0 
y 2 (0) = ci - c 2 = 0 ^.S.^-Bici = c 2 = 1 



16. v# $* ^4 <d*ynHH 



(A + 2I)v = a 



-6 
2 



z:\2L3, a* ^^Sj^l^, A + 2I? r <$*l%°\ ^ 
«r^| v* *j-wf5. ^^Sl?:|* ^*tr- 

17. sjS-oJ/Hi/i + -h) = E 

JRW S1S.-H1^ (/2-/i) J Ri+/ 2 iJ2 + l/C// 2 = 0 
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(Hi + R 2 )I' 2 = -^-h + - 2?)'2 + fRi 
°]*\] ^<H^1 &f-£ ^4^ 



2/i + 2/ 2 + 200 
-f/i + |/ 2 +40 

2] eigenvalue-^- -0.9 ± V0.41 



: [100,0]" 



-2 2 
_ 2 i 
5 5 - 
zj-z}-£] eigenvector .g- 

[2, 1.1 + V0A1] T , [2, 1.1 - V0M] T 

y p = us. *f-5L $3.t& y p = 

7i = 2 Cl e(- 0 - 9 +^ n > + 2c 2 e(- 0 - 9 -^ or ) t + 100 
h = (1.1 + v / O4T)c 1 e(-°- 9 +^ / 0 :ir ) t 
+ (1.1 - v / 0T4l)c 2 e(- o - 9 -^ /o: « : ) t 



18. aj-^^^r 

/J = -2/i + 27 2 + 440 sin t 

V 2 = + I/ 2 -f 88siniS. 434- 

y p = u cos t + v sin tS. ^-JL ^r*llf- ^A'g 



' 352 ' 




' 616 


44 


cos t + | 


132 



sint 



19. 171*3 £*IHH ci = 17.948, c 2 = -67.948 

20. qs.^qLiI 1 ! + Ri(h - I 2 ) + R 2 h = E 

L 2 I' 2 + Ri(I 2 -h) = 0 
^H^! Sf-i- tfl°J^ 

i[ = -3/1 + \h + 125, r a = h- h 



-3 
1 



2) eigenvalue^- 

z}-z}-o] eigenvector-g- [1,2] T , [5, -2] T 

y P = us. 4H^* y p = S20[l, 1] T 

h=c 1 e-i t +5c 2 e- 7 2 t + m 
/ 2 = 2cie-2 t -2c 2 e-i t + 5ao 



/l(0) = ci+5c2 + ^=0,J 2 (0) = 2ci- 

Cl=-if ,C 2 = -H5 



-2c 2 + ^o=0 



Chapter3. Review 



1. iJSr-e] Tj-f-f- ^l-I- l-'d, nonhomogeneous linear 
system-g- y' = Ay + g<HM g7 r Oo| o|.i-j -*]-§■ 
■tSfjL, nonlinear system y' = Ay + g ^EflS. *J 

2. n*)- 2 ! linear equation's- yi = y,y 2 = y 1 ,yz = 
y'V" ,yn = y^-^S. ^-^ <«4^ linear system*. 
3. 4* 514- 

3. linear systems) «fi (3/1,3/2)^) *)-#)-l- trajectory, 
J/l-^^'d'i- phase plane °]Er 44- 

4. y\ = ci,y 2 = c 2 7\ sfl'y nfl, phase plane £) ^ 
(ci,c 2 )fe tr^^S. ol-f-H^ trajectory ojc-fl o| 
critical point tr4- critical point -fe- 7(1 7)- sg^-§- °) 

* olsfls^l "fl-f ^-3.44- 

5. node:^>g£) trajectory7l- 7^|^^) 

-S.-T- l-H^-^M- 5--T- 44fe critical point. 
saddle:-f- HJ-^4 f^i^. trajectory^)- HJ-^S) 

44-c- trajectory7 r Jlfe- critical point. 
center:^=-tgs) trajectory7|- closed curved 

critical point, 
spiral:^-*! £) JJ.-& trajectory7 r (^-*i-§- 7 r 7;l7:| 

i-^- i-T- M-^r-c- critical point. 

6. stability -fe- ^(critical point) °1 ^tr^r 

7- y' = F(y)^tflsl nonlinear^^^ofl^ F(y)l- ^ 
« ^ 5-*^!^ AyS. 5-4*IM HJ-^-M-t- ^ t 

8. undamped pendulum; 6" + ksinO = 0 

0 = 0*j 5-*HH£] linearization:^' + k6 - 0 



damped pendulum; 6" + c9' + k sin 8 = 0 

0 = 0*j ^ <>) linearization^" + c6' + k9 = 0 

9. phase planed] trajectory-f-f- a?j ^^14. 
undamped pendulum^] center-f-g- damped pen- 
dulumofl^ife- spirals. 4^4- 

10. yS) 3.7] 7\ negative damping(j/' S\ A]^-^ ■§• 

<HlM*!7r -B-f-sla. ys\ b.7\7\ 3.^ posi- 
tive damping(3/'Sl 7fl^7 r o^) 0 |e^^ ^.f-o] ^ 
♦ S>fe- system & ^^4- °tl* 1"<H Van der Pol 
equation; y" - /x(l - y 2 )y' + j/ = 0°] Si jL, o\ aj- 
phase portrait^ ^ife- limit cycle o] wj-El-^u]-. 

11. y'=Ay»<}-^-i|<H|^ As) eigenvalueASf eigenvectorx-f- 
^4^, y = xe At -b «fl4 s)°.S.. 

12. y'=AyHH-4HH A7}nxn"4 i n7]|S] linear inde- 
pendent^ eigenvector x^^x^ 2 ^,-- - ,xW 7} 
4^ ol^-i- basis of eigenvectors e]- 1!-4- €-4 
4^ 3-%. <H] tfl -l-sl ^ eigenvalue Ai , A 2 , • • • , A„ °fl rfl 
M|,y = cix( 1 )e A i t +c 2 x( 2 )e A 2 t +- • ■+c n x( n )e A » t -fr 

13. A7f 2 x 2^1 7^^- eigenvalue AS)- eigenvector x7)- 
4 D J: (A - Al)u = x«! u» §oj. <ysr«m- 
Cixe At + c 2 (xte At + ue At )s! ^ %{cf . 

14. saddle point <H|^^- -t-HJ"^- 2 ! 47 r fe- trajectory S). 
■t^^^ 5 ) i-H^-^- trajectory 7 r a S]£) trajec- 
toryl-^r °^ O.S. ^]4 7 xr4- node trajectory 

#o| i^f- *H-£.^4 sl^- 4^4- 

15. 5^ ^-4 i»i3l--i- 0 J- 
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16. A 



3 4 

3 2 



■2] eigenvalue-g- —1,6 

444 eigenvector^- [1, -1] T , [4, 3] T 

^SHH-Jrl/i - Cie-'+4c 2 e 6< ,j/2 = -c ie - t +3c 2 e 6t 

q = -6 < 0 o).n 5. saddle 



17. A = 



4 eigenvalue^- —5, 1 



-3 2 
4 -1 

44°! eigenvector £■ [1, -1] T , [1, 2] T 

■ySr^fe-j/i =cie- 5t +c 2 e t ,t/ 2 = -c 1 e- 5t +2c 2 e t 

9 = -5 < 0 o|n.s. saddle 



18. A 



0 -2 
2 0 



■2) eigenvalue^ ±2i 



444 eigenvector-g- [l,-i] T ,[l,i 



y = d 



1 

— i 



+ C 2 



Cl + C 2 

— ici + ic2 
A 



cos 2t + 


ici — tc 2 




Cl + C 2 



sin 2i 



-B 



cos 2t + 



B 



sin2t 



p = 0,9 = 4 > 0 o\E.S- center 



19. A 



4 eigenvalue-gr — 4 ± i 



-2 5 
-1 -6 

444 eigenvector^ [-2 - i, 1] T , [-2 + i, 1] T 



= e- 4i (d 



+ e- 



= e- 4t ( 



-2 - i 
1 

2(ci +c 2 ) -i(ci - c 2 ) 

ci + c 2 
-2i(ci - c 2 ) + ci + c 2 

cii — c 2 i 
-2A-B 

cost + 



-2 + z 
1 

cost 
sin t 



■2B + 
B 



p = -8, g = 17, A = -4 o| stable spiral 



A ] ■ t \ 
sin t 1 



20. A 



f 1 1 

[ -6 -4 



a) eigenvalue^- —1,-2 



444 eigenvector^- [1, -2] T , [1, -3] T 

j/l = cie - ' + c 2 e~ 2t ,y 2 -- -2cie~ 4 - 3c 2 e -24 

p = -3,9 = 2; A = 1 o| stable attractive node 

[2 4 1 

21. A = °) eigenvalue^- 5, -2 

444 eigenvector^- [4,3] T , [1, -1] T 

yi = 4cie 5t + c 2 e~ 2t ,y 2 = 3cie 5t - c 2 e -24 
q = _io < 0 o| saddle 



22. A = 



4 eigenvalue-g- 3, —1 



1 4 
1 1 

444 eigenvector-g- [2, 1] T , [2, -1] T 

j/i = 2cie 3 ' +2c 2 e- t ,y 2 = de 34 - c 2 e _t 
9 = -3 < 0 °]S.3L saddle 



23. A = 



4 -2 
13 -6 



4 eigenvalue^- -1 ± i 
444~ eigenvector^- [2, 5 - i] T , [2, 5 + i] T 



i \ 2(ci + c 2 ) 

L 5(ci + c 2 ) 



+ «"* 

.«-.( 



i(d - c 2 ) 
2i(ci - c 2 ) 
5i(ci - c 2 ) + ci + c 2 
2A 



5 + i 
cost 

sin t 



5.4 - B ] C0St + 



2B 

t 5B + A J 
P = -2,9 = 2, A = -4 o| stable spiral 



sint 



24. A 



4 



25. A = 



= [ ^3 ]^ eigenvalue^ l,-2o|j7 

444 eigenvector-g- [2, -1] T , [1, -2] T 
equation^ Jjfe. e*7 r homogeneous equation 

4 «H 4-44:e..£. modification °fl 44 
y p = ute 4 + ve 4 .S. Jp-a. -SH^l- 
y p = ufe 4 + ue 4 + ve 4 

= Aufe 4 + Ave* + [1, l] T e 4 5. -^-E^ 
u = Au,u + v = Av + [1, 1] T . 
ufe- A4 eigenvectors! n_s. u = a[2, -l] T 5?-o| jt 

i i]— [5H*-1 

sfl7 r si .2. 3^ afe- -2(2a- 1) = -a - iHM»| 
4.H..5. o = 1 o|j7. Tj-^J-tr vf v= [1,0] T 3.3. 3.s 
<d y p = [2te 4 + e 4 ,-te 4 ] T 
"tit^fe yi = 2cie* + c 2 e- 2i + 2te* + e* 
J/2 = — cie* - 2c2e -2t - te 4 

2 3 1 

1 -2 H ei S envalue "£- 1,-I°l3. 

eigenvector^- [3, -1] T , [1, -1] T 
equation^] -f^oll SJfe- e~ t 7\- homogeneous equa- 
tion ^ ofl M-ef M-HS. modification<Hl 44 
y,, = ute" 4 + ve- 4 5. ^-^isfll- 
y p = -ute _t + ue~* - ve" f 

= Aute- 4 + Ave" 4 + [-2, 0] T e - 4 5. -f 6) 
-u = Au, u - v = Av + [-2,0] T . 

AS) eigenvector©! —5. u = a[l, -l] T ^o)^7 

(A+I)v= v=u- = 4 

[ — 1 — 1 J [ 0 J [ — a j 

«fl7 r 5l«.e!^ a^- -(a + 2) = -3a^- ^V^«H ^ 

a = 1 o)j; 7j-cJ.tr vf v= [1,0] T ^.S. 

y p = [te~ 4 +e- £ ,-te- 4 ] T 

■a^fe- yi = 3cie 4 + c 2 e- 4 + te" 4 + e" 4 

y 2 = -cie 4 - c 2 e~ 4 - te -4 

26. homogeneous equation^! ■y^sll-fe- ^-^11 22»l3)- 4 
4- y P = ucost + vsint^. if-JL %SLt£ 
y p = [cost - sint, 0] T 

[0 4 1 
4 Q 4 eigenvalue^- 4, -4 

zj-44 eigenvector^- [1, -1] T , [1, 1] T 
y p = u + vt + wt 2 Jf-JH. ^sfll- 
y p = [-l_8t 2 ,-4t] T 
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3. SYSTEMS OF DIFFERENTIAL EQUATIONS .PHASE PLANE, QUALITATIVE METHODS 



•yjHUr yi = cie- 4t + c 2 e 4t - 1 - 8t 2 
2/2 = -cie~ 4t + C2e 4t - 4t 

28. det(A - AI)=A 2 - pA + q=0<i*\ saddle o]eJ. 

4-5- -f;LS] -y^reigenvalue-i- 7 r *!4. 
Ai 0 



A = P 
A 2 =P 



A? 
0 



A 2 
0 



A| j 



p-lo|o.S. A 2 £ 



p = tr(A 2 ) = A 2 + A 2 > 0, 9 = det(A 2 ) = A 2 A 2 > 
0, A = (A 2 + A 2 ) 2 - 4A 2 A 2 = (A 2 - A 2 ) 2 > 0 °1<H 
-*] unstable node. 

29. p = Ai + A 2 = -1,9 = A X A 2 = -12 olaisaddle 

30. ^SiJfl S)5.ofl^ 5/7idt + /i -h=0 
Jp-ifl* S|5.*1<H / 2 -/i + f/ 2 = 0 

tg^S) eigenvalue- 1, -4 
z]-z]-S] eigenvector [1, -4] T , [4, -l] T °|;EL£. 

4 

-1 



1 






-4 




- C2 


Cl = - 


-\,C2 


_ 1 
— 3 



31. SIS-oJ-H «(/i - /a) + i/i = E 

JF-SW a|3-<HM - /i) + £ / Hdt = 0 
■f-tH *l* »]*«IM ^e]=r<d 

1 = *-{('i-ft),r 2 = -f/i+(f-^)/ a +f 

s]3.3 ^*lf-l- mi** HW-M* 

7J = -§/i + §/ 2 + 169 sint 
I 2 = ~\h ~ T /2 + 169sint 
A=|j^ | ^3 ]^ e ig envame "& ~ 5°|j1 eigen- 
vector^ [1,-1] T «m- ^oicf. 

(A + 5I)u = [1,-1] T °J u* [f,0] T 
;ze].H..5. homogeneous equations] *y «V«fl- 



J = c i [ \ ] e-5< + C2 ( 



t + 



5 1 
2 

0 



Jp = [-19cost + 62.5sint,6cost-f-2.5sint] T 
°J«r*(|^r 

/l = (ci +c 2 t+ fc2)e -5 ' - 19 cost + 62.5 sin t 
I 2 = -(ci + c 2 t)e _5t +6cost + 2.5sint 
/i(0) = ci + fc 2 -19 = 0 
/ 2 (0) = -ci + 6 = 0 3.S.^ci ~e,c 2 = 32.5 

32. -g^l 31s] formula^ ^°]$ ^ *lf~& ^°J«r* 

/J = -O.l/i + 0.1/ 2 + 10, 7 2 = -O.l/i - 0.9/2 + 10 
9\ eigenvalue^ -0.1127,-0.8873 

2fz]-S] eigenvector^- [1, -0.127] T , [1, -7.873] T 
J p = us. -f-ja *-^Sfll- Jp = [100, 0] T . 

• USHUr /l = cie-°- 1127t + c 2 e-°- 8873t + 100 

h = -0.127cie-° 1127 ' - 7.873c 2 e-°- 8873< 
2.7)i^l ci = -101.6, c 2 = 1.64 



33 - Vi = -IBofi + Too^ 2 
»2 = ifo^ 1 - loo f 2 

HJ-^-M* ^3 eigenvalue^- -0.03,-0.15 
eigenvector^ [2, 3] T , [2, -3] T 

■UlMfc- Vi = 2cie-° 03t +2c 2 e-° 15t 
t/ 2 = 3cie- 0 03t -3c 2 e- 015 * 

yi(0) = 2ci + 2c 2 = 0,t/ 2 (0) = 3ci - 3c 2 = 90 
= 15, c 2 = -15 

34. A = J s] eigenvalue^- ±i 

z]-z}-S] eigenvector £ [1, i] T , [1, -i] T 



[! 



e H + c 2 


1 




— t 



Cl + c 2 


cos t + j 


ici — ic2 


sin f 


ici — ic 2 




-Cl - C 2 





°.S.t e ] homogeneous equation S] UHi^fl-fe- 



y = A 



cost 
— sin t 



+ 



'[ 



sint 
cost 



Undetermined coefficients method; 

y p = u + vtS. f-* 

y p = v = Au + Avt + [t,0] T ojas. 

Ul = U2 + V2t + t,t) 2 = — Ul — Ult 5. -r-E] 

v 2 = -i,m = «2 = 0,m = l, y p = [1, -t] T 



Variation of parameters method; 
homogeneous equations] basis-fe- 



cost 




sint 


-sint 




cost 



[cost sint _ T t 1 
- sin t cos t ' S ~ [ 0 J 



cos t - sin t 
sint cost 



U = /o Y ""Wo[ 

/' [" t cos t "1 _ I" t sin t 4- cos t - 1 
0 [ tsint j — [ — t cost + sint 
_ y u _ [ cos t sin t I" t sin t + cos t — 1 
y p — u — _ smt cost ! -tcost + sint 
_ I" 1 - cos t 1 _ I" 1 
_ [ -t + sint J _ [ -t 



Diagonalization method; 

As] eigenvector?]- \ j , 1 ^ 



[cost 
— sint 



o}2-3. 



X = 



1 1 
i —i 

, - v-i 



•H t)]*H x-'AXt 



4- -a^|5.D = X- 1 AX 



i 0 
0 -i 



z = X-'yS. ^Jl y = Xz,y' = Xz'f- •g-^-^i ^ 

oJ«r^ Xz' = AXz + g 

X-!-f- o^^Hl z' =Dz + X- 1 g. 

g 2 [ 1 i J L 0 J 2 [ t j 
*l*fliS.*<>l*'azi=iai + |, z' 2 = -iz 2 + | 
o]4 zi,z 2 °l] tfl-^J <y*]- linear equation-f- ■f-'d, 
(z' 1 -izi)e- it = (zie- it )' = |e- it 
(z' 2 + iz 2 )e" = (z 2 e")' = |c" 

/t 1 
-e _, 'dt = -(it + 1) 



CHAPTER3. REVIEW 





it + 1 




1 




-it + 1 




-t 



z 2 = e~" = i(-it + 1) o| jels 

Hi y 

35. y 2 = 0, yi - y\ - 0 -§: f-^ critical pointy 
(0,0), (1,0), (-1,0) 

(o,o)<hm j/2 «yi 

A= ° J j ,g = — 1 < 0 °].E.S. saddle 

(1,0)°1M yi = j,! - is. -f-^ y 2 « -2yi 
T 0 1 1 

-2 0 >P = °>? = 2 > 0 °l— 5- center 

(-1,0) °)M-E. "r^r*!^ center 



36. 3/2=0,- tan yi = 0 •§■ ■f-'g critical point 
(nrr.O) (n-gr^J 5)5] ^). 
tan i = x + ^ + j|i 5 + •• • o|s.s. 
(n7r,0)<HH y'l = yi - n7rS 
y 2 = - tan yi = - tan yi w -yi 



0 

-1 



,p = 0,g = 1 > 0 °1:e_S. center 



37. -4y 2 = 0, sinyi = 0 ■f-'g critical point-fe- 

(2n7r,0),(7r + 2n7r,0) (n£ <y^5) ^). 

sinx = i - |r + ^ + • • ■ 

(2rMr,0)<4M fa = yi _ 2n7rS -f--g 

y 2 = sinyi- = sinyi w yi 

"0 -4 1 
! 0 ,P = 0,<j = 4 > 0 o]a_s. center 

(tt + 2mr,0)°lM yi - Vl - ( n + 2nrr)S -f-<g 
y 2 = sin yi = sin(yi +ir) = - sin yi ss -yi 
T 0 -4 1 
-1 0 ' 9 = ~ 4 < 0 °'— a saddle 

38. 2y 2 + 2y| = 0, -8yi = 0 critical pointy 

(0,0), (0,-1) 
(0,0)-HM y[ ft, 2y2 
0 2 
-8 0 



A = 



(0, -1H-H y 2 = y 2 + IS. -f-^ yi 
0 -2 " 
-8 0 



,p = 0,? = 16 > 0 o] u_s center 
-2y 2 

,q = -16 < 0 <>l°.s saddle 



Chapter 4 



Series Solutions 

of Differential Equations. 

Special Functions 



If a homogeneous linear differential equation has constant coefficients, it can be solved 
by algebraic methods, and its solutions are elementary functions known from calculus 
(e x , cos x, etc.), as we know from Chap. 2. However, if such an equation has variable 
coefficients (functions of x), it must usually be solved by other methods. Legendre's 
equation (Sec. 4.3), the hypergeometric equation (Sec. 4.4), and Bessel's equation 
(Sec. 4.5) are very important equations of this type. Since these and other equations 
and their solutions play a basic role in applied mathematics, we devote an entire chapter 
to two standard methods of solution and their applications: the power series method 
(Sees. 4.1, 4.2), which yields solutions in the form of power series, and an extension 
of it, called the Frobenius method (Sec. 4.4). 

The study of those solutions (and of other "higher" functions not discussed in 
calculus) is called the theory of special functions. Hence Chap. 4 will give the student* 
a chance to become familiar with some of the methods in this area. This will include 
a discussion of Sturm-Liouville theory (Sees. 4.7, 4.8) based on orthogonality of 
functions, an idea whose significance to mathematical physics and its engineering 
applications can hardly be overestimated. 

COMMENT. This chapter can also be studied directly after Chap. 2 because it uses 
no material from Chap. 3. 

Prerequisite for this chapter: Chap. 2. 

Sections that may be omitted in a shorter course: 4.2, 4.6-4.8. 
References: Appendix 1, Part A. 
Answers to problems: Appendix 2. 



4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS 



4.1. Power Series Method 



y = a 0 {l + 3x+£x 2 + ^x 3 + ^x i + ■■■) = a 0 e 3x 

2. y = ao + aix + a,2X 2 + 031 s + a\x* + ■■ ■ 
y' = a\ + 2a,2X + 3a3i 2 + 404X 3 -\ 

y 1 - ky\S-%. ai — kao, a 2 = ^ = \-a 0 , 

y = a 0 (1 + fcx + *£x 2 + |*-x 3 + ^x 4 + ••■) = "oe kx 

3. 2»HH fctH-i] -2°] 3^ 
y = a 0 (l-2z+^x 2 +<^x 3 + ^x 4 + ...) 



= aoe 



-2x 



4. y = ao + aix + 02X 2 + a 3 x 3 + a4i 4 H 

y' = a\ + 2a2X + 3a3X 2 + 4a 4 x 3 H 

(1 - x)y' = ai + 2a2X + 3a3i 2 + 4a 4 x 3 H 

— aix - 2a2X 2 — 3a3i 3 H 

y = (1 -x)y' o|u.s. 

ao = ai, ai = 2a2 — 01 , 02 = 3a3 — 2a2, 
a 3 = 4a 4 - 3a 3l • ■ • S.S. 43 

GO = = a 2 — 13 = • " • 

y = a 0 (l + x + x 2 + x 3 + x 4 + • • • ) = ^ 

5. y = ao+aix+a2X 2 +a3X 3 +04X 4 +a5X s +a6X 6 H — 

y' = ai+2a2X+3a3X 2 +4a4X 3 +5asx 4 + 6a6X 5 + -- 

2xy = 2a 0 x+2aix 2 +2a 2 x 3 +2a3X 4 +2a4X 5 + - 

y' = 2xy o] S.S. 0 = ai = 03 = as = ■ • • 
2 1 

12 = OO. 04 = 5O2 = 2 a 0. 

a 6 = fa 4 = 5tao, - - 5. 

y = ao(l + x 2 + |x 4 + £x 6 + • • • ) = aoe 1 * 

6. y = ao + aix + a2i 2 4- a3i 3 + a4i 4 + • • • 
y' = ai + 2a2i + 3a3i 2 + 4a4i 3 H 

(1 + xjy 7 = ai + 2a 2 x + 3a 3 x 2 + 4a 4 x 3 + • • • 

+ aix + 2a2X z + 3a3i 3 H 

y = (l+x)y' o|o.s. 

ao = ai , ai = 2a2 + ai , 02 = 3a3 + 2a2 , 

a 3 = 4a 4 + 3a 3 , • ■ • S-S. ^ 

0 = a2 = a 3 — ■ ■ ■ , ZLtf 5.3L y = ao(l + x) 

7. y = ao+aix+a2X 2 +a3X 3 +a4X 4 +a5X 5 +a6X 6 +- • 
y 1 = ai +2a2X + 3a3i 2 + 4a4X 3 +5a5i 4 +6a6X 5 + - 
Xy = aoX + Oil 2 + a2X 3 + a 3 X 4 + 04X 5 + • • 
y' = xy o| S-S. 0 = ai = 03 = 05 = • • • 



a 2 



a 6 = f q 4 



TjOo, 04 



8 3! 



ao, • • 



£+3 



y = a 0 (l + |x 2 + i fx 4 + i£x 6 + • • • ) = aoe5* 2 

8. y" =fcy >JJ-5g<S]; 

y = ao+aix+a2X 2 +a3X 3 +04X 4 +a5X 5 +a6X 6 +- • • 
y' = ai+2a2X+3a3i 2 +4a4X 3 + 5a5X 4 +6a6X 5 +- 
y" = 2a 2 + 3 • 2a 3 x + 4 • 3a 4 x 2 + 5 • 4a 5 x 3 
+ 6 • 5a 6 x 4 + • ■ • 



y" = ky °).E.3. *»Mh£- a 2 = |a 0 , 



a 4 



J02 



-ao, a6 = 



_ it 



04 = 



0.3 - ^a x , a 5 = 
^.ELsL y = a 0 (l + fx 2 + *fx 4 + f-x 6 + • • • ) 



6-5 

sV 3 

^-4 



_ Jfe 3 



6T a 0. 
Jfe 2 

° .6 . 



+ ai(x+^x 3 + ^x 5 + 



A: = 2 2 °J ^-^")3.S. 
y = oo(l + |(2x) 2 + ^ (2x) 4 + j, (2x) 6 + ■ • ■ 
+ 2J-(2x + £(2x) 3 + £(2x) 5 + ---) 
= ao cosh 2x + sinh 2x 

9. 8$ f-o|4^<fl-*i fe= -3 2o J ^-f°lS.S. 
y = oo(l - |(3x) 2 + ^(Sx) 4 - £(3x) 6 + ■ ■ ■ 
+ ^(3x-i ? (3x) 3 + i(3x) 5 -...) 
= ao cos 3x + ^- sin 3x 

10. y' = ao + aix + a2X 2 + a3X 3 + a4i 4 + • ■ • 



y" = ai + 2a2X + 3a3X 2 + 4a4X 3 + • 
y" = y'°)3.5- ai =00,02 = ^- = 500, 
°3 = ¥ = 5!°0' 04 = ¥ = 4 T a o,---S. -fei 
y' = a 0 (l + x + |x 2 + |fX 3 + ^x 4 + ■••) = aoe 1 
y = aoe 1 + c 



11. y = ao+aix+a2X 2 +a3X 3 +a 4 x 4 +05X 5 +a6X 6 H 

y' = ai+2a2X+3a 3 x 2 +4a 4 x 3 +5a5X 4 +6a6X 5 + -- 
3x 2 y = 3aox 2 + 3aix 3 + 3a2X 4 + 3a 3 x 5 + 3a 4 x 6 + -- 
y 1 = 3x 2 y o|£.S. 0 = ai = a 4 = 07 = • • • 

0 = a 2 = 05 = as = ■ • ■ , 03 = ao , 

a 6 = §a 3 = £a 0 ,a 9 = |a 6 = ^ao,--- 3. -fE-i 

y = a 0 (l + x 3 + ix 6 + |fX 9 + ■••) = aoe* 3 

12. &*H 8>ti #o|3).^oDAi fe = 1«1 

y = a 0 (l + |x 2 + ^x 4 + ^x 6 + ---) 

+ ai(x+ jfX 3 + ^-x 5 + ---) 
= ao cosh x + ai sinh x 

13. power series^ ^^-t SiS-^ formalti 

^M^l S-fe-ci- 



4.2. Theory of the Power Series Method 



1. y = X> n x n °lel--^d, 



— 2xy = — 2a n ; 



n + l 



^ -2a n _ix n 



y' = ^na n x n 1 = ^ ( n + l ) a n+lX n °\JL 

71 = 0 71=0 

y' = -2xy A »\3L?\^ 

ai =0,-2a n _i = (n + l)a„+i(n > 1) 5. ^-Ej 
S.-S- ai,a 3 ,a 5 ,---^- 0o|51 ^ 

SHH n = 2fc-l^-t|i°J*l.^, 



4.2. THEORY OF THE POWER SERIES METHOD 
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a.2k = -£°2(fc-l)(* > i)-S: n J-^4- 
0.2k = -jja2( fc _i) = (-E)(-/grr)o2(*-2) 

= (-i)(-sir)-(-|)H)«o = ^«o 

oo OO ✓ . \ k 

0 My=J2a2kX 2k = y £<>o { -=£-x 2k 
k=o k=o k - 

(-X 2 )* 



= ao 53 -"ir = a ° e 

*=o *• 

oo 

2. y = ^ a nX n , 

n=0 

oo oo 

3/' = Y, ""^""'Efe 53 (" + l)«n+l* n 
n=0 n=0 

oo 

x 2/ = 23 a "-l in > 

n=l 

oo oo 

(x - 2)y' = 23 na n x n - 2 23 (" + l)«»n+ix n 

71=0 n=0 

oo 

= 23 ( na n ~ 2(n + l)a n+1 )z n 

n=0 

(i - 2)y' = xy o| n.S. 2}- 7i|^-i-£ u|JiLSl-<d, 

- 2ai = 0, a n _ i = na n - 2(n + l)a n+ i (n > 1) 
4*1 = 0,a n+1 = "^"j-' Cn > 1) 

a 2 = ^ = -I a 0, as = = -jz-ao, 
a4 = to=0, «, = 4Sj=a = ^ao, 

•H y = a 0 (l - \x* - ±* + ^x* + fa* + ■ ■ ■ ) 

oo oo 

3. y = 23 a nx n , y = 23 «ini n_l 

n=0 n=0 
oo 

X!/' - 3y = 23 (" a " - 3a„)i n = k S. ^ 

n=0 

- 3ao = fc, na„ - 3a n = 0(n > 1) 
a^H-S. ao = a„ = 0(n ?4 3) 

y = —- + a 3 x 3 

oo oo 

4. y = 23 a " :c ' 1 . = 53 "a" 1 " -1 

n=0 n— 0 

oo oo 

x 2 y'=23 na " in+1 =E(" - iK-i* n 

n=0 n=l 
oo 

(l-x 2 )y' =oi + 23 ((n+l)a n+ i-(n-l)a„_i)x n 
n=l 

oo oo 
2xj/ = 23 2 a n x n+1 = 53 2a n-l*" 

n=0 n=l 

(1 - x 2 )y' = 2xy o| ^I^-l-ir a)ja«i-^ 

ai = 0,(n + l)a n+ i -(n-l)a„_i - 2a„_i(n > 1) 

4*1^ ai = 0, a„+i = o n _i(n > 1) 

y = a 0 (l + x 2 + x 4 + x 6 + • • • ) = 

oo oo 

5. 2/ = 23 a »* n . f' = 53 (« + l)a„+ix" 



y" = 23( n + 1 )( n+2 ) Q "+2^ n 

n=0 

y" - 3y' +2y = 

OO 

2J ((n + l)(n + 2)a n+2 -3(n + l)a n +i +2a n J X . 

n=0 

y"-3y'+2y = 0 °l5LS. 

3 2 
a n+2 = , „ an+i - ,_ , 1W _ — ^ra n (n > 0) 



n + 2 



(n + l)(n + 2) 
1 7 



02 — -ai - ao, a 3 = a2 - -ai = -ai - ao, • - • 

3 7 
y ~ a 0 +an + (-ai -a 0 )x 2 + (-ai -a 0 )x 3 + ••■ 

"J^tf-ELS. -f e]7j- »ia ^ 4 y = cie I +c 2 e 22; Sf 
4iM SJ-cf-Sr^ £ ^ 



6. y = 23 a n x n , x 2 y = 23 a„- 2 x n , 

n=0 n=2 

oo 

(4x 2 - 2)y = 23 (4a„_ 2 - 2a n )x" - 2(a 0 + an), 

n=2 

oo 

- 4xy' = -4 23 na„x", 

n=0 

oo 

f" = 23( n + 1 )(" + 2 K+2z n - 

n=0 

y" - 4xy' + (4x 2 - 2)y 
= 2a2 + 6a3X - 4aix - 2(ao + aix) 

oo 

+ H (("+ 1 )(«+2)a n+2 -4na n +4a„_2-2a„)x n 

71 = 2 

y"-4xy' + (4x 2 -2)y = 0o)n.S.a 0 =a 2 ,ai =a 3 , 

_ (4n + 2)a n - 4a n _ 2 
an+2 — ; — r (n > 2). 

(n + l)(n + 2) v - ; 
bo-b l!bk+1 = (2fc + 1)(2fc + 2) (fc>l) 

6 2 = ifco, 6 3 = |r&o, ■ ■ ■ » < ^^ I +- 
-y^s. b k = ^^-g- 

-I-t^; 4*7^15. a 2fc+ i = c fc s. 
co- Cl ,c t+1 - (2fc + 2)(2fc + 3) (fc>D 

C2 = |co, 63 = ^CO, • • • * <H ^4- 

^.elH.S.y = a 0 (l + x 2 + £ + !?• + ••• ) 

+ a 1 (x + x 3 + |^ + ^ + ...) 
= (a 0 +aix)(l+x 2 + ^- + |^ + - • ■ ) = (ao+aix)e x2 

OO OO 

7. y=53a n x n , y" = 53(n + l)(n + 2)a n+2 x n . 

n=0 n=0 

00 

y" + 4y = 53 ((n + l)(n + 2)a„ +2 + 4a„)x n 

71=0 

y" + 4y = 0 °]3.3., 
-4 

(n + 2)(n + l) 
n = 2k ^-f ; 
a 



n(n-l) 



— 4 —4 
a "— 2 _ n(n-l) (7i-2)(n-3) a "- 4 
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4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS 



= ... = !=*£. 



ao 



fc=0 A:=0 



: ao 



*=o ( 2fc ) ! 

"^7^1 S. n = 2fc + 1°] ^-ffe a n = l=gH- ai o]s. 

oo oo 
E°2fc+lS 2 * +1 =ai E 



M)* x 2k +1 



2 j^ 0 (2* + l)! l2xJ - 2 
rL 5)5.5. y = a 0 cos2x + ^-sin2x 



8. y = 

71 = 0 

(l-x 2 )y" = jr ((n + l)(n + 2)a„ +2 -n(n-l)o„)s" 
(1 - z 2 )y" - 2xy' + 2y = 

OO 

E ((n+l)(n+2)o B+2 -n(n-l)o„ -2na„ +2a„)x" 

n=0 

(1 - x 2 )y" - 2xy' + 2y — 0 ols.5. 
(n + l)a n+2 - (n - l)a„ = 0 (n > 0). 
13 = |oi = 0 0 = a 3 = a 5 = • • • 

no] *H"J 

n — "~ 3 fi „ — n-3 ti-5 „ 
_ n-3 n-5 1 -1- _ -1 



n-1 n-3 3 1 



a 0 = ^rr a o 



JLi\ y = aix + a 0 (l - x 2 - |x 4 -y ±x 6 + • • • ) 

OO oo 

9- 2/= E a » tTl ' 2/' = E( n + 1 ) a "+i* n 



n=0 



n=0 



y' = ky o|S.S. (n + l)a„+i = fca„,a„ = — a 0 

n! 

°° fen oo LT. 

n=0 n=0 
oo oo 

10. y=Eant n , !/" = E( n+1 )( n + 2 K+2« n 

a n 



n=0 n=0 

y" = y °|.E-5. a n+2 = 



(n + l)(n + 2) 
no] ^o|^ a n = no) ^o|^ a „ = ^ 

y = a 0 (l + £ + £ + •••) + ai + £ + 

= ao cosh t + ai sinh t 

oo 

11. y = E a "* n > 

n=0 

oo 

(* + iy = E ( na " + ( n + ^n+of 1 . 

n=0 

(tH-l)y' =y+t+l o|n.S. 
ai = ao + 1, ai + 2a2 = ai + 1, 
na n + (n + l)a n +i = a n (n > 2) S. ^-S] 
n-1 n -2 .. n - 3, 

On = ^~ a "-! = ( )( — j> n - 2 



a 2 = I o| s. JLa„ = (-I)"" 2 1 (n > 2) 
2 n(n — 1) 

oo 

y = a 0 + (a 0 + l)t + E^ 1 )" ~7 TT*" 

y = ao(l +t) + t+ E^-E^ 

nT 2 ^2 " 

=M1+t)+w f:^ + E ( " ir+lr 

£=S n_1 n^2 " 

oo 1 oo . 

= o 0 (i+t)+i e^- 1 )" „ tn +E( _1 )" „*" 
= o 0 (i + t) + (t + i) E(-ir +1 -V 

n^l " 
= a 0 (l + t) + (t + 1) ln(l + t) = a 0 x + x In x 

12. y = ao + aix + a2X 2 H , y' = ai + 2a 2 x H 

£ + 1 = ^ + ( ai + l) + a 2 x + --- 

y' = i + oi = oi + lo|H°> 

13 - l^e i l=(^)T = ^T->0o 1 u i 
|x 2 | < oo, ^ |x| < oo 

|x-3| 2 <3, # |x-3| < V3 
16 - |^| = 1 °l^|x 4 |<l, ^|x|<l 

17. 1^1 = ^1 = ^0,^ 
|x 2 | < |fc|, ^ |x| < Vifci 

| °m+l |_ (2m+l)! _ 1 .„„,„ 

I Qm I - (2m+3)! — (2m+3)(2m+2) ^ u I— i 

|x 2 | < OO, # |l| < OO 

19- 1^1 = ^ = 1 °1^I- 2 I < f , * 1*1 < v/§ 

20. Vl a m|= v^if" = m -+ oo °|2.S. T f "i^-c 0 

21. VKJ= = 5 
|x-x 0 | 2 < 2, ^ |x-x 0 | < V2 



22 - ( a ) eI = E h 

» T m-1 oo . 

(-")' = E^ = Efr^ 

TTl=l V y S = 0 

~ T 2m 

cosx = ]T(-i)"- 

m=0 



(2m)! 



(cosxy = E(-ir 



_2m-l 



(2m - 1)! 



= E(-d s+1 



4.3. LEGENDRE'S EQUATION. LEGEND* RE POLYNOMIALS P„(i) 
2s+l 



(2s + 1)! 



i 00 

m=0 
m=l 
m=0 



= |> + l)x*. 

oo ,s 

£(£l)x*°|H 



s=0 fc=0 



(b) cosh x + sinh x = 

~ x2m ~ , 2m+1 ~ jlB 

^'o( 2 " 1 + 1 ) ! ^o(^) ! 

(c) Series ->)1 -S-^'lV 7] ^^0)31 -s^<§. 

(d) Series^ ^7|uf bounded- 
ness-|- SeriesS.^ O.S.-T-E.-] n|*S. S.o]^r -3! 

S(s) = £(-1)- 

m=0 



-2] boundednessl- JIoIb^i^ S' = C, C" = 
-S«y-lr JL«|j1 ol-g-afl (5 2 + C 2 )' = 

2SC - 2CS = 0«j-|- i«H S J + C 2 
oj-i- iofo|: t!-4-^7l^-i- 74£ t) o-| 

C(s)7 r o^oj zero a7f 5a-§~§- 
Jill 4* 4a7)- Jio)- 4^^- T^jtj 

23. ^m + l-^oj^, f) (rn + lKm + 2) xm 

|°m+l |_ (m+2)(m+3) (m+l) 2 +l , -, , , . , 
I am |-(m+l)(m+2) (m+2) 2 + l X ' |x| < 1 

OO 

24. p^<] m + 2-fr ^-y^, ^ ( m + 2)(m + l)x m 



Ctm 



oo 



25. nrfl-i) m - tfl-y*^, ^ 



m J 



- (m + 1)! 

I a m+l |_ l (m+1 ) 3 n . . 

1-^-1=^+2 -> °> I 1 ! < 02 



(2m + 1)!' 

4.3. Legendre's Equation. Legendre Polynomials P n (x) 



1. n = 0°M, o 3+2 = -j^-jOa (s > 0) 
S = 2fe-l<y nfl, 

fl2 *+i = 1tt Q2 *-i = trrifef^-s 

_ 2fc-l 2fc-3 31„ _ ai ». v n 
~ 2fc+l 2lfc-l ' ' 5 3 Ql — 2fc+l ( K - L > 

2.3 y 2 (x) = x + £ + + ■ ■ ■ 

ln(l + x) = x - fx 2 + fx 3 - ±x 4 + ■ • • 

ln(l - x) = -x - |x 2 - Ix 3 - ix 4 o)2-3 

In i±f = ln(l + x) - ln(l - x) 

= 2(x+ix 3 +!x5 + ...) = 2y 2 (x) 

(1 - x 2 )y" - 2xy' = 0-Sr z = y' 3 ^-JL 
(l-«V-2** = 0, f = 

In |z|=-ln|l - x 2 | + c, V=T^r=f - rfe) 
f = f ln T+f + c l » V2^rC= -l,ci = 0oj -^-fo|o. 

2. n = lo]^, as+2 = i^l 0s (s > 0) 
s = 2A<a »fl, 

n , — 2^-1 - _ 2fc-l 2fc-3 _ 
Q2 *+ 2 - 2*+T a2 * - 2fc+12l^T a2 *- 2 
_ 2fc-l 2t-3 ... 3 1 ^ _ -ap 

ZL^2.3 yi(x) = 1- ^- ^- ^- ... 

3. 7i - 2m > 0">1 mi tfl«)|x-ln]. summation-!: ^ ^ 
4- m* #<H, n = 2»]^ m = 0<y «fl ^| j^x 2 ^ 



4. P 3 (x)» 

(1 - x 2 )F^' - 2xP.; = (1 - x 2 )(15x) - x(15x 2 - 3) 
= -30x 3 + 18x = -12(f§x 3 - if x) = -12P 3 

5. ^»}^ summational -H summation T-jjE. m 

oo 

»fl-*J s + 2* tfloj-sj-'d X) m ( m - i^x™- 2 = 

771=2 

oo 

^(s + 2)(s + l)a s+2 x s 7V ^-f- ol*^, 3(b)-i)-i- 
■a* ^ 514- 

6. (ll)o)H -^^)!'# 0«i °^«r^ 

(x 2 -i)" = £(-W ^ )(x 2 r— . 

<te n ' ' \ m ) dxn 

= jr f M (2n - 2m)(2n - 2m - 1) 

771=0 ^ ' 

(2n-2m-2) ••• (2n-2m-(n-l))x 2 "- 2m - n 

= TT(-l) m ( " A (2n-2m)! 2m 
\ ™ J (2n-2m-n)! 



m!(n-m)! (n - 2m)! 



(2n-2m)! jn _ 2m 
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4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS 



= 2 n n\P n (x) 

7 . 

<ij/ ,tfx , d 2 y 2 

"Mir ".HP-Hl t« 0 J^ 

(a 2 _ a 2 t 2 )4§ - 2ati ^ + 12y = 0 
at- 1 a at 



(l-t a )§-»^+12y = 0 



.dy 



dt 2 ' dt 
n = 3°J Legendre equation 

y = eiP 3 (t) + c 2 yi(t) = ciP 3 (f ) + c 2 yi(|) 

H7l^ yi £ p206 (6)o)H n = 3o] 3-f S] ^) 

= ^ (6 • 5 • 4x 3 - 3 • 4!xj = |(5i 3 - 3z) = P 3 (x) 
9. p206 (4) ol| 

I _ (j-n)(«+n+l) j f i 
I a, I - («+2)(s + l) ^ ' 

10. (a) <>]*) page208 (ll)-lr °1 -g-*fl Legendre polyno- 
mial o| ^3j-^ ; 

(n + l)P„+i(i) - (2n + l)xP n (x) + nP n _ x (i) = 0 
(n + l)P n+1 (i)+nP„-i(i) 

= "A 1 , l)m (T 1 + l)(2n+2-2m)!x"+ 1 - 2 "' 
^0 2"+ 1 m!(n + l-m)!(n + l-2m)! 

+ n £ ( _i) m - l < 2 ' l - 2 - 2m ) ! «"" 1 " 2m 

TT1 = 0 



= £ (-i) 

mssO 



2"- 1 m!(n - 1 - m)!(n - 1 - 2m)! 
2(n + 1 - m)[(it + l)(2n + 1 - 2m) - 2mn) 



2" + 1 m!(n + 1 - m)!(n + 1 - 2m)! 
• (2n - 2m)!«" +1 ~ 2m 
= f' ( t) m (2" + 1)(2" ~ 2m)! „ +1 _a m 
^ 2»m!(n-m)!(r.-2m)! 1 

= (2n + l)xP„(x). 

- . » =EW (*) 



Vl — 2xu + u 2 



n=0 



f^o) Fn0 , ^sj.^ oj-i^ «to|31t+. 

(*)£] o 0 t^^. uS . ol^i 1 - 2xu + u 2 -!: 

OO 

vi-TJ + ^ = g 0 nF """" 1(1 - 2i " +u2) - 

(*)# ^d*!^ us] powers, ^eltf^ 

OO OO OO 

X £ F„U n - ]T Pn-iu" = + l)^n+lU n 



n=0 



n=0 



- 2x ^ nF„it n + J2(n - l)F n -m n 
(ra + l)F n+ i - (2n + l)xF n + nF„_i = 0 



u = (Mr tfl-y*^ F 0 (x) = 1 = P 0 (x),(*)l- 
*M u = 0-1- tfloj^ Fl(l) = x = Pl(l)o]£I 
F n = P n (n>0)°14- 

(b) (13)-i]o)| u = n/r 2 ,x = cos 0-1- cfloj. 

1 



(c)x = lo|ig (13)^-]s) 



1 -u 



n=0 

P n (l) = 1- 

1 °° 

x=-i°i^ (i3)-4]£] - — =y;(-i) n t 1 "o| 

l+U n=0 

35. Pn(-l) = (-1)"- 

1 °° f — 1 \ 

P2n+l(0) =0o|S 



p 2n( o) = (7) = 



(-§)(-§)•••(- 



_ 13-5---(2n-l) 
^ ' 2"n! 
(d) (a)S] ^°2^*i %2i. 

11. u = (l-x 2 )?5. ^-JLy = uv,y' =u'v + uv',y" = 
u" v + 2u V + uv" ♦ -q oi| tfl <y ^ a\ e| ^-^ 

(1 - x 2 )W + {(1 - x 2 )2u' - 2xti}i/ 

+ {[n(n + 1) - + (1 - x 2 )ti" - 2xu> = 0. 

H7H1 (1 - x 2 )u' = -mxu, (1 - x 2 )u" - 2xu' = 
-m(u + x=^F)* tfloj^ o^.g^ uSi 
(15)1- oj^ ^ SM. 

4^- ?]^3s. o]^ ^4* f-f^K . 

"F(x) = (1 - x 2 )u" - 2xu' + n(n + l)uf- m»l v] 
^rt[^ (1 - x 2 )( U ( m ))" - 2(m + l)x(u( m ))' 

+ [n(n + 1) - m(m + l)]u( m )o|4. » 
m=0oj ^|^. xg-oj*] ^o)ji m oj „,) ^^ 7 i ^-o|^, 
F (m+1) = {(1 _ x 2) (u (m)y/ _ 2(m + 1):r ( u (m)y 

+ [n(n + 1) - m(m + l)]u( m )}' 
=(1 - x 2 )^"^ 1 ))" - 2x(u( m ))" 
- 2(m + l)z(«( m + 1 >)' - 2(m + l)(u( m >)' 
+ [n{n -f 1) - m(m -f l)]u< m+1 ) 
= (1 - x 2 )(u< m + 1 ))" - 2x(m + 2)(u( m + 1 ))' 

+ [n{n + 1) - (m + 2)(m + l)]i t ( m + 1 ) o] 0.5. 
^^l-c- ^"Itr- ^-e]°-5. Legendre equations) 
«H iio)| tflSfl u ( m )-g- (15)5] ^°lcf. 

12. Pi = (1 - x 2 )5P{ = 

P 2 l = (1 - x 2 )5P^ = 3xvT^2" 

P 2 = (1 - x 2 )P% = 3(1 - x 2 ) 

P 4 2 = (1 - x 2 )P^' = |(1 - x 2 )(105x 2 - 15) 



4.4. Frobenius Method 



1. p,g7\ x=x 0 ol|A-] analytic oj n)) ( ojulsj^.^. Power se- 
ries method-^ y" +py' + qy - 0 1 ?] •y-^-4]o|| l Frobe- 
nius method-c- (x -xo) 2 y" + (x-xo)py' + qy = 0°] 
^^^ofl ol-g-^Jcf. Power series methodo]|^ sfls] 
^^-g- ^7fl*|-^ ^x = xoolHi P: gS] 7\7* 



-S: singular pointy*! £| ^e]jn4^. 3.4. o.b|£.S. 
xo = 2<H|a-| ^7)| s].^ ^^«j.7j^ singular point lZr 
^l-s| ?]e| 1 icf^- 3.c|- 



4.4. FROBENIUS METHOD 
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2. x + 1 = tS. Jp-ig t 2 y" + V - y = 0 (Euler-Cauchy) 
r(r-l)+r-l = 0|f'ar = ±l 

yi = x + 1,3/2 = (x + 

OO 

3. y = x r "mi m »l ^ 

m=0 

x(l - x)y" + 2(1 - 2x)y' - 2y = 

OO 

52 (m + r + l)(m + r)a m+1 x m+r 

m=-l 

oo 

- Yl ( m + r )( m + r - l)OmX m+r 
m=0 

oo 

+ 2 J2 (m + r + l) arn+1 x m+T 

m = -l 

oo oo 
-4j2(m + r)a m x m+T - 2 ]T a m x m+r . 

m=0 m=0 

summation^] ^ m = — l-yn(|,r(r — l)a 0 + 2ra 0 = 0. 
r 2 + r = 0 o] jd 3.r = 0, -l(^^4°l) 

^Sjsfl «fl ; r = 0"i «H, 

(m + l)ma m+ i - m(m - l)o m + 2(m + l)o m+ i 

— 4ma m - 2am = 0. 

(m + l)(m + 2)a m+ i - (m 2 + 3m + 2)a m = 0 
o]e.Sl o m+ i = a m (m > 0) 
:x<H S.S. y\ = 1 + x + 1 2 + 1 3 + ■ 



i 

l-x 



««;r = -l<y «fl, 
m(m - l)a m+1 - (m - l)(m - 2)a m + 2ma m+ i 

- 4(m - l)o m - 2a m = 0. 
m(m + l)a m+ i - (m 2 + m)a m = 0 o| o_s. 
Om+i = a m (m > 1) 

S. JL y = i (oo + an(l + i 2 + x 3 + • • ■ )) 

Vi^ linear independent o]z_£_ 2/2 = j 

r = 0, -lo] ^*Ho|u.3. ^ 

*H ^l^l- ^bJ?D sfls). linear dependent -y ^ °lc|. 
n.El'd, 2^-1^3] reduction of order»J->y •§- o]-g-^| 
2/2* ^«fl°>tr4- 

OO 

4. y = X r ^2 OmX m iL^ -f-^ 
m— 0 

oo 

4xy"+2y'+y=4 ^ (m+r+l)(m+r)a m+1 x m+r 

m=-l 

oo oo 

+ 2 ^ (m + r + l)a m+ ii m +'-+ £ a m x m+r . 

m=— 1 m=0 

summation^ m = -l<yn)|,4r(r - l)a 0 + 2ra 0 = 
0. # 2r 2 - r = 0 o)o. £. r = 0 , 1 (jg«^7 r o).i-j) 

4(m + l)ma m+1 + 2(m + l)a m+ i + a m = 0 

a " l + 1 = ~(2 m +2K2m+l) am ( m - °) 



= cos \/x 

■f-SH sfl; 2# l^g reduction of order 

P= ^>-/p^x = -f lnx 

i , i 

t/ = 



COS 2 y/x y/x COS 2 y'x 

/* 1 f 2dt , _ 

« = / -p 5— ^dx = / — — (y/i zr tJi]^-) 

J Vxcos 2 -^ 7 cos 2 t ' 

= tan t = tan yfx. OitfZ-sL y 2 = uj/i = sin */x 
00 

5. y = x T ^2 amX m -f-^ 
m=0 

00 

xy" + 2y' + xy= 52 (m + r + l)(m+r)a m+ ix m+r 

m=-l 

00 00 

+2 £ (m+r+l)a m+1 x m +'-+^; a ra _ x x m + r . 

m=— 1 m=l 

summational^ m = -l<yn)),r(r- l)o 0 + 2ra 0 = 0. 
a 0 5^ 0 o]o_s. r 2 +r _ 0<1) |^ r = 0,-1 (^^jtr) 

m = 0<y 2oi = (Hi 

(m+l)mo m+ i+2(m+l)a m+ i+a m -i = 0 (m > 1) 
0, *r 0 = 01 = a 3 = a s = • ■ - 



0-2k 



(2*+l)! 



°£ 0 (2fc + l)! x^ 0 (2fc + l)! X 

= — sinx. naj£.5.t/i = 

x x * 

•^tiH «fl; 2^- 1^ reduction of order o|^- 
P= f ,-fpdx = -2Inx 



7 sin"' 



-dx = -cotx 



j/2 = uj/i = - cotx 



sin x cos s 



x x 
t-2xs. ^ ^ - V ^ - !„» 



at- 1 at 

, — sint _ Sin2x _ cost _ cos 2x 
H l — t ~ 2x ' y2 ~ t 



2x 



7. y = x r J2 a m x m 2-2. ^ 

m=0 

xy" + (I - 2x)y' + (x - l)y 



= J2 {m + r + l)(m + T)a m+ iX m+r 
m=-l 
00 

+ 52 (m + r + l)a m+1 x m+r 
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- 2 jP (m + r)a m x m+T 

m=0 

OO OO 

+ ^ a m -H m+r - 52 «" 



m = -l^nfl.r^ - l)oo + rao = 0,r = 0 

771 = 0°,} afl , ai _a 0 =0o]2. 
(m + l)ma m+ i + (m + l)a m +i - 2ma m 
+ a m _i -a m =0 (m > 1) 

(m + l) 2 a m +i - (2m + l)a m + a m _i = 0 
(m + l) 2 o m +i - (m + l)a m — ma m + o m _i = 0 
(m + l){(m + l)a m +i — a m } = ma m — a m -i 
6 m = ma m - a m _i°|e)- -T-^,(m + l)6 m+ i = b m 
h = 0 °lS-S.6 m = ma m - a m _i = 0 

dm = 



l—JE-am — m . 



El™ 
ml 



m=0 



■f-Si^fl 2# 1=| reduction of order o|-g- 
p = A — 2, — J pdx = — In x + 2x 

77 — lm+2i _ 1 

e 2 * 

u = J-dx = \nx n.i\E.g- j/2 = «J/i = e 1 Ins 

OO 

8. y = x r a m x m 2-3, ^ 

m=0 

xy" + 2(1 - x)y' + (x - 2)y 

OO 

= ^ (m + r + l)(m + r)o m+ ix ra+r 

m=-l 
oo 

+ 2 52 (m + r + l)a m+1 x m+r 

m=-l 
oo 

-2 52 (m + r)a m x m + r 

771=0 

+ £ a m _ 1 x m +'' -2J2 a m x m+r . 

771 = 1 771=0 

m = — 1 «y wfl ,r(r - l)a 0 + 2ra 0 = 0,r = 0,-1 

««; r = 0«J H, 
m = 0°J 2ai - 2a 0 = 0°1jl 
(m + l)ma m+ i + 2(m + 1) flm+i — 2ma m 
+ o m _i - 2a m = 0 (m > 1) 

(m + l)(m + 2)a m+ i - 2(m + l)a m + a m _i = 0 
(m + 2){(m + l)a m+ i - a m } = ma m - a m _! 5. 

yi = a 0 52 — r = a ° eJ: 

m=0 

■t-SH 2^- 1*1 reduction of order o]-§- 
p= | - 2, - /pdx = -21nx + 2x 

[/ _ _5_ e -21nx+2i _ 1 
e 2x 

/" 1 1 e x 
u= —dx = IL^B-S. y 2 = uyi = 

J X X X 



9. x + 2 = ts. ■f-'d Euler-Cauchy equation, 
yi =x + 2, y 2 = (x + 2)- 1 

10. x - 1 = ts. -f-'d Euler-Cauchy equation, 
yi = (x - l) 2 , y 2 = (x - l)- 2 

OO 

11. y = x T 52 a m x m ^ 

771 = 0 

2x(x - l)y" - (x + l)y' + y 

oo oo 

= 2Y^{™+r){m+r-l)a m x m+T -2 ^ ( m + 

771 = 0 77l = -l 

OO 

r + l)(m + r)a m+1 x m+T - (™ + r)a m x m+r 

771 = 0 

OO OO 

- 52 (m + r + l)a m+1 x" l + r + 52 a m x m+r 

77l = — 1 771=0 

m = -1°J -2r(r - l)a 0 - ra 0 = 0,r = 0, | 
^SJ^ «fi; r = 0«jn)| 

2m(m - l)a m - 2(m + l)ma m+ i - ma m 

- (m + l)a m+ i + a m (m > 0) 

- (m + l)(2m + l)a m+ i + (2m 2 - 3m + l)o m = 0 

(2i7i-l)(m-l) , . ... 
a -+l = (77i+l)(2m+l) a '"( m > °) 

oi = a 0 , 0 = a 2 = a 3 = • • • , yi = 1 + x 

2(m + i)(m - i)o m - 2(m + |)(m + |)a m+ i 

- (m + |)a m - (m + |)a m+1 + a m (m > 0) 
(m + |)(2m + 2)a m+ i = (2m 2 - m)a m (m > 0) 
0 = ai = a2 = a3 = • ■ ■ , y 2 = y/x 

oo * 

12. y = x r 52 1mX m iLS. •f-'g 

771 = 0 

OO 

xy"+y'-xy= 52 (»Ti+r + l)(m + r)a m+1 x m + r 

77l = -l 

oo oo 
+ 52 (m+r + l)a m+1 x m+r -52 a m - lX m+r . 

m=—l 771=1 

m = n)|,r(r - l)a 0 + ra 0 = 0, r = 0 

m = 0<y nfl ai = 0«) j;, 

(m-f-l)ma m+ i -f-(m-r-l)a m+ i -a m _i = 0 (m > 1) 
° m + 1 = (m+i)^ 0 " 1 - 1 

*^r*^ 0,^*^ a 2fc = ^a 2A _ 2 (fc > 1) 
^r-d a 2fc = (fc > 0) 

OO 

^s/ 2 + y 2 - ^^2 

l 00 

= xyi'lnx + 2y' 1 - yi - + >" m(m - l)« m i m -' 
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1 °° 

+ yi In i + t/i- + y mamX™-' 1 



m—l 

oo 

— xyi In x — ^ a m ^ m+1 

= Sw +ai+4a21 

CO 

m=2 

= 0, xs] 1 + 4a 2 = 0 

mo] 3H^o]i3 (m + l) 2 a m+ i - a m _i = 0 ol£_S. 
0 = ai = 03 = 05 = ■ • ■ 
m = 2k - 

(m + l) 2 a m+ i - a m _i = - (2 ^, )2 (fc > 2) 

S. . _ a 2fc-2 4fc IL ^ ol 

"2* - j2kW ~ (2fc)2(2>=fc!)2 ^ 2 2 ) 

a 2 = -i "4 = ^-^ = -^ 



' 6 2 (233!) 2 — 6^4? 
J/2 = yi In I - \x 2 - ^X 4 - e^-x 6 + ■ • • 

13. Euler Cauchy equation yi = x 2 , j/2 = £ -3 

00 

14. y = x r a m x m <L2. -f-<g 

m=0 

x 2 y" + x 3 y' + (x 2 - 2)y 

OO 

= 53 (m + r + 2)(m + r + l)a m+2 x m+r+2 
m=-2 

00 00 
+ (m + r)a m x m +r+ 2 + £ a m x m+r + 2 



m=0 



m = 0 



-2 £ a m+2 x m+ '-+ 2 

m=-2 

m = -2°J ofl,r(r- l)a 0 - 2a 0 = 0, r = -1,2 

«S;r = -11) a|, 
m = -1-y o)| -2ai = 0°]JL 
(m + l)mo m +2 + (m — l)a m + a m — 2a m +2 
= 0(m > 0) ^e|4« «m+2=- (m _ 1 ^ m+a) a m o|o 
5. 0 = 02 = 0.4 — ae = • ■ • 
y = x- 1 {a 0 +a 3 {x 3 +J2%L i b k x k )} 
a 3 = OILS. yi=x- 1 

■T-Si'S 2# 1^ reduction of order o|-g- 
P = x, - fpdx = -\ 



[/=x 2 e -- =:c 2 E i. ( _- )t = E 



2 .« ( _ 1)fc 



*=0 



i=0 



2*fc! 



-2fc+2 



u = [lldx = 'y — r— 
•> fc =o 2fcfc! 



(-1)* 



-2*+3 



2 fc Jfc!(2fc + 3)' 

_2fc+2 



^2 fc A:!(2fc + 3)" 

OO 

15. y = x r 53 "■mX m S-Su ^ 
xy" + 3y' + 4x 3 y 

CO 

= ^ (m + r+l)(m + r)a m+ ix m+r 



+3 53 (m+r+l)o m+1 x ra+r +4 a m _ 3 x m+r 

m=-l m =3 

m - nfl r(r - l)a 0 + 3ra 0 = 0, r = 0, -2 

r = OH m = 0,1, 2<y nflfe Zj-zJ- 
3a 1 = 0, 2a 2 + 6a 2 = 0, 6a 3 + 9a 3 = 0. 
(m + l)ma m+ i + 3(m + l)a m+ i + 4a m _ 3 = 0. 

• 3 ™+l = - (m+3) 4 (m+D am - 3 ( m ^ 3 ) 

Q4t+4 = - (2J fc +3) 1 {2fc+2) °4fc( fc > °). 

(-1)* 
°« = (2*+l)! a ° 

w = £) ±jji. a 4fc _ x - 2 v> (-1)* ^a^t+i 



= x 2 sin(x 2 ) 



^(2* + l)! tX j 



8(1; 2# 11 reduction of order o]-§- 



p = I , - / pdx = — 3 In x 

sin 2 (i 2 ) i 5 ^ sin 2 (i 2 ) 



/" xdx 1 f dt 1 , 

u= y^) = 2y^ = -i cot( ^ 

y 2 = uyi = - -x -2 cos(x 2 ) 
16. (a) x(l - x)y" + [c - (o + 6 + l)x]y' - aby 

OO 

= 53 (m + r + l)(m + r)a m+1 x m+T 

m=— 1 

CO 

- 5Z ( m + r )( m + r - l)OmI™ + ' 
m = 0 

OO 

+ c 53 (m + r + l)a m+ ix m+ ' - 
m=-l 

OO CO 

-(0+6+1) 53( m + r ) a ™ i7 " +r -° 6 51 a m^ rn+r - 

m=0 m=0 

m - 1°J m , r(r - l)a 0 + cra 0 = 0 S-S.^ 
r\ = 0, r2 = 1 — c. 

n = 0°J «fl ; 

(m + l)mo m+ i - m(m - l)a m + c(m + l)a m+ i 

- (a + 6 + l)ma m - a6a m = 0 (m > 0). 

(m + l)(m + c)a TO+ i - (m + a)(m + 6)a m = 0. 
c # 0,-1,-2,- . o]^ 

(m + a)(m + 6) 

(m + l)(m + c) 

(a + m)(6 + m) (a + m - 1)(6 + m - 1) a -6 

a m _|_i = . . . ao 

(m + l)(c + m) m(c + m — 1) 1 • c 

ao = 15.fam> lJf Ej 

o(o + 1) ■ • • (o + (m - 1))6(6 + 1) ■ • • (6 + (m - 1)) 

a m ~ — 

m!c(c + 1) • ■ • (c + (m - 1)) 

ae)H.5. (16)s) ^41- -^^4- 

(b)oM- 67f 3^o].xj am ^- oj^ 7 |.«.E]- O o| 

ff | (m + a)(m + 6) 

Om (m + l)(m + c) 
^Sr^* |x| < 1. 
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4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS 



(c) F(-n,b,b;-x) 

(-n)(-n + 1) • • • (-n + m - 1) 



m! 



(-*)" 



n(n - 1) ■ ■ ■ (n - (m + 1)) 



m=l 
oo 

m=l 

nxF(l — n, 1,2; x) 

= n X \l + ±^-^ 2 -^< m - n K^ 
I ^ m!(2 + m-l) 

= 4 nln " 1 t 2 ' 1 )| (B " ml ( - l)m+ ' 

=— E( m n +1 )(-r +1 

=-£(;)(-*r=i-d-*)- 

arct an x=x - ^ + ^ -£?■ + ••• =xF( \ , 1, f ; -x 2 ) 
arcsinx = x + ^x 3 + ^x 5 + £^x? + ■■■ 

ln(l+i) = x-^ + ^-^ + --- = xF(l,l,2;-i) 

In £§=2(x + £ + £ + • • • )=2xF(| , 1, |; x 2 ) 

(d) r 2 = l-c«l^ (a)s) ^3H<H1 mtfl-U m + l-ct- 

(m + 2 - c)(m + l)a m+ i 

-(m+l-c + a)(m + l-c + 6)a m = 0 (m > 0) 
-t- "iU n = 0°] ^-ffl^ c,a,6t)|-a 4 

zj- 2 - c,o - c + 1,6 - c + 1°) ^-fsf ^£.5. 
y 2 = x 1_c F(a - c + 1,6 -c+ 1,2 -c;x). 



(e) x = ^ — T-ol'd, 
t 2 - ti 

dy _ 1 dy d 2 y _ 1 d 2 y 
dt ~ t 2 -tidx' dt 2 ~ (t 2 - ti) 2 dx 2 ' 
(t - ti)(t 2 - ti) = x(x - l)(t 2 - ti) 2 , 
Ct + D = C[(t 2 - h)x + ti] + D. 

(t - ti)(t - t 2 )^f + (Ct + D) J + Ky 

= x(x-l)^ + (Cx + ^)^ + Ky. 
dx 2 i 2 - tj dx 

aai^S. (15)<HM + P = Ct c = a + b + l, 



17. c= |,a= \,b= io] ^-foUc?!-^^^)-^^ 
*i 16^ yi,2/ 2 7l- basisojcf. 

j/ = ^F(i,|,i;x) + Bx5F(f,l,|;x) 

= A(l-x)-5+BxiF(| ) l,f;x) 
W*) n -J- f-xHH-b 16(c)Sl ^4* °l-§-Sl>4-) 

18. c = 3,a = 2,6 = 2o] ^-fo] 0.5. yi = F(2,2,3;x). 

°H*l n J 16(d) ^ 
(m - l)(m + l)a m+ i - m 2 a m = 0 (m > 0) o] 0^5. 
0 = ai = o 2 = 03 = ■•• y 2 = x ~ 2 . 

yi-t -t-IV*!-, y 2 -fe- -24 o|o.s. yx.^^. linear inde- 
pendent basis o]cf. 
ae]S.S. y = AF(2, 2, 3; x) + Bx~ 2 

19. c= i, a = -2,6=1°] ^-fol^- 

S/ = AF(-2 > l,i;x) + BxlF(-f ) | 1 l;x) ^ 
= A(l - 8x + fx 2 ) + Bxl(l - x)f 

20. c= i,o = -1,6= -2<y ^-folcj- 

y = AF{-1, -2, |;x) + Bx5F(-I, -f , |;x) 
= A(l + 4x) + Bx^F(-I,-f,|;x) 



4.5. Bessel's Equation. Bessel Functions J u (x) 



1. 1/= |,y = A7i(x) + BJ_,(x) 

2. A x = 2 ,y-A| >y » = A 2 g 



y = A7„(z) + BJ- u (z) = AJ v (\x) + BJ-„(\x) 
(U7\ <M 4) 



3. * 2 ^,y'= 2x^ = 2^(2^ 
y = AJi(x 2 ) + BJ_i(x 2 ) 



,d 2 y 



l dy 

2y/x dz ' 
1 dy 1 d 2 y, 



1 + 1 rf 2 y 



ixy/x dz 4x dz 2 
dy 



- d Z 2+Z i + (z2 -^ = 
y = AJi (y/x) + BJ_i ( v^) 



5. 9z(2^ + 4z-|) + 18z^ + (36z 2 - 16)y = 0 
dz dz 2 dz 

y = AJ|(x 2 ) + B7_j(x 2 ) 

4z 3 dz 4z 2 dz 2 2z dz 4 



dy 
'dz 



4.5. BESSEL'S EQUATION. BESSEL FUNCTIONS J„{*) 



7. y - v/r 2 ,y' - yl ,_(u"x-u')x-3(.^'x-2-u) 

u" x 2 — 4u'x+6u , 5u / x— lOu . u n 

X 2 u" + xu' + (x 2 - 4)u = 0 



U = -/2(x), y = X 2 J 2 {x) 



8. y = uv/x,y' = u' v / i + 
y" = u"Vi + " 



u 



\fx AXy/x 



*VVi + ^-^) + I(x + fWx = 0 

1 du . 1 d 2 u 



X 2 u"+Xu' + ±(x-±)u=:0 



, 1 du 

Vx = z,u = — — — ,u 



+ 



ixy/x dz 4x dz 2 

-)u = 0 



2y/x dz 

4 , 1 du 1 d 2 u z du 1 2 

Z \4z3 dz \~z 2 dz 2 ' + 2dz' + 4 {Z 
„d 2 u du , 1, 

2 V + ^ + (Z -4> = ° 
u = A Ji (v/x") + BJ_ i ( v^) 

y = ^{A Ji (v^) + BJ_ i (^/i)} 

3. y = xiu, y' = jxTTu + x§u' 
y" = -fx^u + \x~£u' +xiu" 
81x 2 y" + 27xy' + (9xf + 8)y 
= -18x5u + 54xf u' + 81x3u" +9x5 u + 27x3u' 

+ (9xl +8)xiu = 0 
xV'+xii' + (ixf - i)u = 0 

1 . i _ 2 du ,, 2 _du , ,d 2 u 

2 du 1 , d 2 u z du , , , , „ 
-9 Z dI + 9 2 , tf + iS + ( *' 2 -£)" = ° 



,d 2 u 



du 



- d^ +a d^ + (z2 -^ = ° 
u = AJi (xs) + BJ_i(ii) 

y = x i {AJ± (xi ) + BJ_ i (x s )} 

10. y' = 3x 2 u + x 3 u',y" = 6xy + 6xV + x 3 u" 
x 2 u" + m' + (x 2 - 9)u = 0 
u = J 3 (x), y = x 3 J 3 (x) 



11. (25)51- (27)ofl S\n v}3, ^34- 
2m(-l) m i 2m - 1 °° 



12. J 0 (x)= £ 



o 22">(m!)= 
(_l)m+l 2 .2m+l 



= ( _ irg 2,-i 
j^, 2 2m - l (m - l)!m! 



XJ o 22m+i m!(m + 1)! - J iW 
13. (xJi)' = x7 0 , xJj + Ji = xJ 0 , J( = Jo - x- 1 Ji 



14. |521±L| = 



2 im+ "m!(n + m)! 



2 2m + 2 +"(m + l)!(n + m + 1)! 

0 (m -> oo) 



2 2 (ro + l)(n + m + l) 
15. (26HH i/ = l«y nfl J 2 (x) = 2X- 1 Jj(x) - J 0 (x) 



16. (12)°1M 2*)-*J-^|n)- J 0 « l _ 0 .25x 2 

17. (26H Sjsfl 

^s(x) = ±J 2 (x) - Ji(x), 7 2 (x) = § J x (x) - J 0 (x) 
** 3tt4s] J 8 (x) = - l)Ji(x) - 4 J 0 (x) 

18. (12)5] -?-tH3^r<Hl-*1 #4 * 4°I3 3. 7 |o) H | 7 j. 
s2(m+l) /2 2(m+l)( (m+1) ,)2 ^ ^ 

I 2m/ 2 2m( m! )2 ~ 2 2 (m+l) 2 °' — 

S.0<x<2-a«H^m = 0-t-eI mtfl^ol^.^L 
^B-S. Leibniz testHl 4*lM 0 < x < 2°J nfl-fe. 
IJ'o(x) - 1| < x 2 /2 2 (l!) 2 < lo| os. J 0 (x)^. <g=^o] 

4-1- 2 < x < 8°J nflir m = 1°J nfl^-E-l JE^^o] 

2 2 4 6 

|7 ° (2) " (1 ~ 2W + 2W" - 5W' 

l J o(VS) - (i - ^~ + ~^ - pgjjJI < 

^g^ol^xi J o(2 ) fe .^oU Jo(V8)-& *^o| 

4- 

0.32.3. 7 0 (x)£] zero^ 2S]- n/84»H $r*t 

19. (25)^>H "-I"! i.Cx-^-Dj,,-!)' = -i-("-i)j„ 
(26)«fl £)s« J„_i = x-"( x "J v )' = ux~ l J v + Jl 

(vx-"^ + x—+ 1 Ji)' = -x-("-i)j v 

- u 2 J v + ^xJj, + (-1/ + \) X J' V + x 2 J'J = -x 2 J u 

x 2 J'J + x Jl + (x 2 -u 2 )J u = 0 

20. J 0 S| zeroA).o|ofl^. Rolled ^e]Hl S)«fl J 0 *= OH 
«»1 (25)<H| s]^i J 0 = -Jxolns. Jo*\ 
zero 4°H^- Ji^ zero7)^ ^<HS. «fi-t ^^-cf.cf 
-§• B r*7 r xls (24)<H| m*H (xJi)' = xJ 0 o|3. 
zJi(x) = 0 Ji(s) -: Oolos. (^(o) = o°J) 
JjS) <g4=-^ zero4°H]fe xJ 0 (x) = 0°] ^o] 

t+. 7i(0) = 0°|J! Ji^ H#=} zeroAfolo] ^ojo^s. 
°]3€-0*)o] oH4- 0.e)J5-S. ol^l]^ J 0 (x) =0°] 
4. 

21. x7f » 0 t^o|^ J n ( x ) = 04 x ±Il J„(x) = 0£- 

J n S\ zero 4°1»11^ Rolle s]€S[ {x- n J n )' = 

0°J ^^.4. (25)<fl (x—J„)' = 

-x- n J n+1 o|D.s. J n+1 ( x )=0o] ^o) ^.xfltV 
4- "i'lS. J„+iS| zero 4°H^r (24)ofl o)s)| 
(x" +1 J n+ i)' = x" +1 J n °lJ5.3. J n = OS] ^o) ^*fl 
t]4- rL^as. J n s) o]^^J zero 4oHtt J n +i^] 
zero7 r ^ 44s] §-*Ht]4- 

22. o]-S-4s! (24)^Jo| 34. 

23. p)«-4^ (25)^o| 34. 

24. (27)4] o] 34. 

25. / J 3 (x)dx = f J x {x)dx - 2J 2 (x) 2A,v = 2) 
fJi(x)dx = -J 0 (x) +c (-£-4 23,1/ = 0)o]H.S. 
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4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS 



/ J 3 (x)dx = -J 0 (x) - 2J 2 (x) + c 

26. / x 2 Jidx = x 2 J 2 +c (-g-^ 22,f = 2) 
/ xJ 0 dx = xJi+c (5-4 22,f = 1) 

/ x 3 Jodx = f x 2 (xJo)dx = x 2 (xJi) — 2 J x 2 J\dx 
= x 3 Ji -2x 2 J 2 + c 

27. / J s (x)dx = f J 3 {x)dx - 2J 4 (x) (-&*!] 24,i/ = 4) 
/ J 3 (x)dx = -Jo(x) - 2J 2 (x) + c ($4 25) 

/ Jsdx = -Jo{x) - 2J 2 {x) - 2J 4 (x) + c 

28. (a) JjMfl ^ #<S*1 W(x) = pg(L - x)o\jl x% 

3 4-8-*Rr 3-3^3 #3 T$ ijMl 

VK°]4- 

^"S-**) S^U-Sr %%ts) 

ws\ ^4. ubIs-S. #e]TS!}. tMI ws] T9\ 

^r^^-g-; ^(x) = Wtanfl* = Wu x 

7\ x% o)s).°] ^-g-sRr taojc).. (0^ cable 

°W 4-8: Ail" -$4*}^ Ax«fl 4-8-4^ D 
F(i)-F(i + Aa)«AxF,: = Ax(Wux)x 
2<tI*M 

pAxutt = Ax(Wu x )x -§• "Sfe4- 

U tt =ff[(L-x)Ux] I . 

x^44 ^1*I 0 J i^sis-s. 
u(x,t) = y(x) cos(oit 4- S)S. -t- 1 ?!, 
tt tt = — w 2 y(x) cos(o;t + <J), 

g[(L-x)u x ] x = g[-y' + (L - x)y"] cos(o>t + 5) <■] £. 
S. (L-x)y"-y'+A 2 y = 0, (A 2 = u, 2 /g) *J^4. 



(b) s = 2\s/L^i 5. -f-^, 
dy 
ds 



da 2 



v = 0o] Bessel 'J^'Mol 2. « = 0°J «tj (xj=L°J «J) 
•d^-o] OS. y(x) = Jo(s) = J 0 (2wy/(L-x)/g). 
x = £H l i 7^*4.) 

(c) 1/(0) = 0 010.5.70(2^^^79) = Ool^o): # 
4- 3-^2-2- w-fe Iwyfhjgy} J 0 £\ zero7 r Sj-fe- &o] 

<H« r tf4. 

2uiy/L/g~7\ J 0 °) ^a}*)! zero (°f 2.405)7)- 5]^- uHl 
^4 yf- ^^"il normal mode, if-»m zero7|- s]^- 
wH] ^4 yl- ■T-Sl'fl normal mode, •• ■£)■ tr^r- 

normal mode S\ ^.iHs.^; 

X7f 0<HH>H £*r*l 2uy/(L-x)/g^r 
Jo*\ ^^"fl zero 2.405ofl-<-i OiS. ^4i«J-o.S. 
Fi g 103 -a) aeH^-HMi 2.405»1|^ O^ols) 2.0^ 
(^/^^^^l^<^l =-^7-1^ f#7-lHV) a)^).cf. v}% 7 \ 
-f-HH normal modes) nsflsfe -T- u J'fl 
zero»fl^ 0a1-o|£) S.°}3\- 

cables] Zl<>]7\ 2 meter<y ^1 ^Si'fl normal modes) 
frequency -fe-; 

^ = i^fe = ^= 0 - 424 ^/-] 
n r^7 r ^lS. IOmeter cabled afl-fe- 0.19 [cycle/sec] . 

29. u"v + 2u'v' + uv" + p(u'v + uv') + quv 

= vu" + (2v' +pv)u' + (v" +pv' + qv)u S-S.^- E) 
dv vcLx 

2v' + pv = 0, — = — — , t) = exp(- 1 / pdi) 

Bessel «J-^-iHH p = \ °\2-Zx - e~i lnl = x _ 5 
„„» + („» + !„' + (! 

= x-iu" + (|x-§ -|x-i + (l-^)x-i)u^0 
I V' + (i+x 2 -i/ 2 )u = 0 

" = I *a "H. «" + u = 0 

u = A cos x + £ sin x, y = ^ (A cos x + B sin x) 
(29)(30)S) ^3f4 11*1*4. 



4.6. Bessel Functions of the Second Kind Y v {x) 



1. i/7|- ^^n«il 7J.O- J n s\- J_ n -g- linear dependento| 
SLS. First kind Bessel^-^S.^- basisl- °rl- tl 
t+. rLsfl^i Second kinds] Bessel Function Y„-§- 

Jn^r X = 0^ -S^o);^ Y n £ X = 0<>1|^ 

2. n = 5, y = AJ 5 (x) + BY 5 (x) 

3. 5x = z,y' = 5^,y" =25^| 

422 S +4 'S +(4 * 2 - 9 ^= o 

y = A7| (5x) 4- BJ_ 3 (5x) 

4. y = uy/x,y l =u'v^+-^=, 

2^1 

y" = K"Vi+ " 



v'x 4x-v/x 



u"v/i + 



+ XUy/l = 0 



xV + xv! + (x 3 - |)u = 0 

o 1 , 1 du ,, , _ 1 du d 2 u 

5X2 = Z,U' = 12 — ,ti" = 5X 2-p+I — 

B C* U O U,U. o 

+ X i — — +X2 — + (x J 



3 

, 3 du 



2 ' 12 dz 



dz" r 
d 2 u a du 

dz 2 dz 
d?u du 

dz 2 " 



dz 



dz 2 



J)u = 0 



(H 2 ^ + (D 2 -i + ((H 2 -|)=o 



d 2 u du 



2 ^ + 2 dI + (z2 -^ = o 

u = AJ|(|xf) + BJ_|(§x§) 

y = v^(A7i(|xl) + By_i(|xl)) 



5. u"y/x + 



+ x 2 UtJ~x = 0 



sfx 4xv^x 

x 2 u" + xu' + (x 4 - \)u = 0 

, du „ du , d 2 u 
|x 2 = z,u' = x— ,u" = — 4-x 2 -^ 
dz dz dz" 1 



4.6. BESSEL FUNCTIONS OF THE SECOND KIND Y u (i) 



,d 2 U 



, du 



, d 2 u du , „ , , 



dz 2 ' dz 
y = v^(AJi(|x 2 ) + B./_i(§x 2 )) 



" = A/i(±x 2 ) + BJ_ 1 (fx 2 ) 



6. u "^+?---^— + k 2 xuy/x-=a 

y/X AXy/X 

x 2 u" + xu' + (fc 2 x 3 - ±)u = 0 



, d 2 u . a du 



ffexi u'=;ts* ^ , „«= i te- i *i + * 2 x^ 

dz ' 

a du 



dz dz- 2 dr 4 ' 



dz 



dz 



dz 2 
, d 2 u du 



dz 2 



+ z _ + (z 2 -I)u: 



y = V5(AJj(|fci§) + BJ_j(|A;xf )) 

7. u"V5+ 4= - tA= +* 2 ^ 2 «v^ = 0 
VI 4xvx 

x 2 u" + xu' + (fc 2 x 4 - |)u = 0 
ifcx 2 = z,u' = (ci^.u" = fe^ + fc 2 x 2 - d2u 



dz 



dz 



* 2 x 4 p± + 2kx 2 + (* 2 x 4 - i)u = 0 
dz 2 dz 47 



dz 2 



, d 2 u 



du 



~ dz 2+Z ~dI + (z2 -& U = 0 
u = AJ^{\kx 2 ) + BJ_i (|fcx 2 ) 

y = Vx(i4Jj (|fcx 2 ) + BJ_ i (ifcx 2 )) 

8. u"V5+ ^= - — ^= + fc 2 x 4 u,/x" = 0 
Vx 4X-V/X 

x 2 u" + xu' + (A: 2 x 6 - |)u = 0 
ifcx 3 = *,«' = fcx 2 ^,u" = 2kx^+k 2 x^ 



dz dz 

k 2 x 6 ~ + 3kx^ + (Jfc 2 x 6 - i)u = 0 
dz 1 dz 4 

, d 2 u du , - 



dz 2 



<T4> = ° 

u = AJi(px 3 ) + BJ_^{\kx z ) 
y = ^(AJi(ifcx 3 ) + By_i(|jtx 3 )) 

9. y = i4u,j/ = IiXu + i4ii', 

y" = -^xiru+ |iTu' + i4 U " i- cfloj^, 
-^x«u+ |x4u' +x? u" + |x4u+ |xfu' 

xV' + x«' + t L(xi-i)« = 0. 
1 j du 3 du i _ a d 2 u 

, 1 du ,i d 2 u , du i , i , . 



16 " dz 
, d 2 u du - 



dz 



: 0. 



u = AJi(x5) + BJ_i(x?). 

4 4 

y = x4(^Ji( x i) + BJ r _i(xi)). 

10. y = x"u ) y' = i/x"- 1 u + x'V, 

y" = v{v - l)x"- 2 u + 2i/x"- 1 u' + x"u". 

f(" - l)x"u + 2ux v+1 u' + x"+ 2 u" 
+ (l-2 I /)(i/x"u+x"+ 1 u')+i' 2 (x 2 '' + l- I / 2 )x l 'u = 0 
x 2 u" + xu' + u 2 {x 2v - v 2 )u = 0. 



du 

dz ' 



4-S-, x" = z,u' = i/x 

U» =^-l)x- 2 | + (^-l) 2 g «. rfloj^, 

v{ u-l)x^ +V 2 x 2 ^ + VX ^ 
„ „ dz dz 2 dz 

+ I / 2 (x 2 " -„ 2 )u = 0. 
,d 2 u du , , 

u = A/^x^ + BY^x") 
y = x"(A/ 1/ (x , ') + By I ,(x 1 ')) 

11. Vb(x) = l(lnIx + 7 ) + o(x)->Jl- Jio)^.. 

page 230 (6)3) Y 0 A -HH ">x|^ summation # 
o(x)o|j», J 0 (x) = 1 + 0(x 2 )°\Z_3- (OQ 

*-»o x 'x-*o ^2 ' 

r 0 (x) = f[(lnf + 7 ) + 0(x 2 )(lnf + 7) + 

o(x)]S. ^ ^ 5d4. zL^cfl limxlnx = 0o]n. 

1-+0 



S. lim 

x-fO 



0(x 2 )(ln|+ 7 ) 



lim 

x-+0 



0(x 2 ) 



x(ln — h 



o,' 2 v "~ 2 

7) =^-0 = 0olH-<i 0(x 2 )(ln f +7) = o(x)ol4. 
n.t)B.2.Y 0 {x)= |(lnix + 7) + o(x)o|4. . 
^(lnix + 7) = 0<>J x# ^-«)-^ xwl.12 

12. y/2l(nx) sin(x _ i w ) = 0 »] ^-|- 
w/4 = 0.79, 5tt/4 = 3.93, 9tt/4 = 7.07 

13. Hl 1 ^ Hl 2) o] linear independent M.a]i£ 5} 
7(2) 



kHZ 1 '^, J v + iY„ = kJ v - kiY„. 



4- HP 

(K - 1)J V - (fc + l)iY v = 0. H*\ J v ,Y v ir linear 
independent o|S_S. fc - 1 = 0, {k + l)i = 0, JE.<£. 

14. /i(x) = 1— '+ 1 Jl{ix),I'^x) = -i-»J'J(ix)$ 
(ix) 2 J'J(ix) + {ix)J'„{ix)+{{ix) 2 -v 2 )Mix) = Oofl 

-x 2 (-i" , )/i'(x)+ixi''- 1 ^(x)+(-x 2 - I / 2 )i , '/,(x)=0. 
x 2 /i'(x) + xl' v {x) - (x 2 + v 2 )I v {x) = 0. 
(13)4J£ 5^3] (20) ^S.-t-e1 M-^-cf. 

15. I u (x)7\ r eal»J^ -g-^ 14<d (13) o. 3.JjMH <3-<d- 

a (13)*) »|| -h !/>-i-y «fl^-r(m + i/ + i)>ooiu. 

3. Tfl^rl-o) i^- «f^oH^j /„ > ooU zero^ Si-fe- 
*r^l D J: ^ < -1°J <1^- zero 7)- ojcj._ ^ 



♦ #H /_a°J H 
2 

_a 
x 2 

/ a = 



1 

X2 



2~fr(-i) 2*r(i) 
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X 2 



lim I_s{x) = lim , - 
x-»o+ 2 1-+0+ 2 _ ir(— |) 

W^wa r(-i) = -2r(i) = -v? < o) 

1 

X 2 

lim 7_a(x)> lim —r- = oo °] H *i 

x— >oo 2 x— »oo 25T( — ) 

J_3 (so) = 0°J ^ x 0 7 r €-*lltr4- 



°° x 2m - n 

= 2_ 2 2m-n m!r ( m _ n+1 ) 



2 2m -"m!r(m - n + 1) 

= E 22a+ „ (s + n)!r(s + 1) (m = S + n) 
^ x 2a +™ 

= £j 2 2»+"r(s4-n + i)s! = 

16. I-vA A°\5L homogeneous equation °| £.3. 



4.7. Sturm-Liouville Problems. Orthogonal Functions 



1. Case 3; 

r{a) = 0°\5L yS\ y'7\ x = cH)*) bounded £)H aI 
page236S] (8)«M ^-tiD #-£- 0°l;a -ti^HJ- 

« ( S ) U ) - •* «■»» 

y^(%m(6) - y^(%n(b) = 0o| = i (8)aj 
*H f-s. 0o|4- 

Case 4; Case 33)- »V*7V*|S. -d^H^^H 07> o r <d 
SHI- **<SM 0o] SM (8)S) 3><d*« #31- 

•f-SH *o| Oojcf. 

2. [r«^]' + (g+Ap)x! m = c{[ry^]' + (? + Ap)y m } = 0o| 
3.z m £ 4.71 2.3 (2)* y m 4 n r £7>*ljL 

3. o r =fl *^ 5>d<>)M Lo| loj ^ o. 

4. A = -!/ 2 (i/>0) <y 3-f; 
•J'iHIt^cie^+cje-'*. 
2/(0) = ci + c 2 =0, y(L) = cie vL + c 2 e~ ,/L = 



ci(e' 



= 0 0.5.^-61 Cl = c 2 = 0°\5-3. -§- 



=■0] eigenvalue^- g£4. 
A = 0°1 ^•f;°J«V^^ j/ = ci +C2X0U ^Tfli^i 
•i- li#*r^- C!,c 2 -fe- 0^-olH.S. 0-g- eigenvalue?)- oj. 

A = !/2 (i/>0)<y 

UtrSll-c- y = Aco&vx + Bsini/x 

y (0) = A = 0, y(L) = Bsini/L = 0.2.5.^ 

vL = 7T + nrr (n = 0, 1, 2, 3, • • - ) 

ILelSL5.A= ((7r + n7r)/L) 2 (n = 0, 1,2,3, ••• ), 

y„(x) = sin ((7r + mr)x/L) 

n ^ mo\ Ej-^, 

r iff V^Vrndx = f£ sin(7r + ri7r)i • sin(7r + m-K)tdt 
— ~ \ Jo cos (( n + "*)"■') _ cos (( n — Tn)irt)dt 
sin ((n + m)irt) sin ((n — m)nt) 1 1 



(n + m)ir (n — m)7r 

= 0 o]£.S. {j/n}€- orthogonal set. 



5. A: 



C\e" x + C2e~ 



y(0) = ci + c 2 = 0, y'(L) = uc x e" L - vc 2 er vL = 
vci(e vL +e- vL ) - 0^.S.-f E) ci = c 2 = 0o]^.^ 



■e-'r'U eigenvalue-g- 

A = 0°) ^-f ;°J«Vsil-fe- y = ci + c 2 x°lJL ^^]2.^J 
-§- ci,C2-c- 0^-ols.S. 0^- eigenvalue?)- o} 

Mcf. 

A = V 2 (v > 0)°J 7|-f; 

eS}=l)fe- y = Acosi/x + Bsini/x 
y (0) = A = 0, j/(L) = i/Bcosi/L = 0 0.5.^-E-l 
fL = | +nrr (n = 0,1,2,3,- •-) 
ae)P.5.A= ((f +n7r)/L) 2 (n = 0, 1,2,3, ■•• ), 
y„(x) = sin ((f + nn)x/L) 

n ^ moje)-'^, 

i /o 1, ynymdx = f£ sin(| + ri7r)t • sin(| + mir)tdt 
= — h Jo cos {(n + m + l)Tt) — cos ((n — m)irt)dt 
sin ((n + m + l)7rt) sin ((n — m)irt) 
(n + m + l)ir (n — m)n 



_ _i 

— 2 



; 0 {yn}-c- orthogonal set. 



6. 4,5»j3l- v\$:7\x]3. -§-^2) eigenvalue-g- S(c)-. 

A = 0°J ^-f ^Si*fl^y = ci+c 2 x°l;iL7j7!)i;a-g- 

^Ife- y = 1°1 €-^«4. 
A = i/ 2 (f > 0)<a ^-f ; 
■yxi^lfe y = Acosi/x + Bsinvx 
y(0) = y(2ir)S.^-^ A - Acos2ttis + Bsin27Tf 
y' (0)=y'(27r)S.-?-E) Bi/=-Ai/ sin 2irv + Bv cos 
^»1^<H1 A% ^H<^ B-t r--)s). 

^, A 2 + B 2 u = A 2 cos27ri/ + B 2 i/ cos 27ri/ o)^s. 

COS 27TI/ = 1, 27T!/ = 2717T (n = 1, 2, 3, ■ ■ • ) 

eigenvalue-g- A = n 2 (n = 0, 1,2,3, ••• ) »] 
31, eigenfunction -fe- n = 0°^ oil yo = 1, n^OQ v$ 
ym = cosnx, y„2 = sinnx -f-7 r xl -aj o| cf. 
2. ft" ymynidx = i /q 2 * sin2nxdx = 0°U 4,5«1 
4 "r^7 r 7-|S. n ± m-a ^ #^^4 1-^- ^ 
°L5. BrTfe- formula-!- °)-S-«)-^ eigenfunction-l-o| 
orthogonal-^-i- S.°i 

7. x = e\ % = e'y' = xy' 

at 

0 = (xy')' + Ax-iy = A(^) + Ae"*y 
ax at 

= + Ae-*y ^.S-^-E-) + Ay(t) = 0. 

Tin^s. j,( 0 ) = 0, ^(1) = y'(e)e = 0 °) o_^. 
at 



4.8. ORTHOGONAL EIGENFUNCTION EXPANSIONS 
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5»HM L = 1°) ^-fS)- 

eigenvalue-^- A = (| + mc) 2 (n = 0, 1, 2, 3, • • • ), 
y n (x) = sin ((f + nn) In |x|) 

8. j/ = e-'u, y' = e - x (u' - u). 

(e 2 V)' + e 2 *(A + l)y=(e*( u ' - «))' + e*(A+ l)u 
= e x (u' - u + u" - u') + e I (A + l)u = e^u" + 
e*Aii iLg.Jj'-tHu" + Au = 0,u(0) = u(n) = 0 o)u^s. 

4<>H L = 16) ^-f 5} ^t+. 
A = n 2 (n = l,2,3,---),y n (x) = e" 1 sin rax 

9. (i-ij/')' + (A + l)x- 3 i/ = 0 
z -1 !/" - x - V + (A + l)i- 3 y = 0 

x 2 y" - xy' + (A + l)y = 0 (Euler-Cauchy Eq.) 
4£«^m 2 -2m+(A + l) =0, m = l±v/=A. 
A=-i/ 2 (i/ > 0)U «H,«a«J-^|^ y=c 1 x 1 +" + C2X 1 -", 
y(l)=Ci+C2=0 >2 /(e)=cie 1+,/ + C2e 1 - 1/ =0 
ci=C2=0o|2.S. -S-=rS| eigenvalue-g- SJt)-. 
A = 0°J afl, <yH}*)lfe 3/ = (ci + c 2 lnx)x, 

= ci = 0,y(e) = c 2 e = 0°|.E..£. eigenvalue7 r 

A = i/ 2 (u > 0)<y «|, m = \±vi 

y = x[Acos(i/lnx) + Bsin(wlnx)], 
j/(l) = A = 0,y(e) = Bsini/ = 0 iS.JfE) 
f = 7i7r(n = 1,2,3, •■ ■) 

A = (n7r) 2 (n = 1,2,3, •••), y„ (s) = x sin(riTr In x) 

10. y'-i-o| example 12) eigenfunction-|-°|c}-. 
y"+Ay = 0,y'(0) = 0,y'(7r) = 0 

11- -S-^l 6S}s) eigenfunction-f-sf -frA^cf. 

y" + Ay = 0,y(0) = y(2L),y'(0) = y'(2L) 

12. A=-fc 2 (fc > 0)°J 3-f; HtVsflfcy^e^+cse-**. 
y(0) = ci + c 2 = 0, 

2/(1) + y'(l) = cie*(l + k) + c 2 e- fc (l - fc) = 0. 
ci 5* 0o|e^ e 2 * = ^f°Jcl| > 0o]s.s. 
1J14 3.JL l^cf JfoM o|^^. uJiE.sl.-fc- 

€-*H*r*l J-e)JB.5. £-^S) eigenvalue^ &;n. 

n|.$7fx|£. Oi eigenvalue?)- 
A = fc 2 (fc>0)°j ^-f; 

y = A cos fcx + Bsin kx 
y(0) = A = 0, 

2/(1) + 2/'(l) = B sin + Bk cos fc = 0 «.5.-f 
fc = -sinfc/cosfc = -tanfc. 

tanZL!))i-i- a-SfJi-d tanfc = -k S\ m^^ o^Sfl 
fcm-a- f + m7r + 8m (S m -» 0)°J-i- <£ ^ 514. 

13 ' I a l k yn(ct+k)y m {ct+k)dt = - f y„(x)y m (x)dx 
= 0 (cr + fc = x *]*) 



14. &A\ 13°fl-*) a = — tt,6= 7r,fc = 0,c = 7r°] ^-f 

15 ' f o Pn ( cose ) P ™( cose ) sinBd0 = J* Pn(x)P m {x)dx 
= 0 (cose = x ) 

16. (a) arccosx = y e)- sj-ig, cosy = x, (0 < y < tt) 
To = cosO = 1, Ti = cos(arccosx) = x, 
T 2 = cos2y = 2cos 2 y - 1 - 2x 2 - 1, 
T 3 = cos 3y = 4 co s 3 y - 3 cos y = 4x 3 - 3x. 
XJa = sin " = Vl-cos 2 y _ , 

Ul = ^M 5 = 2 sj^ L = 2Uox = 2x> 

U 2 = sin3 V _ sin 2y cos y+cos 2y sin v 

= C/iTi +T 2 C/ 0 = 4x 2 - 1, 

C/ 3 r s 'n4y _ sin3y cos y+cos 3v sin 1/ 

= t/ 2 Ti +T 3 U 0 = 8x 3 - 4x. 



arccosx = y , = dj , ^ 

/ij cos(n arccos x) • cos(m arccos x)/\/l - x 2 dx 
= Jo cos n V ■ c °s mydy = 0 (n ^ m-y n)) ) 

(b) L\ = e*(xe-*)' = e I (l - x) e -= : = 1 - x, 
L 2 = ^(x 2 e-)" = ^(2 - 4x + x 2 )e~* 

= 1 -2x + x 2 /2, 
L 3 = ^(xSe- 1 )'" = ^(6 - 18x + 9x 2 - x 3 )e~* 

= l-3x+|x 2 -|x 3 . 



d m 
dx m 



(x n e-*) = £ ( ^ ) (x n )W(e-*)<.*>- r ) 

r=0 ^ ' 
m 

e~ x a m x n - m = e -* ■ (^*o| osj nit)- tg-^) 



r=0 

dx r 



•(*"«-)|._o = °- 



= , lim ^5zl=o olo^ 



J( 



oHl HintHl <4Sr -r-^-^-S-*^, (fc < n«J «( ) 
/ 0 °°e-x*L n dx= ^/~x*£l(x» e -)dx 

— —A. r°°,.fc-l_Z ^n„-i\j 



dx" 

= --- = (- 1 )^/o°° 

' fin — k—1 



(x n e- x )dx 



= 0 



4.8. Orthogonal Eigenfunction Expansions 



1. Po,Pi,P2,--- ,Pn C {n4 polynomial} P B -f- 
■fr orthogonal 5.*) linear independent 
■Po.-Pi,^,--- ,-Pn-c- polynomial}^) basiso) 



4- nelii 70x 4 - 84x 2 + 302] Fourier-Legendre 
Series^ P 0 , P u P 2 , F 3 , F 4 s. o|-f-H ^lrf. 

70x" - 84x 2 + 30 = Zn=0 1nPn(x), 
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a„ = /2,(70x 4 - 84x 2 + 30)P n (x)dx. 

ao = 16, a2 = — 16, a 4 = 16. 

2. /(x) = -4P 0 (x) + 2Pi(x) - 4P 2 (i) + 8P 3 (x) 

3. /(*) = |Po(x) - ±P 2 (x) - Ap 4 (x) 

4. 1 = P 0 , x = Pi, x 2 = |P 0 + |P 2 , 

x 3 = f Pi + f ft, x 4 = ip 0 + ift + |>P 4 

5. cos f x?!- -f^, P 2i;+ i^ 7l^o)£.S. a 2fc+ i = 0. 
ao = ^ /l, cos fxdx Ri 0.6366, 

«2 = f /2i cos fx ■ |(3x 2 - l)dx « -0.6871, 
"4 = §/l 1 cosfx|(35x 4 -30x 2 +3)dx«0.0518, 
a 6 = ^ /2, cos f x ■ ^(693x 6 - 945x 4 + 315x 2 

- 15)dx » -0.0013, 



6. a 0 = \ /2, e I dx = sinh 1 = 1.1752, 

ai = |/l 1 e :c -xdx = |(x-l)e I |L ]l = 1.1036, 



(3x 2 - l)dx 



= f [(3x 2 - 1)6- 11,-6/2, xe*dx] 
= |[ 2 (e-e- 1 )-6(x-l)e-|l,] 
= 5 sinh 1 - tSe- 1 =0.3578, 



7 - a o = J /o 1 1<fa = ?. ai = f /o l 1 • x = \> 
a2 = f/ 0 1 x-|(3x 2 -l)dx=i 
a 3 = Z/ 0 1 x- |(5x 3 - 3x)dx = J (1 - 1) = 0 
a 4 = f /o x • |(35x 4 - 30x 2 + 3)dx 



~ T Jo 1 ' K 63a;5 ~ 703;3 + 15x)dx = 0 
a s = T Jo 1 ' 4l( 693z6 - 94514 + 315x2 - 15 ) dx 



8. /7> P 2 fc+i* 7l^°l^.S. a 2fc+1 = 0. 
/(x) = 0.5P 0 (x) - 0.9375P 2 (x) + 0.5273P 4 (x) 

+ 0.1333P 6 (x) - 0.4910P 8 (x) + • • ■ 

9. (c) a m = j2 ^ 2 ^ /q 1 xJo(a m ox)dx 



OmO-'l(<>m«) 



10. (a) ^SHJ He n+ i = xtfe„ - ffe^i -f^* r *r- 
He' n = [(-ir e 4£-e-4y 



d™ 

= (-l)"(xe-— e- 
= xi?e„ - He n +i- 



si si d n+1 * 2 , 
2 + e 2 — ■ e 2 1 



:z?H H.S. Hei = x, tfe 2 = x 2 - 1, 
f?e 3 = x(x 2 - 1) - 2x = x 3 - 3x, 
He 4 = x(x 3 - 3x) - 3x 2 + 3 = x 4 - 6x 2 + 3 

(b) e'*-£ = £~ 0 a„(x)i" .14, 



a„(x) 



r(e te -^)| t=0 



1 d 
n! dt" 



J e 2 



n!o„(i) = e^(-l)"^e-T : | z=i = He n (x) 

(c) ^(e (l -4) = ie^-^ 
ZLBlH-S. a' n = a„_i, ffe'„ = nife„-i 

(d) (a)s| 3*» Hen^- n4 <4^-H^ 

p(x) = e 2 o| j7 n > mo]^, 

/OO /-OO JTl 2 

pHe n He m dx = (-1)" / tfe m — (e~ T )dx 
— oo J -oo dX 

/°° d n ~ l x 2 

d n_1 - 2 



= (-1) 



n+1, 



He. 



m-l , - ; (e 2 )dx 
dx n_1 



(-1)" 



J -oodx"" 



: (e~ 2 )dx = 0 



(e) tfSM-fr(a) 

ff< = (xtfe„ - ffe n+ i)' = He n +xHe' n - He' n+1 

= He n + xHe' n -(n + l)He n 
3.^2.3. He'^-xHe' n +nHe n =0. 



,2 _ » 2 

"j/ + e 4 7/^-ltu + e t y' 

,2 



,2 



= -±w + \w + {-xy' +y")e~ * 

1 t 2 

iu" + (n + | - ix 2 )w = 0 

11. 4-^ 4^-7^ Theorem 1£] i7d-ir ^^-St-^ eigen- 
function-=r£- orthogonal^- ofi^e} complete«l- 
7|S. ^I-^t. complete orthogonal set {/n}-§- 'y^-^, 
<$S\2\ Series / = £a n / n °.iL ^7fl^ ^ 

Slfet-ll, SeriesS. ^fls]^ /♦ itrtr ^ < a(<4|* f-<H 

/s) ^4S°14 /# -f'a 7^ =1^^^) -I- ^& 

"H basis ^ /nt-itfltr ^"a^S. l-«fl*H 



CHAPTER4. REVIEW 



Chapter4. Review 



1. 4^N"i" power series4 44. ^ ^ 3 -°-.S.fe 
<?<£3- & ^i. Slul, ^*^o| a o.^ ^ 7r ^4. 
4**M.HLS. 3-=r4 -S-^rS] powers 7 r ^ ^ &7-| 
D J-,-g-T=4 -S-t 1 ^ powerf- seriesofl ^ ^ 5J4. 

2. Power series ££L 0 a n x n ^ ^3 4*1 s]£- x^r-£ *i 
33 3 Power series 3*J*I 0 J ^ 

3. 3Hr 4^r» J/ = 3- ^ * J 9'M* 
4*r 31^ onl-t- «<MH£ ^ Hh^-i- Power 
series method4 44. "l-S-HJ-^- 4 ^ Tfl^rf-ol «fl-*-i 
^o|^ ^u}^ 3)4.^ ^ 51- HMH-E.S -f.&4 
jl, S power series-^- 7|±4^ a] .2} 4^1 ^4 5. 
^4°l7l «fl*<Hi ^^0.5. zg^ ^ 4»|j $4. 
power series ~L 4^3 45. 4^ ^ 



* 7jr44 3£ 

#<H zeroEf-€-7f ^-71^ -J 



f) 



4. Bessel >g-^-i]o| Frobenius method-!- ^-l-4-fe ^.5. 
*)°l:n. -§^3.4 «fl°14- 

5. *U4 43 7fl^-& IS. «* «|, HJ"^*)^ ^^7 r *H 
-^ajo|^ «Ds. *0^^o|d_s. power series method -f- 
4-§-« <r Xlfeifl, *l*r4 «H^^o)^l #7-1 Xj^-f- 
■S-M* ^ s|-& 3i4-d, -§-^3 power-i- 
7|-4 power series-I- 4-8-4-c- Frobenius method-f- 

6. i/7j. ^°1<3 J-„4.2.S.fc basis* 41" ^ &4. 

7. ^f'ri 4^*1 power series°14- Legendre poly- 
nomial °| power series method £_ ^4^0(4. 

8. 1243 -°-S. (x 2 + ax + b)y" + (cx + b)y' + ky - 0 
°M 2/" 3 7fl^7 r ^is. 4* ^ ^£ 7 r ;§ nfl , o| 4*J 
•*13 hypergeometric functioniS. 3.4 4 *r 

sl4- 

9. indicial equation o| ;^4o|7]- o\\£ .!p-g-§- n)| 
HI- #o1 f4 *1*tA 4>d" Bessel 43*0, 3*r4°l 
°J 7 r *! «f| („7 r 4^0] Bessel 434), ^3 
5L 7\*i «fl ("7|- 00] Bessel ) 

10. 5={/o,/ 2 ,- - ,/n}3 %^#°] orthogonal «1-r4^ 
^!4- ^ /fc^s) *j-S-3h°iiL ^7} ^xj^j4. 

11. (ry')' + (9 + Ap)y = 04 TjTfliTj feiv(a)+fc 2 y(a) = 
0,hy(b)+l 2 y(b) = 01- ^4fe (y = 0o| oj.^) 
$7$-s[^ Ai}a«Sf ^-i\^r ^-4-1- Sturm-Liouville 
problem o)s)- tr4- °] problem «fl p»i| q]^) or- 
thogonal44- 

12. Legendre equation (1 - i 2 )y" — 2xy' +n(n + l)y = 
0-i- -^15. orthogonal P„«HMi no] 



n%-2\ -f^, no] n4£] 7l^o|i, 

Po.Pl, " ,Pn i: n*)- o|*|.o) xj^-^ jy^.o) basis 
°14- i> complete * r 7) nfl^-Hl Fourier-Legendre 
series Er=o°* p ^ i-g^^i-l- Si 
4- 

13. J„£] zerol-i- ai n ,a2n,a3n, ■ • ■ °1 4 4^, 

Jn(atlnX),J n {a 2 nX),Jn(a3nX),- • ■ f-g- ^Tj- 0 < 

x<l»Mp = xt^M! ifl^l orthogonal44. 

14. orthogonal set°] complete44"^ ( d^ L ^ a r'i-S- 
°l $tt£\ Fourier series^, i^^- ^ al4. 

15. Frobenius method <$*\ y = i'Em=o <lmX ' B - s 
f-Jl 4^°11 ^°J*t]^ <£°]7)^ Series<H| 

'4M4#3 *i<T =0' °J indicial equa- 

tion o]4 ^j.4. indicial equation^- -S-i^fil cflf- 7}- 
3 ^£ al4- H# t-H Euler-Cauchy ty-^-Sj) 

16. Euler-Cauchy eq. indicial eq : m 2 + m - 6 = 0 
m = 2,-3 yi=(x-2) 2 ,y 2 = (x-2)- 3 



17. y= ^ Qn x n , i/" = jr(n + l)(n + 2)a n+ 2X n . 

n=0 n=0 
1 °° 1 

y" + jy = ((" + x )( n + 2 ) a "+ 2 + z 0 *)*" 



n=0 



a " +2 = -4(n + 2)(n + l) a " ( " ^ 0) 
n = 2fc ^-f^- 

a " = 4n(n-l)°"-2 = 4 n (n-l) 4(n-2)(n-3) 

= • ■ • = i 3^r 0 o o]s.s, ^4*-s- Jt-d, 

E^ 2 * = aoE^r(|) 2fc -ocos f 

4%7)-7]5. n = 2fc + 1»J TjJf.- a „ = t=if£-ai°]2- 
S *^4*-l- i^, 

-.£^<!>— 

yi = cos f , y 2 = sin § 

CO 

18. j/= X! 0 " 1 ' 1 ' 

n=0 

y" + 4xj/ -(- (4x 2 + 2)3/ 

= 202 + 6a.3X + 4aix + 2(ao + aix) 
oo 

+ H (("+ l)(n+2)a n+2 +4na n + 4a„_ 2 +2o„) x n . 

n=2 

y" + 4xy' + (4x 2 -(- 2)y = Oo] 3.sL 
ao = — a2, a\ = —03, 

_ (4n + 2)a n + 4a n _ 2 . 

a " +2 -~ (n + l)(n + 2) ( ^ 2) - 

0.2k = b k s. tt, 

b 0 = - bl , b k+l = _(8fc + 2)6 t+ 46 fc _ l 

* +1 (2fc + l)(2fc + 2) 1 ~ ; 
b 2 = \b 0 , b 3 = - jfbo, - • ■ 1- <y ^4- 
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4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS 



^ £i yi = £(-l) fc ^x 2,! = e~* 2 

fc=o *• 
3-r#; a 2k +i = c k S, 

(8fc + 6)c fc +4c fc _! 
co = -c 1)Cfc+1 = - (2fc + 2)(2fc + 3) ( fc > !) 

SLJ?-^ c 2 = fc 0 ,& 3 = I- ^4- 

aefJE-.^ yi = xe - * 2 

19. Euler-Cauchy eq. indicial eq : m 2 — m + ^ = 0 
m=f.j yi = (x + l)«,y2 = (x + l)« 

20. 4.4^ 15SJ4 ^"U- 

21. v = \/Z 0 A Bessel eq. yi = J^(x),y 2 - J_^(x) 

22. 4.41J ^ 7»14 S-U. 

23. 4.4^ 6«]4 

OO 

24. y = 53 a m x m+r iLJL-^ 

m=0 

(x + l)x 2 y" - (2i + l)xy' + (2x + l)y 

OO 

= 53 (m + r)(m + r - l)a m x m+r+1 

m=0 

OO 

+ 53 ("* + »•+ l)(m + r)o m+ ii m+r+1 
m=-l 

- 2 £ (m + r)a ra * m+r+1 

m=0 
oo 

- Y, (m + r+l)a m+ ix m+r+1 

m=-l 

+ 2f> m x" l +'+ 1 + £ a m+1 x m+r+1 . 
m=0 m=— 1 

m = -HI «J, [r(r - 1) - r + l]a 0 = 0, r = 1 

e)| (r=l<y «H) ; 
(m + l)ma m + (m + 2)(m + l)a m+ i - 2(m + l)a m 

- (m + 2)a m+ i + 2a m + a m+ i = 0 (m > 0). 
(m 2 - m)a m + (m + l) 2 a m+ i =0 (m > 0) o] o ^ 
0 = ai = 02 = a3 = • • • °1 <H yi = x 

^ (x + l)l — X + l X 

U = ie-^ 1 = -i.e ln ( I+1 > +lnl = 1 + A 

x* X 2 X 

1/2 = yi / t/dx = x/ 1 + ^dx = x 2 + xlnx 

OO 

25. y = 5Z "mX m+r o.S.^ 

(x 2 + 2x)y" + (x 2 - 2)y' - (2x + 2)y 

CO 

= 53 (m + r+l)(m + r)a ra+1 x m+r+1 

m=-l 
oo 

+ 2 53 ( m + r + 2)(m + r + l)o m+2 x m+r+1 



53 a m (m + r)x m+r+1 

m=0 

oo 

-2 53 (m + r + 2)a m+2 x m+r+1 



m=— 2 



- 2 53 °" 



lX --r. -r. _ 2 ^ a m+ n" 

m—0 m~— 1 

m = -2-y nfl, [2r(r - 1) - 2r]o 0 = 0, r = 0,2 
^Sl^ «l ( r=2 °J nfl) ; 

m = -1U «H, 2a 0 + 12ai - 6a x - 2a 0 = 0o|ji, 
(m+3)(m+2)a m+ i +2(m+4)(m + 3)o m+2 +(m + 
2)a m -2(m+4)a ro+2 -2a m -2a m+ i = 0 (m > 0). 

2(m + 4)(m + 2)a m+2 + {m + l)(m + 4)a m+ i 

+ ma m =0 (m > 0) o]3.S- 
0 = ai — a 2 = fl3 = ■ • ■ °1 <H -M yi = x 2 

^■dH *H ; 

_ _ x 2 -2 _ , _ 2x+2 
" — x 2 +2x — x 2 +2x 

^ = xV eX P(/ x^5x" - = £ ((** + 2 *) e- *) 

= (x- 2 + 2x- 3 )e- 1 = -(x- 2 e- 1 )' 
y2 = yi fUdx = -e~ x 

26. /q" cos nx cos mxdx 

= \ fo cos ( n + m )x + cos(n — m)xdx 

Orthonormal set^- ^/f cos nx (n=l, 2 ■ ■ ■ ) 

27. f^ w , sin nwx sin mwxdx — — f sin nt sin mtdt 

= -jjj- cos(n+m)<-cos(n-m)fdt=0 (ra ^ m) 
Orthonormal set^g- ^/^sin nwx (n=l, 2 • • • ) • 

28. Legendre polynomial^ ^■T 1 Bll5.- < 'i orthogonal. 
Orthonormal setg- 

75'\/f^\/f(3x 2 -l), V /f(5x 3 -3x) 

29. y" + Ay = 0,y(0) = y(f ),y'(0) = y'(f ) S) eigen- 
function-1-S.^i orthogonal Orthonormal set-g- 

yj%t cos 4nx, sin 4nx (n=l,2,3---) 

30. 4.7^ example 1 (page 234)4 ■| Lo J- 

31. 4-^4 eigenvalue-g- £14- 

A = 0°a Jg-f a i»m^r y = ci + c 2 xo|i ^^li^-l- 

D vV^-«r^ y = H ^fltr4. 

A = </ 2 (i/>0)« 

■y^-^-c- y = j4cosi/x + Bsinfx 

y(0) = y(2L)S.^-E] A - Acos2Lv + Bsm2Lv 

y' (0)=y' (2L)5.^-Ej Bi/=- Ai/ sin 2Lu + Bv cos 2Lf 

ai'd'H A# -g-otJL ^jih si- 4«r 

^, A 2 + B 2 i/ = A 2 cos2Li/ + B 2 i/cos2Lf 
cos2Li/ = 1, 2Lu = 2nw (n = 1,2,3, ••) 
O-Bj S.S. eigenvalueg- (^) 2 (n = 0, 1,2,3,- •■ ) o| 
JL, eigenfunction fe- n = 0°J «H yo = 1, n ?i 0"ti u)l 
y„i = cos 2^x, y n2 = sin ^x ^7f^l^o|4. 



r m+r+l 
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32. A = 0»i «H Euler-Cauchy eq.o];n. ?§ n].^ 

^fe ^ir Ax = z (A>0)°.3. ^i^, 
x 2 y" + xy' + (A 2 x 2 - l)y 

i/ = 1<U Bessel eq. o|jn y(o) = 0°.5.^i x = 0<>||>H 

<5^o] B.S. y(x) - Ji(Ax) 

J/(l) = 0 o] o^. a- jj ^ zero s.. 

A = o nl (Ji^ najsfl ^ zero)o)2. 
jy„(i) = Ji(a„n) (n = l,2 - ) 

33. z = x + | ^l^ofl 
d 2 y 

^| + Ay = 0, y(0) = 0, »(*) = 0 

4.7*J example 1 (page 234)3)- :?!■■£- ^eH°1.el.£. 
A = u 2 (v = 1,2,3, • • •), y„(z) = sini/z 

0.3] 1/7)- y„( X ) = COSVX, V7\ 

"fl J/k (x) = sin vx 

34. n*r«| J2^ =Q a m P m (x)2.<L 
(•^H a m = 3s£ti /(x)P m (x) dx) 
x 5 = f Pi 4- f ft + 



x 6 = I Fo + i ? p 2 + || P4 + ^. p6 



35. -f^°U 4*|-5g^o| P 0 ,P2,P4S) ^ 

>d €4- Answer : 8(P 0 - P 2 + P 4 ) 

36. 4-^ i r°lJl6*r^^o|u.5.p 0 ,p 2i p 4) p 6 o) 7))^^. 
sl-'S ^4- Answer: -16P 6 

37. 4.6^ -g-*l| 6SH-M fc = 2°] 7j-f. 

Answer: y = [AJi (|x 3 / 2 ) + BJ_ L (±x 3/2 )] 

3 3 

38. 2x = z,y' = 2^,y"=2 2 £f 

dz dz 2 

,.<_»..*„.._„„.. 

y = A7„(z) + By„( z ) = AJ„(2x) + By„(2x) 

39. 4.6^ €-4 10«H^ 1/ = 2°! Tj-f . 
Answer: y = x 2 (AJ 2 (x 2 ) + £Y 2 (x 2 )) 



40. 



1/= i, J/ = A^i(x) + BJ_i(x) 



Chapter 5 



Laplace Transforms 



The Laplace transform method solves differential equations and corresponding initial 
and boundary value problems. The process of solution consists of three main steps: 

1st step. The given "hard" problem is transformed into a "simple" equation 

(subsidiary equation). 
2nd step. The subsidiary equation is solved by purely algebraic manipulations. 
3rd step. The solution of the subsidiary equation is transformed back to obtain the 

solution of the given problem. 

In this way Laplace transforms reduce the problem of solving a differential equation 
to an algebraic problem. This process is made easier by tables of functions and their 
transforms, whose role is similar to that of integral tables in calculus. Such a table is 
included at the end of the chapter. 

This switching from operations of calculus to algebraic operations on transforms is 
called operational calculus, a very important area of applied mathematics, and for the 
engineer, the Laplace transform method is practically the most important operational 
method. It is particularly useful in problems where the mechanical or electrical driving 
force has discontinuities, is impulsive or is a complicated periodic function, not merely 
a sine or cosine. (For another operational method, the Fourier transform, see Sec. 10. 10.) 

The Laplace transform also has the advantage that it solves problems directly, initial 
value problems without first determining a general solution, and nonhomogeneous 
differential equations without first solving the corresponding homogeneous equation. 

In this chapter we consider Laplace transforms from a practical point of view and 
illustrate their use by important engineering problems, many of them related to ordinary 
differential equations. 

Partial differential equations can also be treated by Laplace transforms, as we 
show in Sec. 11.12. 

Section 5.8 contains a list of general formulas and Sec. 5.9 a list of transforms 
F(s) and corresponding functions f(t). 

Prerequisite for this chapter: Chap. 2. 

Sections that may be omitted in a very short course: 5.4-5.6. 

References: Appendix 1, Part A. 

Answers to problems: Appendix 2. 



5. LAPLACE TRANSFORMS 



5.1. Laplace Transform. Inverse Transform. Linerity. Shifting 



1. £(2t + 6) = 2^ +6^ 

2. C(a + bt + ct 2 ) = a- + b^- + t 



S 2 + 7T 



4. cos 2 wt 



1 + cos 2u)t 



=> £(cos 2 uit) 
5. C{e"- bt ) = e a 



2s 2s J + 4w 2 
1 



s + b 



6. £(e' cosh 3t) = £(e 4 



e 3t + e -3t 



-) 



2 

= i£(e 4t + e- 2 ') = -(— + — ) 
2 v ; 2 v s-4 s + 2 1 

7. £(sin(u>i + (5)) = £(sinu>icos<$ + cosa;£sin<5) 

= cos6 ~t~, — 2 +sinS -r; — 2 



8. £(sin2t + cos2t) = £( 



sin At 1 



2 s 2 + 16 



9. CV(t)) = fZ°e-> t f(t)dt 
= /o e-*(-t+l)* 
= /o 1 e- st dt - Jo 1 te"df 

= — (e- J - 1) - ( + -j) 

s s s s 2 

- I + e ~" 1 



2 ,2 
4 , 



10. £(/(*)) = J* fce—'dt 

11. £(/(t)) =/ 0 c fce-« t dt 
= fc( _I e -"|g) 

12. £(/(<)) = J* e- f tdt + J* e- st (-t + 2)dt 

1 e~ 3 2e _s 2e~ 2s 

s 2 s s 2 s s 

13. £(/(*)) = / 0 fc e- st fctdt 

14. £(/(t)) = /„* e- at tdt + Si e-*dt 

15. J C(/(t)) = / 0 1 e- t (-^ + l)dt 

16. C{J{t)) = ft e-> tb -tdt 

v s 2 + 3.24 ' 



0.9 



s 2 +3.4' 
: 0.1 cos(v'3.24t) + 



0.9 
/3T24 



s 2 + 3.24 



sin(v / 3.24£) 



18. £-!(- 



5s 



25 



) = £-!( 



s + 5 s — 5 



= -(e- 5t -e 5t ) 
2 V ; 



■ - 2' 



= -4e 2 ' + 3-' 



20. £-*( 



s-4 
s 2 -4 



) = £->( 



s - 2 s + 1' 



^ e - 2£ - i e 2t 



s + 2 s-2' 



s 4 s° 6 
22 ^ 60 + 6,' + ^ 

s 7 



228 
~5T 



t 5 



60 „ 6 . 1 , 
— t 6 + — t 4 + -£ 2 
6 4 2 



23. 



) = ^" 1 (: 



L^ + nV L 2 V + (^f) 



r) 



^cos^t) 



1 - 7s 



r) 



24. £~ x ( 

V (s-3)(s- l)(s + 2) ; 

= £- 1 (-— 3 + —l + i^2 ) 
= -2e 3t + e* + e~ 2 * 

25. £- 1 (EUj^) = EU<'^- fc!< 

-if 



_ „3t 



18 



s - 3 s 4 - 3s 3 s 5 - 3s 4 ' 
* 2 2 6 2 



e 3t + £- 1 (- + 
s 

2 2 



— + 1 — 1 

«2 ^3 S _3 J 



9 3 

= |e 3 * + ^ + it + t 3 
3 9 3 



2 2 
9 + 3 1 



27. £-!( 



(s + V2)(s - v/3) 
1 1 



%/3 



28. £ _1 ( 



■ + 



+ ■ 



s 2 + l s + 1 s-1 



1,1* 

: smt H — e _t + -e r 
2 2 



30. £(e at cos pt) = / 0 °° e- s< e at cos ptdt 
= fS°e {3+a)t cos ptdt 



5.2. LAPLACE TRANSFORMS 



31. £(5e 2t sinh2t) = £(5e 2t -' 



v 2 2 J 
= 5_L 5 1 

3 s -4 2 s 

32. £(2e-' cos 2 it) = £( e - 4 (l + cos t)) 
1 s + 1 



; + 1 (s + l) 2 + 1 



33. £(sinhf cost) = £( 



e 1 -e" 



- cos t) 



= i£(e'cost) - i£(e-*cost) 
1 s- 1 1 s + 1 



2 (s- 1)2 + 1 2 (s + 1)2 + 1 

34. £((t + l)2 e «) = ;C ((i2 + 2t + l)e t ) 
2 2 1 

~ (a - l) 3 + (s - l) 2 + 7^1 
37. £- 1 (^ ) = £~ 1 ( 



38. £" 1 ( 



s 2 + 6s + 18' ~ v ( s + 3)2 + 9 
4 4 



s 2 - 2s - 3 
e*(e 2t - e- 2t ) 



39. £"!( i 

> + £) 2 + l 



(s-l) 2 -4 ; 
) = e ~% 1 cost 



40. £- J ( 



2 



« 2 +S+i 



t) = ^" 1 ( 



r) 



= 4e 2 sin -t 
2 



41. a)cosht= - olrfl e"' < e 4 ,t > 0 

=> cosh t < e* 



b)?i-?RI£ *^ 

n = 0°JnH 1 < e',t > 0o)d.5. 

n - m|^] 7j^*fca ^, t"- 1 < (n - l)!e 4 

/(t) = n!e* - t n => /'(t) = n!e' - nt"" 1 

n((n - l)!e* - t"- 1 ) > 0o] j» /(o) = n ! > 0 o]^ 

7]-£7\7\ »^o|5i /(t)- ^ 0JH4 acf. 

42. £- 1 (F(s) + G(s)), 

where£(/(t)) = F{s),C{g{t)) = G(s) 
£ _1 (£(/W)+£(tf(t))) 
= £- 1 (£(/(0+sW)) 
= /(*)+«(*) 

= £- 1 (F( S )) + £-i(G( S )) 

£- 1 (cF(s)) = £-i(i£(/(t))) 

= £- l (£(c/(f))) = ct(t) = c£-!(F( S )) 



43. - 1 
s 

1 



s - a 
n! 

s 

s 2 + u 2 

S 2 + W 2 



t" 



coswt 
=>• smut 



44. £(/(<*)) = /» e -t dt 



t' =ct => £(/(ct)) = Ce-f'/Ctoidt' 

= ^(-P( £ ))/c 
c 

£(cos t) = 



s 2 + l 
£(cos ut) = 



-/« = 



45. |/(t)| < Me"*'* /(t) = 

e' 2 o|^ ^Ai^T)) 5)^ Laplace oo7f sj 

4- 



5.2. Transforms of Derivatives and Integrals. Differential Equations 



1. sY + 2Y = 



10 



=>Y : 



s 2 + l 
10 



(s + 3)(s 2 + 1) 

V + l T s + 3" 1 
= - cost + 3sint + e~ 3 * 



2. sF - 1 - 5Y = — 

2s + 4 

y = 3 1 



(s - 5)(2s + 4) a - 5 
=> y(t) = -e 5t - i e - 4t 

6 6 

3. s y + i + iy = ^.I 
4 5 100 a 

WOsY + 25 + 20y = i 
s 



25 



y = — 

(100s + 20)s (100s + 20) 

= >y (t)--e-i t + ---e-i t 
4 20 20 

4. s 2 Y - sy{0) - y'(0) - sY + y(0) - 2Y 

= s 2 y - 8s - 7 - s y + 8 - 2y 

= (s 2 - s - 2)y - 8s + 1 

g£ ^ 2 

£-i(y) = y (t) = 3e-'+5e 2 ' 

5. s 2 y - sy(0) - j/'(0) + asy - ay(0) - 2a 2 Y 
= s 2 y - 6sasY - 6a - 2a 2 y 

= (s 2 + as - 2a 2 )y - 6s - 6a 
y — 6s + 6a 
~ (s + 2a)(s - a) 



5. LAPLACE TRANSFORMS 



£-i(_JL_ + _!_) = 2e~ 2at + 4e at 
s + 2a s-a 



6. s 2 Y-sy(0)-y'{0) + Y 
= s 2 Y-3s-4 + Y 



2s 



s 2 + l 



= (s 2 + l)Y - 3s - 4 = 

_ 2s 3s + 4 

~ (s 2 + l) 2 + s 2 + 1 
=> y(t) = 3 cost + (4 + t)sint 

7. s 2 Y - sy(0) - j/'(0) - 4sY + 3Y 
= (s 2 -4s + 3)y = A-| 

y = 



(s-3)(s-l)s 2 (s-3)(s-l)s 

8 , 26 2 

£- 1 ( 1 + 4--^T + - J ^) 
s s A s — 1 s — 3 



4 



1 ■+*) 



-£-!( 

s - 3 s - 1 s 

=*i/(t) = l +2t -Y et+ l e3t ~~t e3t+4et+4et ~3 

10 * 10 

= 2t+ T e + T e 
a. s 2 r - sj,(o) + 

= s 2 y + 25s+^y = ^25s 3 

f s 2 + L)Y = -L--25s 
K 25' 25s 3 

Y = 1 255 



25s 3 (s 2 + i) s 2 + £ 
y(t) = -25 + ^t s 

9. s 2 y - sy(0) - j/'(0) + 25y - 2y(0) - 3y 
= (s 2 + 2s - 3)y - 2s + 10 = h 



y = 



s + 2 
2s - 10 



(s + 3)(s-l)(s + 2) (s + 3)(s-l) 



3 



— ) + - 



£-*( 

s + 3 s-1 s+2 
=>»(*) = ye- 3t -^e'-2e- 2 ' 



s+3 s-1 



10. a) Laplace transform o|.g-uJ-;g-i] o| 

b) ^3 1,2 ^ nl-g-nHP-H ^4 ^ «Ft^ ^ 
-§-*Kn. 3 3 3£ Laplace <d$o|4 <s) 

c) 

£(/') = / 0 °° 

= /e" 5t l8 + sfZe-°*f(t)dt + /- st |2° + 

= s£(/) + /(a - 0)e- so - /(0) - /(a + 0)e-*° 
= sC(f) - /(0) - e-«*(/(o + 0) - /(a - 0)) 
d) 

/(2 + 0)-/(2-0) = -l,/(0)=0 
1 — p~ s 

=> C(f) = i— e — 



^£(/) = (l-e- a -se- 2s )/s 2 
11. a) 

b) 

/(t) = cos 2 t,/(0) = l, 

/'(t) = — 2 sin t cost = — sin2t 

£(/') = -£(sin2t) = --^ 

- s£(/) - /(0) = s£(/) - 1 

£(/) = -s^TI) + 7 

c) 

-> v » / 1 + cos 2t % 
£(cos 2 t) = C( ) 



2s 2 s 2 + 4' s s(s 2 + 4) 

12. a) 

/(t) - tcoswt,/(0) = 0 

f'(t) = coswt - uit sinwt /'(0) = 1 

/" (t) = — u> sin a)t — u> sin u>f — ui 2 1 cos u/t 

= — 2aisinwt — u> 2 f{t) 

=> £(/") = s 2 £(/) - 1 



= -2cj- 
s- 

(s 2 +u, 2 )£(/) = l- 

„2 . .2 

£(/) = 



u> 2 £(/) 

2a; 2 



s 2 + uj 2 s z + 



(s 2 +w 2 ) 2 



b) 

£(sin uit — uit cos uit) 

u> s 2 — a) 2 

- w- 



s 2 +w 2 (s 2 +w 2 ) 2 
2a; 3 
~ (s 2 +w 2 ) 2 

^ £ " 1( (S 2 + 1 C 2 ) 2 = ^2( SinWt -^ C0SWt ) 
C) 

£(/') = £(coswt - wtsinuii) = sC(f) 
s(s 2 -w 2 ) 

s 2 + u> 2 



- uiC(ts sinjwt) 



(s 2 +w 2 ) 2 



■ uiC(tsinu}t) — 



(s 2 +w 2 ) 2 
• C(t sinwt) ■ 



s 2 +uj 2 (s 2 + w 2 ) 2 



(s 2 +w 2 ) 2 



C~ l ( . S ) = --ts 



d) 



v (s 2 + w 2 ) 2 ' 2w 



£(sin + oj< cos aii ) 
w s 2 - 



2s 2 a 



(s 2 +cj 2 ) 2 



(s 2 +a; 2 ) 2 



5.2. LAPLACE TRANSFORMS 



(s 2 +w 2 ) 2 2u 



(sin wt + ut cos wt) 



f(t) = t cosh at, /(0) = 0 

/' (t) = cosh at + at sinh at, f (0) = 1 

/" (t) = a sinh at + a sinh at + a 2 1 cosh at 

£(/") = s 2 c(f) - i 

= a(- 



_£ 2 _+a 2 
(s 2 - a 2 ) 2 



(s 2 -w 2 ) 2 ^ (s 2 - a 2 ) 



f) 

£(/') = £(cosh at) + £(at sinh at) 

= -( h ) + a£(t sinh at) 

2s — a s + a 

(s-* — a 2 ) 

=> £(t sinh at) = -(-i- —± - - 

a (s 2 - a 2 ) 2 2 s 2 - a 2 

2as 



(s 2 - a 2 ) 2 
V +4s' 



13- ^H^t-tt) 



s(« + 4) ' 
= / 0 t e-^dr 

= - - 
4 4 



14. 



,2£ 



s-2 

1 „_ . 1 



/ 0 t e 2r dr=i(e"-l) 



s(s-2) ■" ) " - ~ 2 ( 

i_^ ;(f i(e--l) dT = -it + Ie--I 



s 2 (s-2) ^ J0 2 
y(i) = -1 - 2t + e 2t 

15. -smut* 



s 2 +a> 2 



1 rr 1 • 1 , 

=> J 0 — sinwrdr = —(1 — coswf) 



16. 



«(S 2 0J 2 ) Jo ui 

-> £~ x ( , 2 \ 2 J = -4(1 - coswt) 
sfs 2 + w 2 ) w 2 

1 

=>• sint 



s 2 + l 



s ( s 2TT) =!>/otsinT<lT = 1 ~ cost 



=> /„' 1 - cosrdr = t - sint 



s 2 (s 2 + l) Jo 

+ =*" /o T - sinrdT = J* 2 - 1 + cost 



17. 



-+£- x (^— r) = -l+-t 2 + cost 



1 1,1, 
s 2 - 1 2 2 



18. 



-+ £-'(77-^) = -1 + Je 4 + Je-* 
s(s 2 - 1) 2 2 

ls-1 1 1 



s 2 s + l s(s + l) s 2 (s + l) 
=> e" 

4+1 
1 



s(s + l) Jo 



/ 0 t e- T dr = l- 1 



s 2 (s + l) 



=>/o'l- e—dr = t + , 



' 1 ) = 2 -t-2e- t 



V(s + l) J 



19. 



+ 



9 



9 s + 1 9 

s T s 2 + 9 ~ s(s 2 + 9) ' s 2 (s 2 + 9) 

9 . • 

-z => 3sin3t 

s 2 + 9 
9 

,(,» + 9) =* /o 3sin3Tdr = 1 - cos3t 

9 1 
g2 ( 5 2 +9) =* Jo 1 - cos3rdr = t- - sin3t 

' £ ~ X (^ * ) = 1 -cos3t + t- isin3t . 



s 2 s 2 + 9' 



20. 



■ ir 4 sin 7rt 



/„ w 4 sin wrdr = 7r 3 (l - cos 7rt) 



s(« 2 +7T 2 ) 
S 2 (S 2 +7T 2 ) 

s 3( s 2 +1r 2) =*■ Jo ' r3 -' r2 Sin TTdTyt 2 +7T COS 7Tt- 



/„ 7r 3 (l-cos7rr)dT = 7r 3 -7r 2 sinwt 



S 4 ( S 2 +7T 2 ) 



/o ~^ r2 + T cos xt - 7rdr 



—rct+ — 1 3 + sin 7Tt 
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5. LAPLACE TRANSFORMS 



5.3. Unit Step Function, Second Shifting Theorem,Dirac's Delta Function 



2. Second shifting Theorem -£ 2l7]${^ 'g^sflJi'd 
tu(t - 1) = (t - l)it(t - 1) + u(t - 1) 
Br«Br^ 



4. 2^ 

5. e~ s (2s- 3 + 2s- 2 +s- 1 ) 

6. e- 2t u(t - 3) = e -2(«-3) e - 6 u(t - 3) 



7. 



s+2 
T51 



s 2 + l 



8. t 2 (l-u(t-l)) =t 2 -[(t-l) 2 +2(t-l)+l]u(t-l) 

2s ~ 3 - e- s (2s~ 3 + 2s~ 2 + s' 1 ) 
9 "( 1 + e ~^ r ) 

10. (1 - e-')[l - u(t - 2)] 

= 1 - e- 4 - (1 - e('- 2 )e- 2 )u(t - 2) 1- 



I i_ 

S 3 + 1 

i-1 



-Is I 1 



( I _ £ ) 



11. 

12. -rH 3! tl-r-c- [u(t - 2tt) - u(t - 4tt)] sin t 
= u(t-27r)sin(t-27r)-u(t-47r)sin(i-47r) o|cf. 

S.S. T i rT(e _2,r ' - e- 4xs )o|cf. 

S +i 

13. -10s^±^^ 

14. 4u(t - 2) - 8tt(t - 5) 

15. f(t - 3) 2 u(t - 3) 

16. i~ 3 £) °4>g$-g- ^o] 4-^.^2-5. (s - l)- 3 s) «1<g$ 

ie*- 3 (t-3) 2 u(t-3)ol4- 

17. [1 + u{t - 7r)] sin 3t 

18. s 2 + 2s + 2 = (s + l) 2 + lols.5., o)^ s\ <$^S\ 
"d?r£- e _4 sinto]i}. second shifting ^ el-it 
e -(t-2^) sintu ( t _ 2T ) 

19. cos(nt)u(t - 2) 

20. y = 3e5 (cos 3t + sin 34) 

21. |(e 4 -l) 3 e - S4 

22. ^tU M-eH)^ 

r(t) = 4t[l - u(t - 1)] + 8u(t - 1) 
= 4t - [4(t - 1) - 4]u(t - 1) a. Bias. 

y = 

J4 e -t _ e - 2 * + 2t - 3 i/ 0 < t < 1 

\(4 - 8e)e-' + (3e 2 - l) e - 24 +4 if t > 1 

{sin3t + sint i/ 0 < t < w 
|sin3t if t> ir 

24. r(t) = 4e'[l - u(t - 2)] = 4e 4 - 4e 2 e 4 - 2 u(t - 2) 
V = 

{2e t + e 24 - 2e 3t if 0 < t < 2 

(1 + 4e- 2 )e 2t + (-2 - 2e~ 4 )e 3t i/ t > 2 
- sin t if 0 < * < 2ir 

sin 2t t/ t > 27T 



23. 



[ e* - sint 
25. y = \ 1 . 



27. y. 



26. y = 2 cos 4t + u(t — 7r) sin 4(t — 7r) 
( sin t if 0 < t < n 
0 if ■k <t <2-k 

sin t if t > 2w 
sint 

(3sint + e 2 sin(t- 1)) 

29. y = 

3e~ 34 - 2e 4 + 2e 4 
3e-3t _ 2e-* + 2e t 
+ i(_ e -3t+| +e t-| ) 



f3e~ 24 sin 
28 ^={e-( 3 si E 



i/ 0 < t < 1 
i/ t > 1 



30. y 



t/ 0 < t < | 
if t>\ 



5 + d 



-(l-±e 3 )e 



2 

1.3 



! e 2 )e -2t 



i + (l- |e 2 + e 4 )e- 2t 



31. 



( 



J-e 3 + e 6 )e- 3t 



-a 3 



-4 

l^ + (^ 



32. y = 



r (<-4iQJt 

S^-^Vh" - H5-)e 

— Z. cos t+R sin t+e~ ^L~ 
L 2 +K 2 

i/ t>2?r 



if 0 < t < 1 

i/ 1< t < 2 

if t>2 

if 0 < i < 4?r 

i/ I > 47T 

i/ 0 < t < 2tt 



Le l 



33. s/ + i = ^-Z 

y 



1) 



ola: 



5- 

- cost i/ 0 < t < 1 

cos(t — 1) — cost if t > 1 

34. v = l- u(t - o)o)s.s. 
^+7 = 7- ^ol^BlaS. 

i/ 0 < t < a 
sin(t — a) if t> a 
( |(e _t - cost + sint) if 0 < t < 7r 

35. y = \ ^-(l + e-^Jcost 



^co 

= 1 - 

'+1- 

. _ Jsint 

1 sint — sir 



l+(3-e -,r )sint] 
36. / = 100 «-'7«; 1 1 ° 1 - o, i£ 



if t > 7T 



0 if t<\ 

lOOe- 0 - 1 ^- 1 ) if 0 < t < 1.01 

lOOle- 01 ' 4 - 1 ) _ e -o.i(t-i.oi)j 
= -0.1106e-° 14 if t > 1.01 

10 if t < 1 

e- 0 - 1 * 4 - 1 ' i/ l<t<2 

e -o.i(t-i) _ e -o.i(i-2) i/ t>2 

f0 if t<3 

38. i= {5-5e- 01 ( 4 - 3 ) 

= 5(1 - 1.3499e-° 14 ) if t > 3 

<2 
> 2 



(0 if t 

I 900? l f * 



5.5. CONVOLUTION. INTEGRAL EQUATIONS 
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5.4. Differentiation and Integration of Transforms 



2. -(-1* 



o 2s 3 +6n 2 s 
A - (s 2 -ir 2 )3 



6. 



- —V — 24s 
^le- 1 ~~ (s 2 -16) 2 



4- -((^rr)' = +2 ^::^ 2 - +a) 



(» 2 +2s+2) 2 

2 2 
3 — u; 



c 3 — w 



I 2 N _ X 
! V 72X7 ) j. 



d 3 V( s 2+4)2) 



d s 2 V s 2 +4 y 

_ -4(s 2 +4) 2 +16 S 2 (s 2 +4) _ 12s 2 -16 
(i 2 +4)4 — (s'-2+4)3 

y 2s+2 



(i 1! +2 S +2) 2 




10. (^' = -^^0,^ 

|tsinh 3t 

11. tcosirt 



12. <6>«H S)sfl 

roo 2s+6 j- _ , 

ol4.°l 3£3 e- 3t sin tolas., te-3*sint 

13. 2t- 1 (e t -cost) 

14. [in(s + a) - ln(s + b)}' = ^ - -ij s] 
e -at _ e -"o|4.a.e) ss. (1)<H1 



15. 
16. 



18 



|tsin2t 
arccot- = f 



e).E.£. (6) 



sin7rt 
t 



20. (b) 
h = 1 



1+2 



2t+ ±t 



h = 1 - 3t + ft 2 
£4 = 1-4^ 3*2 . m . 

/ 5 = l-5t + 5t 2 -ft3 + A t 4_ i l_ t 5 



- it 3 
3 1 + 24* 



5.5. Convolution. Integral Equations 



1. t 

2. 1 *sinwt = /o'sinwrdr = - £2 |f ii | 0 = i=£92JHl. 

3. sinht 

4. «4| 4 (Example) 14 a]*^. 
/„' cosoJTsin(o)t — wr)dr 
= | /^[coswt + cos(2wt - wt)]du> 
= ±[tco&wt 
= |tcoswt + ^-sinwt 



5. |t sin lot 

6. e a< * e" = /(J e^e^-^dr = e bt /' e (°- |, ) r dr 

_ e <"- e H 
— a-6 

7. e'-t-l 

8. / 0 t (t-r)Vr-l)dr = / 1 t (t-r) 2 dr 

=-j(t-T)»ii = j(t-i)« */ *> i 

0 if t < 1 

9. i(l-e- 2 (*- 3 ))u(t-3) 

10. 6 * e- 3t = /„' 6e- 3r dT = -2e- 3t + 2 

11. e'-f-l 

12. e at * e at = /„' e OT e Q ( < -'-)(iT = e a< /„' dr = te at 

13. |-|cos2t 

14. cos wt * coswtf - 45}- ^7)|«}.i^ 
|tcosut+ ^ sin u)t 

■t c t sin Tt 

15 - 2V~ 

16. u(t - a) * e 2< = J* e^'-^dr = e 2< e-^dr 
= I( e 2(t- a )_ 1) a t/ t >a 



17. 



0 i/ t < a 

tot— sin xut 



18. e- 3t * e 2J = /„' e-^eW-rldT = e 2t /' e^dr 
= i (e «_ e -3 t) 

19. y = cos t - cos 2t 



20. 

j/ = t — sin t 

21. y = 1(1 + 3cos2t) + |[cos(2t - 2) - l]u(t - 1) 

22. ^H^l -4]o) 

(s 2 + 3i + 2)y = 1 + 1=2210)0.3. 

V = i(l-e- 2t ) + i(2e-( t -i)- e - 2 ('-i)-i) u (t_i ) 

23. y = e _t (cost + sint) + [-2 cost + sint + 
e-(t- 2lr )(2cost + sin f)]u(t - 2tt) 

24. q = e 3t -e 2t , 

C- 1 {[(s + a)y(p) + y'(0)]Q} = -4e 3t + 5e 2< 0)05. 

r*q = 2e 3t - 4e 2t + 2e' if 0 < t < 2 

y = -2e 3t + 2 2t + 2e' i/ 0 < t < 2 
r* 9 = 2(l -e- 4 )e 3t 

+4(e- 2 - l)e 2t if t > 2 
y = -(2 + 2e- 4 )e 3s 

.+(l + 4e- 2 )e 2t i/ t >2 

25. y = [t - cos(t - 1) - sin(t - l)]«(t - 1) + [-t + 
2 cos(t - 2) + sin(t - 2)]u(t - 2n) 

26. q = e~ t -e- 2t , 
r * q = 

(4e-t _ e -2t + 2t _ 3 if 0<t<1 

\ fo rq{t - r)dr + /< 8q(t - r)dr 

U(4-8e)e- t + (3e 2 -l)e- 2t + 4 if t > 1 

27. e* 



28. y = 2s- 2 -4s- 2 Y,y 



29. cost 



s 2 +4 



, y = sin 2t 



31. sinht 
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5. LAPLACE TRANSFORMS 



32. 
33. 

34. 



cosh t 
(a) 

t - t — pg_ dV = -dpo]x\.T% pS. ^^■■SV'S 

f*9 = tif(r)9(t-T)dT 

= f?9(p)f(t-p)(-d P ) = J* g(p)f(t-p)dp = g*f 

(b) 

(a)*- ol^-«J.^ 

(/ * g) * v - v * (/ * g) 

= So «(p) /o 7 - p - 

= Jo /( T ) Jo T »(* - T - p)v(p)dpdT = f*(g*v) 

(c) 



(d) 

5.3*J s) (8) »1| S\n C{5) = lo]s_s. 
C(6*f) = C(6)C(f) = l-C(f) = C(f) 
(e) 

t > fcs)- 04 kAH<H| 4^- -M-i- D J-#«i-b h\ €• 

(/t * f)(t) = fo ~ r)dr = f(t - t) 

i-+0,f k (t-i)->5(t) 

(f) 

s 2 Y - sy{0) - y'(0) + w 2 Y = C(r)S\ ^ 
Li a \rtr-\ _i_ ,.cni 5 i_ »'(°) 



5.6. Partial Fractions. Differential Equations 



1 1 

■ + 



(s + 2)(s -4) s + 2 ' s - 4 
=> /(t) = -e- 2 * + e 4t 



s 3 + 2s 2 + 2 



= ^ + 



s 3 (s 2 + 1) s 3 S 2 + 1 

s 3 +2s 2 +2 t 

s 3 (s 2 + l) ->Jo2r + cosrdr 
-+ i 2 + sint 



2t + cos t 



3. 



s 2 + 9s - 9 



s 2 + 9s - 9 



s 3 - 9s s(s + 3)(s - 3) 
_ 1 3 1 3 1 

~ s 2 s + 3 2s-3 

f(t) = 1 - -e" 3t + -e 3t = 1 + 3sinh3t 
2 2 



(s + l) 2 s + 1 (s + l) 2 
/(t) =e-'-e- t t 



2s 3 



2s 3 



s 4 -81 (s 2 +9)(s + 3)(s-3) 
_ 1 1 1 1 s 

~2s + 3 + 2s-3 + s 2 + 9 

=> /(t) = ie- 3t + ie 3t + cos3t 

s 3 - 3s 2 + 6s - 4 

(s 2 - 2s + 2) 2 

s 1 



+ 



2s -2 



s 2 - 2s + 2 s 2 - 2s + 2 (s 2 - 2s + 2) 2 

s - 1 2(s - 1) 

(s - l) 2 + 1 + ((s - l) 2 + l) 2 
cost 



s 2 + 1 



s 2 + l 
2s 



• sin t 



t sin t 



(s 2 + l) 2 
=> f(t) — e* cos t + e't sin t 



s 4 + 3(s + l) 3 1 _3_ 

' s 4 (s + l) 3 (s + 1) 3 s 4 
t 2 1 
J W 2 2 

8. 2^4 •?!-§- ^l-g-Sfl s-2£j vt|^^o.s. xjs| 

s 3 _ 7s 2 + 14s _ g = ( s _ 2)3 _ ( s _ 2)2 _ 2 ( s _ 2 ) - 1 

= (s - 2) 3 - (s - 2 + l) 2 
F (s) = (j^r - ^ =* /(t ) = t£t - 5 t2e2t 
s 3 + 6s 2 + 14s 



9 



(s + 2) 4 
1 2 

■ + 



12 



10. 



s + 2 (s + 2) 3 (s + 2) 4 
=> /(«) = e~ 2t +e" 2t t 2 - 2e~ 2t t 3 
= e- 2f (l + t 2 -2t 3 ) 

1 

s 4 + 4a 4 

_ 1 

~~ s 4 + 2a 2 s 2 + 4a 2 -4a 2 s 2 
1 

(s 2 + 2as + 2o 2 )(s 2 - 2as + 2a 2 ) 
_ « , l 



+ 



(s 2 + 2as + 2o 2 ) s 2 - 2as + 2a 2 
1 r s + 2a — s + 2a i 

~ 8a 3 L(s + a) 2 +a 2 + (s-a) 2 + a 2 J 

=>/(*) = 

^■(e -at (cos at + sin at) — e at (cos at — sin at)) 

1 , e- at -e' 
_ (cosat _ 

— ^(cosh at sin at — sinh at cos at) 
4a J 



e -at + e ot 

+ sin at ) 



11. 



s 4 + 4a 4 
1 



1 



+ 



1 



4a s 2 + 2as + 2a 2 4a s 2 - 2as + 2a 2 



/(*) 



4a v (s + a) 2 + a 2 (s - a) 2 + a 2 ' 



sin at 



— {-e~ at 
4a a 



+ e a 



, sin at 
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1 . ,,e at -e 
= Y ( 2" 

= — - sin at sinh at 
2a l 



12. 



s 4 + 4a 4 
s 



+ 



4a s 2 + 2as + 2a 2 4a s 2 - 2as + 2a 2 

^4a V (s + a) 2 +a 2 (s-a) 2 + a 2; 

/(<) = -^(-e-°'(cos at - sin at) + e at (cos at + 
sin at)) 

1 . e oi - e _ot e at + e _at 

= — (cosat 1- sin at ) 

2a 2 2 

= — (cos at sinh at 4- sin at cosh at) 



13. 



s 4 +a 4 

1 s + a 



1 

+ ;:- 



2 s 2 + 2as + 2a 2 2 s 2 - las + 2a 2 
_ 1 s + a 1 s-a 

~ 2(s + a) 2 +a 2 2(s-a) 2 + a 2 

/(t) = -e~ at cos at + ^e at cos at 
= cos at cosh at 



14. s 2 y + u> 2 1 y = 



( S 2 +u, 2 )(s 2 +p 2 ) 
_ y_ 1 f 1_ _J \ 

, . _ ifp ^ sinwpt sinpt. 



15. a) 



F(s) 



+ further fractions^*)) °]c(l 



G(s) s-a 
simple root o|7| ufl^jHl K(a) ^ 0°lci. »f^o)| 
s - a-f- Jl s-»ai JtH)^ 

(«-o)^|=A + ( S -a)K(s) 
A - lim ( s - fl ) F (*) 

b) 

£(«) = i4 m , A m _i 
G(s) (s-a)™ (s-a)™- 1 

s — a 

(s - a) m F(s) 
G(s) 



= A m + (s - a)>l m _i + ■ 



+ (s - a) m - 1 Ai + (s - a) m K(s) 

=>A m = lim,_» a i y w 

G(s) 

. .. d .(s-a) m F(s)^ 

A m _i = hm,^ a — (^ ' ) 

ds G(s) ' 

(m-fc)! ds" 1 -* L G(s) J 



16. a) 
£(/) 



/(t)dt 



= / 0 P e-'/W* + /p P e-«/W* + • • • 
= /* e-'/W* + Jo" e-^+r)f(t)dt + ■■■ 
= !i e- 3t f(t)dt + e-P / 0 P e-°*f(t)dt 
+ e- 2sp fge- st f(t)dt + ■■■ 
= So e- st f(t)dt(l + e -*P + e-tsv + . . . ) 

= / ( fe-/(t)dt( r -i-^ ) 

b) 

fo /u e~ st sin wtdt = Im/ 0 ' r/ " e-^e^'dt 

_^ S"* + a* 2 

= M (e-"/- + l) 
s 2 + u 2 

c) 

sinuJtf- 0 tt/w -sinuJtf- 7r/u;«iH 2n/wrf- 
x) z&JL ^7\7\ 2tt/w»] *!?hg- 

w 1 + e^/" w 2 -,rs / 2u ' + e TS / 2 " 

s 2 + a; 2 e™/' 1 ' — 1 — s 2 +w 2 e"/ 2u - e - ,ri / 2 " 
w cosh(7Ts/2o;) 

s 2 4- w 2 sinh(7rs/2w) 

d ) 

/(*) = -iif 0<t<p,/(t+p) = /(i) 
; o p e-^tdt--*e-"|g + I; o " e -tdt 



-^e-P- l( e -v_i) 



ps"' s(l — e-P") 
p' ps 2 ^ w s(l-e-P») 
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5.7. Systems of Differential Equations 



1. sYi = -n + Y 2 
sY 2 = -n - Y 2 

=>Y 2 = I 

(s + l) 2 + 1 
3 + 1 
1 (s + l) 2 + 1 
=* 1ft (*) = e~'cost, y 2 (t) = — e -t sint 

2. «n + 3 = 6Yi + 9Y 2 
sY 2 + 3 = Yi + 6Y 2 
=> 

(s - 6)Yj = 9Y 2 - 3 
(s - 6)Y 2 = Yi - 3 
=> 

(s-6)((s-6)Y 2 +3) = (s-6) 2 Y 2 +3(s-6) = 9Y 2 -3 



Y 2 = 



-3s + 15 



2 3 
+ 



(s - 6) 2 - 9 a - 9 s - 3 
6 3 

Yi = — + 

_^ s-9 s-3 

y 2 (t) = -2e 9t - e 3t , y x (t) = -6e 9t + 3e 3t 

3. sYi - 3 = -Yi + 4Y 2 
sY 2 - 4 = 3Yi - 2Y 2 

(s + l)Yi - 4Y 2 = 3 
- 3Yi + (s + 2)Y 2 = 4 



Y 2 = 



4s + 13 



4s + 13 



s 2 + 3s - 10 (s - 2)(s + 5) 
3 1 
+ 



1 (s + 2)(4s + 13) 
1 3 V s 2 +3s-10 ' 



s - 2 s + 5 
. 1/(1+ 
3 s 2 
3s + 22 

^ s 2 + 3s - 10 ~ s - 2 s + 5 

yi(t) = 4e 2t - e- 5t , y 2 (t) = 3e 2 * + e~ 5t 

4. sYi + 3 = 5Yi + Y 2 
sY 2 - 7 = Yi + 5Y 2 
=> 

yi(t) = 2e 6t - 5e 4t , y 2 (t) = 2e 6t + 5e 4t 

5. sYi+Y 2 = 2S 



s 2 + 1 
Yi + sY 2 = 1 

Y 2 = 



2s 



2 - 1 (s 2 - l)(s 2 + 1) 
s 3 — s s 



(s 2 -l)(s 2 + l) s 2 + l 

Yl = 1 - sY 2 = -ji- 
_^ s 2 + 1 

yi(t) = sint, y 2 (t) = cost 



6. s 2 Yi - a - 1 + Y 2 = 
s 2 Y 2 + s - 1 + Yi 



-5s 
s 2 + 4 



5s 
s 2 +4 



yi(t) = sin* + cos2t, y 2 (t) = sint — cos2t 

7. s 2 Yi - 2s - 3 = Yi + 3Y 2 
s 2 Y 2 - s - 2 = 4Yi - 4 



s-1 

(s 2 - l)Yi - 3Y 2 = 2s + 3 
- 4Yi + s 2 Y 2 = s + 2 - 1 



s-1 



_ (,»-!)(. + 2-^) 
2 s 2 (s 2 - 1) - 12 + 



8s + 12 



s 2 (s 2 -l)- 



s -2 



Yi,-I(--^ + s + 2--l T ) 

4 V s-2 s-l ; 
Ift(t) = e»+e«, y 2 (f) = e 2( 

8. s 2 Yi - 3s = -5Yi2Y 2 
s 2 Y 2 - s = 2Yi - 2Y 2 
=> 

(s 2 + 5)Yi - 2Y 2 = 3s 
- 2Yi + (s 2 + 2)Y 2 = s 
=> 

_ 3s 3 + 8s _ s l 2s 



Y 2 = 



(s 2 + l)(s 2 +6) s 2 + l ' s 2 +6 

s 3 + lis 2s s_ 

(s 2 + l)(s 2 + 6) ~ s 2 + l ~ s 2 +6 



yi (t) = cos t + 2 cos V6t 
y 2 (t) = 2 cost — cos Vfit 



9. sYi - 2 + sY 2 = 

sY 2 - 1 + sY 3 = 

sY 3 + sYi - 1 = 
=> 

3 i 

^3 = x 



s-1 
2 1 
+ 



1 s + 1 
1 



2s(s-l) 2s(s + l) s(s 2 -l) 
2s 2 



s(s 2 - 1) s 2 - 1 
Y 2 = I+ 1 



Yi = 



s(s - 1) s 2 - 1 
2 1 2 

7 ~ 7+T + s(s 2 - 1) 



s + l 

1 

s-1 



y 3 (t) = 2sinht, y 2 (t) = e"', yi(t) = e* 



10. 2sYi - sY 2 - sY 3 = 0 

sYi+sY 2 = 4 + - 
s z s 
2 2 

sY 2 + Y 3 =— + - 
s -5 s 
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Pitt) = t 2 , y 2 {t) = t 2 + 2t, y 3 {t) = t 2 - 2t 
11. sY l 



1 e _s 
_y 2 + 

s s 

1 e~ s 
s y 2 = y + i _ £_ 

s 5 



= (l-e~*) 



1 1 e _s 

T (i-c--i + 5— ) 

s s 

' a-i, 



U + s 



1 +5 2 

1 



: sin t - /„' sin tdt 
= sin t + cost — 1 °]5LS. 

yx = sinf+cost-l-u(t-l)[sin(t-l)+cos(t-l)-l] 

y 2 = I(i - e -.) - s y = (i _ e -)(i _ i-li) 

s s 1 + 

2/2 = 1-cost+sint— u(t-l)[l-cos(f-l)+sin(t-l)] 

2s 2s 



12. S y + Y 2 = 



2s 



s 2 + 1 



— e" 



s 2 + 1 



-(1 -e- 2 ™) 



s 2 + r 
y + s y 2 = i 

1 2s 2 e- 2 * s 



s 2 + 1 



5 2 + 1 

y 2 = 



- e 



-2irs 



S 4 -l 
1 



• + 



L s 2 + 1 
2se- 2 ™ 



S 2 -1 J 



s 2 + l ' 5 4 -l 
s 5 



5 2 + 1 



+ e" 



i 2 - 1 S 2 + 1 



1 w = 



j/i (f ) = sin t - u(t - 2tt) [sin t + sinh(t - 27r)] 
fsint if0<t<27r 
- sinh(t - 27r) if t > 2% 
y 2 {t) = cost + u(t - 2jr)[cosh(t - 2w) - cost] 
/cost if0<t<27r 
~ \cosh(t - 2;r) ift>27r 

13. sYi - 3 = 2y - 4K 2 + e~ s + l — 

s - 1 

s y 2 = Ki _ 3K 2 + e- s +! 



s - 1 



"(I'd, 

s(Vi - K 2 ) - 3 = Yi - Y 2 

Yl=Y2 + ~Ti 

3 e~ 3+1 



(s + 2)( s -l) T ( S + 2)( s -l) 
1 + e -.(. e / 3 e/3 



5-1 5 + 2' 's - 1 s + 2' 

y 2 (0 = e* - e- 2t + i u (t - l)[e s - e - 2 *+ 3 ] 
3 

Vi = V 2 + o] 0.5. j,! = y 2 + 3e< 

s — 1 

14. sYi + 4 = 2y + 4V 2 4- 64(^ + — ) 

s y 2 + 4 = y + 2y 2 s 5 



y = ~ 4s ~ 8 _ 64(2 + s - 5 2 )e- 
s(s-4) st(s-i) 
-4s + 4 64(1 + s)e~ s 



s(s - 4) s 3 (s - 4) 



2/1 (t) = -6e 4t + 2 + u(t - 1)(-18 + 10e 4 '- 4 - 8t + 
16t 2 ) 

1/2(0 = -3e 4t - 1 + u(t - 1)(7 + 5e 4 *- 4 - 4t - 8t 2 ) 
15. (a) example 1; 

sYi = -o.02yi + o.02y 2 
sY 2 = o.o2yi - o.02y 2 + 150 

FSH 444 y 2 = -1^ (0.02^ + 150) 

0.02 • 150 



s + 0.02 



(s + 0.02) 2 - 0.02 2 



yi (0 = 0.02 • 150e-° 02t ~ sinh 0.02t 
0.02 

= 150^ - 



^2 = 



150(5 + 0.02) 



(s + 0.02) 2 - 0.02 2 

1 1 ~— 0.04t 

2/ 2 (t) = 150e-° 02t cosh0.02t = 150 ^-ti 



example 2; 

sYi = -4Yi + 4y 2 + 



12 



4.8 



sy 2 = -i.6y + i.2y 2 + 
4.85y - i2 5 y 2 

= 4.8(-4y + 4y 2 ) - 12(-1.6yi + 1.2Yi) = 4.8y 2 

y 2 = 4 ' 8 * y x 
125 + 4.8 



15 



8 



3s + 1.2 ' 
Y x = 12 ( 3 * + 12) _ 3 
^ s(35 + 2.4)(5 + 2) ~ s + 35 + 2.4 ~ 7+2 

h(t) = 3 + 5e-°- 8t -8e- 2t 

y 2 = 4.8-12 _ 12 4 

^ 4(35 + 2.4)(5 + 2) ~ 35 + 2.4 ~ 7+2 

/ 2 (0 = 4e-°- 8t - 4e- 2e 

3.1^£] «V>y^. *$%S\ eigenvector-!- ^-sflo): ^jl 
Laplace ^«-§- o|^-^ <^m^-%r 



(b) 3.3^g (8); 





-3 1 




r J/i 




1 ~ 3 . 




. 2/ 2 . 



5 + 3 -1 
-1 5 + 3 

Yx 
Y 2 



(5 + 3) 



,2/i(0)=a,2/ 2 (0)=6 

]-[:] 

1 [ s + 3 1 If a] 

5) 2 — l L 1 5 + 3 J [ 6 J 



Yx 

Y 2 



(5 + 3) 2 - 1 



a(s + 3) + 6 
b(s + 3) + a 



yx = ae~ 3t cosh t + be~ 3t sinh t 
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j/2 = be 34 cosh t + ae 34 sinh t 



(c) 3.6*i (3); 
s-2 4 
-1 s + 3 

Yi " 



V 2 



1 [s + 3 -4 ] f (os 3 + 10s + 4)/s 3 ] 

s 2 + s - 2 L 1 -s — 2 J L (6a 3 + 3s 2 + 9s + 2)/a 3 J 

= 1 [ us 4 + (3o - 46)s 3 - 2s 2 - 2s + 4 ] 

s 3( s 2 + s _ 2 )l 6s 4 + (3 + a - 2b)s 3 + 3s 2 - 6s J 



c- 1 
c- 1 
c- 1 



s 2 +s-2 
1 



(e* + 2e" 
(e 4 - e _: 



rl = ~ /« - e" 24 di 

-s-2) J 3 Jo 



= I( e t + i e - 2t - -) 
Z K 2 _2 ; 



1 



-if I 

Ls 2 (s 2 +5-2) 
1. f 1 „ 3 3. 

= -(e 4 e _2t 1 ) 

3^ 4 2 4 ; 

1 



/'e 4 + -e~ 2t - -dt 

JO o o 



-i [ L_ 

|.S 3 (s 2 + S- 



2) 



3 Jo 4 



1 



= I( e t + I e -2t _ 3 t2 _ 3 £ ) 
^ 3 V 8 4 4 8 ; 

y 1 (t) = ^(e 4 +2e- 24 )+^^(e 4 -e- 24 ) 

_ £ (e t + I e -2t _ I) _ 2 (e « _ I e -2t _ 3 1 _ 3j 
3 V 2 2 ; 3 V 4 2 4' 

3 8 4 4 8 

y,(t) = j(e 4 + 2e" 24 ) + 3 + °~ 26 (e 4 - e~ 24 ) 

16. A)#ol §^ 

16 4 
. 16 16 



1- 



,04 i r n ] _ r «/« 1 

D.16 J [ Y 2 J L 150 j 



s + 0.16 -0.04 
0.16 s + 0 

Yi 
Y 2 

i r s+o.16 

(s + 0.16) 2 - 0.08 2 [ 016 

1 r 18 + 1.92/s 



0.04 



[, 



= + 0.16 j I 150 



12/s 



(s + 0.16) 2 - 0.08 2 L 1-92/i + 150s + 6 

yi = 18(e-° 164 ^sinh0.08t) 

+ 1.92 f' e -° 16t — sinh0.08t<ff 
J0 0.08 

_ _UL( e -0.08t _g-0.24t) 



0.16 v 



'■ 244 dt 



0.16 

= 100 - 37.5e-° 084 - 62.5e-°- 244 



y 2 = 100 - 75e~ 



+ 125e 



-0.24t 



8 8 

^Tob^"!^ 2 

r s + o.08 -o.o2 i r n i_ 

i -0.08 s + 0.08 \[ Y 2 J 

[S]- 

i [ s + 

(s + 0.08) 2 - 0.04 2 L 0 



150 



+ 0.08 0.02 
08 s + 0.08 



][ 



»(» 2 +4) 
150 



(s + 0.08) 2 - 0.04 2 



s 2 +4 1 s(s 2 +4) 

L + 150(s + 0.08) 



s 2 +4 



L [(s + 0.08) 2 -0.04 2 ](s 2 +4) 
...j j - 3.1138 3.1237 _ 0.0099s + 0.2487' 

[ s + 0.12 + s + 0.04 
= -3.1138e- 012t + 3.1237e-°- 044 
- 0.0099 cos 2t - 0.1244 sin 2t, 

T 2 =C~^ F L 



.[(» + 0.08) 2 - 0.04 2 ]s(s 2 + 4). 
= 2S.9483e- 012t - 78.0925e-° 044 

- 0.0049 sin 2t + 0.0622 cos 2t + 52.083 



T3 £ 1 [(s + 0.08) 2 -0.04 2 ] 
= 25e -0 08t sinh0.04f, 

T 4 =£-i [- i±£25 -]= e -0-08t cosh0 .04i. 

L(s + 0.08) 2 -0.04 2 J 



yi(t) = 12Ti + 0.96T 2 + 3T 3 

= 50 - 49.9553e-°- 12t + 0.015e-°- 044 
- 0 .060 cos 2t - 1 .497 sin 2t , 
y 2 (i) = 0.9672 + 150T 4 

= 50 + 99.910e-° 12t + 0.030e-° 044 
+ 0.060 cos 2t - 0.005 sin 2t. 

18. y'{ = -3yi + 3(y 2 - yi) + 8sint 
v'i = ~3(y 2 - yi) - 3y 2 - 8sint 

s 2 ^ - s - 3 = -3Yi + 3(Y 2 - Yi) + 



s 2 Y 2 - s + 3 = -3(Y 2 - Yl) - 3y 2 



^ Yi +Y 2 = 



2s 



s 2 +3 



s 2 + l 



s 2 + 1 



8 



s 2 + 9 (s 2 + 9)(s 2 +3) (s 2 +9)(s 2 + l) 
s 2 1 



s 2 +3 s 2 +9 s 2 + l 
2 

yi (t) = cos V3t + - sin 3t + sin t 



Vl +Y 2 



2s 



s 2 + 3 



o| £.5. yi + y 2 = 2 cos \/3t , 



y 2 (t) = cos \/Zt — — sin 3t — sin t 

19. 2ii +4(ii -i 2 ) +i' x = 195 sin t 
4(i2 -tij | + 4i 2 +2i' 2 = 0 
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6 + S -4 

-4 8 + 2s 

Yi 
Y 2 



2(s 2 + 10s + 16) 



195 



Yi 
Y 2 



195 
s 2 + 1 



8 + 2s 
4 



2(s 2 + 10s + 16) 



4 

6 + s 
8 + 2s 1 
s 2 + 1 



: + l 



Ti = C- 1 
65 



(s 2 + 10s + 16)(s 2 + l)J 
2s + 17 2s -31 



65 
1 



s 2 + 10s + 16 s 2 + 1 
2(s + 5) + 7 2s - 3 



(s + 5) 2 -3 2 s 2 + 
7 

— [e- 5£ (2cosh3t+ -sinh3i) 
65 3 
- (2 cos t - 3 sin t)] 



t] 



195 
s 2 + l 



65 v 6 



e~ st -2cost + 3sint) 



i 2 (t) = 2-195Ti = 13e- 2t -e- 8t -12cos*+18sint 



Ti(0) = 0 o)£.S. 
T 2 = C- 1 | 



(s 2 + 10s + 16)(s 2 + 1) 
ii(i) = 4-195Ti+195T 2 

= 13e- 2t + 2e- 8t - 15 cos i + 42 sin t 

20. input sourcef- 195 sin t - 195u(t - 2tt) sin t S.^z\ 

*fl* zJ-4 yi,y 2 4 Sj-ig, second shifting 

*i(*) = 2/1 (0 - u(t - 27r)yi(t - 2tt) = 
f 13e- 2< + 2e- 8t - 15 cos t + 42 sin t if 0 < t < 2tt 
\13(1 - e 4 *)e- 2 * + 2(1 - e^e" 84 if i > 2tt 
»2(*) = - u(t - 2Tr)y 2 (t - 2tt) = 
Jl3e- 2 ' -e~ 8t - 12cost + 18sint if 0 < t < 2tt 



I 13(1 - e 4 ")e- 2 ' - (1 - e 16 ")e- 8t if f > 2rr 



92 



S. LAPLACE TRANSFORMS 



1. Laplace transform-!- "l****!-!- ^3-2-3. 
*# *r 514- 

2. I'd *H <d^-°l »W^«4 0.5. ^-<H*I 
Laplace transform «>fl 5jsfl f-g. thr3 >d 
tr4- 

3. £(ci/ + c 2ff ) = / 0 °° e- 3 '(ci/ + c 2 g)dt 

= ci£(/) + c 2 £(s) 

4. 2»HW*11l «l*i|*r 4*3 *^7r 

5. "I** Laplace SJ#«M H^*33. 



Chapter5. Review 

16. sin7ri 



6. Laplace transform °] 



/ 0 °° e- st f(t)dts\ ft* ^-Ho): tfcj.. 44 

<M> I/WI < Me ct qs.S\ 7|7i|7 r =ULS r 4- *«* 

/(t) = e' 2 iS. #.2.3 «H /oo 0 e-^e f2 dt^ *}* 
ft* ^*r^l ete4- 



7. IHr* * + 
*r4. 

8. tHH-H* 1* *3*rfe **r3 convolution^^ 



9. £(1)= T , £(«") = 
a 



£(sin at) = 



s 2 +a 2 



10. £(/') = *C(/) - /(0) 

£(/(»)) = «"£(/) - - s" _1 /(0) 

/(n-l)(0) 

11. LapIaceiS** 3*2.3. a^s]7) % 
^45- 4¥-2-3.^ * *S134. 

12. tanttK^ piecewise 3^°]tJ *r*l* Laplace 
3$°] *^Sr7] ^t.V *tr3^ |/(t)| < Me ct -§- 3# 
*Kr c * (0, |)4o] -H $-k*r &4- 

13. F(s)->/(t) 

^ Jo 9(r)dT-Sr 

14. £(/(t)p(t)) * £(/(t))£(j(t))»U, 
£(/*</) = £(/)£(ff)°14. 

15. F(s)£j Laplace $!•■§■ 4, first shifting 

F(s - a)S) <3 nfl -£--§-*}- 5L, second 

shifting *E]-b e- a5 F(s)2l ^ ^ -^-§-*f 

4- 



e 4 sin 7rt 



(s + 1) 2 + 7T 2 



. l + cos2t 1,1 s , 

17. cos 2 t= >--(- + -^ ) 

2 2 s s 2 +4 ; 

. ■>/"'* v 1 — cos irt 1,1 s . 

18. sm 2 (y) = - ► -(- - ^-^2") 

19. £(e t u(t-2))-e- 2a - 



- 1 

20. £(t 2 u(*-7)) = e-t£((t+i) 2 ) 

4 4 
, 2 1 1 , 

= e 4( ^ + S 2+ I 6 7 ) 

32 + 8s + s 2 
= e <( 16,3 ) 

21. C(t*e~ 3t ) = C(t)C(e- 3t ) 
_ 1 1 

~~ s 2 s + 3 

22. £(e 2t *cos4t) = £(e 2t )£(cos 4t) 
- 1 5 

~ s - 2 s 2 + 16 

1 s 

23. cosh — t -v — - 

10 s 2 -0.1 2 

24. C(tf(t)) = -F'(s) 

=> £(tcost) = -£(cost)' 

s 2 -l 



(s 2 + l) 2 



s 2 - 1 1 
£(tcost + sint) = ; „ . + ■ 



(s 2 + l) 2 s 2 + 1 



25. 



26. 



s 2 + 9 
3 

|£+9 

S 2 +9 
1 



cos 3t 



sin Zt 



= cos 3t + sin 3t 

11 11 
+ ■ 



6s+2 6s-4 



^ - 2s - 8 

S 2_ 2s _8 ; 6 + 6 



27. - -> 1 
s 



s + l 



C- 1 (e-°-^-) = u{t-l)t 
6(s + 1) _ 6 6 

£ _ 1( 6(s + l) t2+< 3 



CHAPTERS. REVIEW 



29. 



s 2 - 6s + 4 



s 2 -6s + 4 



s 3 - 3s 2 + 2s s(s 2 - 3s + 2) 

s 2 - 6s + 4 
~~ s(s -2)(s - 1) 
- - + 1 2 



30. 



- 1 s - 2 
fit) = 2 + e* - 2e 2t 

2s 2 - 3s + 4 s 



+ 4)(s - 3) s 2 + 4 s - 3 
/(t) =e 3t +cos2t 



31. 



- s 2 - s + 4 



s 3 - s 2 - s + 4 _ 

s 4 - 5s 2 + 4 ~ (s + 2)(s-2)(s + l)(s-l) 

_1, 1 1 1 1 

^2^ s- 1 s-2 s + l + s + 2 } 

/ W = I(_ e t +e 2t +e - t+e - 2t) 

32. /(t) = cos 0 sin wt + sin fi cos wt = sin(wt + 9) 

33 3s + 4 = 3(s + 2) - 2 
s 2 +4s + 5 (s + 2) 2 + l 
=> f{t) = 3e~ 2t cos t - 2e~ 2t sin t 

34. s 2 Y - 2.5s + y = e~ 2a 
e~ 2a +2.5s 



y = 



s 2 + 1 



y = u(t - 2) sin(t - 2) + 2.5 cos t 



35. s 2 y- s + 4y = 



y = 



-3s 



S + l 



s 2 + 4 s(s 2 +4) 

1 = 1(1 £_) 

s(s 2 +4) 4 s s 2 + 4 ; 

->• -(1 -cos2t) = isin 2 t 
4 2 

=> y = cos2t + -u(t - 3) sin 2 (t - 3) 

36. s 2 y - 16s + 16 - 2sr + 32 + 2y = 8 

(s + l) 2 + 1 

y = 165 ~ 48 , 8s + 8 

s 2 -2s + 2 (s 2 -2s + 2)(s 2 +2s + 2) 

= 16 S ~ 1 - 2 + ~ s + 4 + s 

^ (s- 1) 2 + 1 s 2 -2s + 2 s 2 + 2s + 2 

y(t) = 16e*(cost - 2sint) - e'(cost - 3sint) 
+ e~*(cost - sint) 
= e t (15 cos t - 29 sin t) + e _t (cos t - sin t) 

37. y" + 9y = 6sint - 6u(t -7r)sint 
4 *y + 9 y 



y = 6 



s2 + 1 ^ s 2 + 1 

1 + e~" 



(s2 + 9)(s 2 + l)' 

V 5 



(s 2 + 9)(s 2 + l) 8V + 1 s 2 +9 



) 



y = -[sint - -sin3t-u(i-7r)(sint sin3t)] 

(3 1 3 

_ I -(sint- -sin3t) = sin 3 t if0<t<7r 

_ 1° 



if t > 7T 



38. s 2 y + 3sy + 2y = 



2e" 



y = 



2e" 



s(s 2 +3s + 2) 
2 1 



s + 3 



s(s 2 + 3s + 2) s s 2 + 3s + 2 

->• l-e-l^coshit+Ssinhlt) = l-2 e - t + e - 2 
=> y = u(t-2)(l-2e- t + 2 + e- 2f + 4 ) 



39. sYi = -y 2 + 1, 5 y 2 = y x 

=> yi = cos t, y 2 = sin t 



40. 



s^2 

-1 s 
Yi 

y 2 



-< ] [ 



y 2 



] 



(s - 2) 2 - 4 



-4 



[ *i 2 .!,][: 



-4 
4 



(s - 2)2 



s + 2 
s- 1 



yi = -4e 2t (cosh2t + 2sinh2t) = 2(1 - 3e 4e ) 
y 2 = -4e 2f (cosh 2t + i sinh 2t) = -3e 4t - 1 



41. 



s-2 4 

-1 s + 3 
Yi 
Y 2 



Yi 

y 2 



s 2 + s - 2 



Ho 

s + 3 
1 s 



s + 3 
1 



s 2 + s - 2 

=> 

yi = Se-S^cosh ft + | sinh ft) = 4e' - e" 
y 2 = 3e- sinh ft) = e 4 - e~ 2t 



42. 



s + 2 -3 
-4 s + l 

yi 
y 2 



][ 



s 2 + 3s - 10 



4 
3 

s + l 3 

4 s + 2 



s 2 + 3s - 10 



4s + 13 
3s + 22 



yi 



= 3e 2f +e- 5t , y 2 =4e 2i -e- 



mi,m 2 7l- zj-z^ 3g^*|<H|xi yi,y 2 £) $J*H $1 
yi,y 2 - yi,-y 2 <>m- 

mHr Hooke »g ^ <H] 2)*fl, A:i^ii^<H| s]-$ 
^ fciyi») -g-S] »J-$.°-5, * 2 i-£iSM| s^t 11 

fc 2 (y 2 -yi)°] <tf-2l ##.5.5 mi»t| 4-g- 

*t-t U-Jr -fciyi +A; 2 (y 2 -y x ) o)cf. zLej.E.5. ttSJ 
*H2«flSH Sl«llm 1 y' 1 ' = -fc 1 y 1 +fc 2 (y 2 - 2/1 ) o| ^ 

"l^MS-n^fe-fo^i'SH Sjll^J jt 2 (y 2 -yi)o| 
•i-^ tftf-SJL, fc3ii^»fi sit!- U -fc3y 2 7^ <g=s] »j- 
^-§-S|-°.S. m 2 <Hl ^-S-*)-^ tJ-gr -* 2 (y 2 - 
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yi) - *3ltt 0 |oH m 2 y' 2 ' - -k 2 {y 2 - yi) - k 3 y27} 

44. y>l — -6yi + Ay 2 
y'2 = 4 2/i - 6y 2 

Jft(O) = 2/2(0) = 0, yi(0) = 1, j4(0) = -1 

s 2 y x - 1 = -6^ + 4V 2 

s 2 Y 2 + 1 = 4Yi - 6K 2 

cjsi-'d n + y 2 = o 

s 2 + 10 

=>■ yi = -7=sin\/l0t, J/2 = ==sin\/T0t 

vio vio 

45. Q(0) = 0 0I2.S. HMH* 10i + 10 /„' tdt = «(t). 
t = 0 + q|Sl^,i(O) = ^=0 1 

10i' + lOi = w' = 10 - 10u(t - 4) 

H "t SI4- 4«M HI °J4 D l u <J-g- Laplace 
*^ 5U4- 



y = 



p -4« 



(s + l)s 

1 1 



-4s . 



(s + l)s 



(s + l)s s S + 1 



-» 1 -e" 



i = 1 - e _t - u(t - 4)(1 - e-'+ 4 ) 



1 - e _t if 0 < t < 4 
e-'(e 4 -l) if t > 4 



46. HJ-^^^-i' + /oidt = u 

»7> <a^-o| oiqo.^ ^a.o| o).qcf. aj-gi^ ioj 
2^-n)'9-g- Laplace &.2-.H..S. tfl'ft 

9" + 9 = v = 1 - e- 4 - u(t - ir)(l - e-'), 
«(0)= 0,^(0) =i(0) = 0 



(s 2 + i)y = - - 



s s + 1 
1 s 



»(-- 



s s + 1 



) 



(s 2 + l)s s S 2 + 1 

1 =i( 1 



-» 1 — COS t 
s-1 . 



(s 2 + l)(s + l) 2^ + 1 s 2 + l ; 
-» - (e -t - cos t + sin t) 

g(t) = 1 -cost- jC 6- ' -cost + sint) 
- u(t - + cos t - -e - " (e- t+,r + cos t -sin t)] 

(1 - -(e - ' + cost + sin f) if0<t<7r 
jKe - * -3)cost-(e- ,r + l)sint] if i > tt 
i(t) = 9 '(t) 



1 f e~« ■ 

2 \(3- 



+ sin t — cos t if 0 < t < it 

e- n ) sin t-(e-' r + l) cost if t > tt 

47. 160i + 500 /„* idt + 20i' = 37 sin lOt 

t = 0°J 4, 160i(0) + 20i'(0) = 0 o.5.^-E)i'(0) = 0. 
"I-S-*!-^, 20i" + 160i' + 500i = 370 cos lOt 



2s 2 y + i6 S y + 5oy : 



37s 



y = 



37s 



s 2 + 10 2 



2(s 2 + 8s + 25)(s 2 + 100) 
J_ 3s -8 3s -32 

1C * . 



26's 2 +8s + 25 s 2 + 100 y 
_ 1 3(s + 4) -20 _ 3s - 32 

^~ 26 l (s + 4) 2 +9 s 2 + 100 } 

i = ^( e-4 '( 3 c °s 3t - 2£ sin 3t) 

-(3 cos lOt - f§ sin 10t)] 
= e ~ U (jB cos3t-|§ sin3t)- ^ cosl0t+^ sin lOt 

48. Kirchhoff ^SIH] £]s|) zj- 31)5)5.0)1^^ 

"Q-Br 0o) o.s. 
Lt'j + R(ii - i 2 ) - v = 0, 

R(i2 - ii) + ^ /„' i 2 dt = 0 °1 ^ ^ ^4- 
^-^514- 

20i'i + 10(ii - i 2 ) = 20 
10(i' 2 -i' 1 ) + 20i 2 = 0 



2s + 1 
-s s + 2 

Y 2 



(* + !)■ 



2(s + l) 2 

2+? 
s 

2s + 2 



+2 1 

2s + 1 



2/s 
2 



ii = 2e-*t + 2 /„* e-*t<it = 2(1 - e ~* ), i 2 = 2e-' 

49. i' 1 + 0.8(i 1 -t 2 ) = lt+ 2 l 
o 25 
0.8(i' 2 -ii) + 4r 2 = 0 



s + 0.8 -0.8 
-0.8s 0.8s + 4 

Yi ' 
Y 2 

1 



]- 



25» 

-96/25 



f S + 5 ,1 |[^+2^ + l 

s 2 +5s + 4[ s fs + 1 J [ -96/25 
- s 2 + 5 s + 4 [ -fs-3 + '± J 
Tl ~ £ [s 2 + 5s + 4] 



Ls 2 + 5s + 4j 
= e-t^cosh ft - § sinh ft) = |e- 4t - | e - ( 



T 2 = C- 



[s 2 +5s + 4 ] =/o T i* 



= -I e - 4 ' + i e -< 



CHAPTERS. REVIEW 



T3 = C - 1 [ s^ + 1 Ss + .) }=^ 



— i,-*' - !«-* -4- I 

— 12 e 3 e + 4 



= L e -4t , 1 _-t i I / 5_ 

48 e +3 e + 4 £ 16 

=> 

ii = Ti + 2T 2 + 5T 3 + 4T 4 = e" 4 ' + 1 
n = -f Ti - 3T 2 + |T 3 = -4e- 4t + I 



5ii + 20(u - t 2 ) = 60 
30i' 2 + 20(i' 2 - i'j) + 20i 2 = 0 

" 5s + 20 -20 ] [ Yi 1 _ f 60/s 

so* + 20 j [ y 2 J ~ [ o 



-20s 
Yi 
Y 2 



50(5s 2 + 14s + 8) 



50s + 20 
20s 



20 
5s + 20 



][?] 



(5s + 4)(s + 2) 
1 1 



60 + 24/s ' 
24 

5 1 



(5s + 4)(s + 2) 6 1 '5s + 4 s + 2 ; 

_+ I( e -o.st _ e -2t) 
=> 6 

H = 10(e-°-« - e~ 2t ) + 4 /' e-°- 8t - e~ 2t dt 
= 5e- 0 8t - 8e~ 2t + 3 



- 4f»-0.8t 



i 2 = 4(e 



(i) sfl.S.Jf-Bl limt-tcoi! = 3, limj^oo i 2 = 0°J 

* ■a- ^ 514. 

(ii) ^S.*\ "AttZ-S. 3l-?Rr ^ 
"4 ^|7j-o) xl^-ofl q^E]- ^>y-E|Hl 7^$)^ z}- 

T^l* ■T-sV'd, 20(n - t 2 ) = 60, 20i 2 = 0^.5.Jf E| 
U = 3, i 2 = 0 



Chapter 6 



Linear Algebra: Matrices, 
Vectors, Determinants 
Linear Systems of Equations 



Linear algebra includes the theory and application of linear systems of equations 
(briefly called linear systems), linear transformations, and eigenvalue problems, as they 
arise, for instance, from electrical networks, frameworks in mechanics, curve fitting 
and other optimization problems, systems of differential equations, and processes in 
statistics. 

Linear algebra makes systematic use of vectors and matrices (Sec. 6.1) and, to a 
lesser extent, determinants (Sec. 6.6). This requires the study of properties of matrices 
as a central task by itself. 

A matrix is a rectangular array of numbers. Matrices occur in various problems, for 
instance, as arrays of coefficients of equations. Matrices (and vectors) are useful because 
they enable us to consider an array of many numbers as a single object, denote it by 
a single symbol, and perform calculations with these symbols in a very compact form.. 
The "mathematical shorthand" thus obtained is very elegant and powerful and is suitable 
for various practical problems. 

The definitions of matrices and vectors and related concepts are given in Sec. 6.1, 
together with a discussion of the two basic algebraic operations for matrices, addition 
and scalar multiplication. Matrix multiplication follows in Sec. 6.2, where we also 
define special matrices and the operation of transposition of a matrix or vector. 

The remaining sections center around linear systems of equations. This includes 
the Gauss elimination (Sec. 6.3), the important role of rank (Sees. 6.4, 6.5, 6.7), special 
vector spaces (Sec. 6.4), the basic existence and uniqueness problem for solutions (Sec. 
6.5), determinants and their use in linear systems (Cramer's rule, Sec. 6.6), and the 
inverse of a matrix and its calculation by the Gauss-Jordan method (Sec. 6.7). 

The last section (6.8) on vector spaces, inner product spaces, and linear 
transformations is more abstract. 

Applications to practical problems are shown throughout the chapter. 

NUMERICAL METHODS in Sees. 18.1-18.5 can be studied immediately after 
the corresponding material in this chapter. 

Eigenvalue problems for matrices follow in Chap. 7. 

Prerequisite for this chapter: None. 

Sections that may be omitted in a shorter course: 6.5, 6.8. 
References: Appendix 1 , Part B. 
Answers to problems: Appendix 2. 



6. LINEAR ALGEBRA: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS 



6.1. Basic Concepts. Matrix Addition, Scalar Multiplication 



0 6 

1 15 

0 6' 

1 15 

A + B + C 33 '-i-^(<g3 3.7} 41-). 

16 40 



1. A + B = 
B + A = 



0 



8B - 4A 





10' 
16 


[-24 36' 




; L ~ 4 36 . 


J 


-16 40" 






0 64 







64 
A 



H _ [24 -36] 
J -[4 -36j ; 



4 

28 



3. A + c 33 3.7] 4-1); 

T6 1 n 



)-[? 



-24 36 
36 



(C T ) T = 



6 0 3] 
1 0 -5j ~ C ' 



C + C T 33 ^(^4 4 £| a7 | 4^.). 



4. 6C - 5C = 



0 18 1 _ [30 0 15 1 
0 -30j [5 0 -25j 





"6 


0 


3 " 








1 


0 


-5 










"18 


3 ' 




' 8 -6' 


3C T + 2D T 




0 


0 


+ 


0 8 






9 


-15 




-8 18 






'26 


-3 










0 


8 


i 








1 


3 







C - 2C T 33 -SHf094 HQ 3.7] 41-). 



5. 5D-3C = 



5D T - 3C T = 



_ [18 0 9 1 
[3 0 -15J 



18 
0 
9 



3 ' 
0 
-15 



20 0 -20 

-15 20 45 

2 0 -29 

-18 20 60 

" 20 -15" 

0 20 

-20 45 _ 

: 2 -18 : 

= 0 20 

-29 60 

6. A - 0C 3 C - OA 33 1t3 3.7] 41-); 
0B = 0 (2 x 2). 

n a- 



B- A 

A - A T = 0 (2 x 2) 



8. 6(C T +3D T ) T 



/ [ 12 -9] \ 

= 6 C T - 0 12 
\ L- 12 27 J / 



= 6 



18 -8 
0 12 

-9 22 



= 6 



18 0 -9 
-8 12 22 



6C + 18D = 6C + 



108 0 -54 
-48 72 132 J' 

' 72 0 - 72] 
-54 72 162 J 
[108 0 -54] 
~~ [-48 72 132 J' 
9. 7a - 5b = [21 0 28] - [-5 40 10] 
= [26 -40 18] ; 



7a T - 5b T = 
10. a - c T = a - 



21 




-5 




26 


0 




40 




-40 


28 




10 




18 



9 5 7 



3 
0 
4 

a + b + c^ili 
11. 3(c-4d) = 3 I c - 



= -6 



°ls) 3.7] 4*). 



-3]; 



" 8 " 




1 1 




3 


-8 


)- 


13 




39 


24 




-17 




_~ 51 





27 




24 




3 


3c - 12d - 


15 




-24 




39 




21 




72 




-51 



12. a-b + c T -d T 
= [13 -3 9] - [2 -2 6] 
= [11 -1 3]; 

12(b - d T ) = 12 [-3 10 -4] 
= [-36 120 -48 

13. 5(c - 2d) = 5 I c 



lOd - 5c= 



20 ' 
-20 
60 



-4 
12 
"45' 
25 
35 



= 5 



14. b + c4c + c^S| l-M*!^ ^ 



5 
9 

-5 
-25' 
-45 
25 



25 
45 
-25 



3.71 4*); 



: — a 1 — c — 



15. 6a - 5a - [18 0 24] - [15 0 20] 

= [3 0 4] = a; 
(a T ) T - a = 0 (1 x 3); 
a T - a 33 H3 3.7} 41-)- 

[27] T 

16. (3c) T - 3c T = 15 - [27 15 2l] 

21J 
= 0 (1 x 3); 
4c - 4c r 33 1^(3 3. <5|3 =2.7, cl^.). 
b + 4d T =b+[8 -8 24]= [7 0 26]. 

17. A + B 

_ Oil 112 + &12 013+6x3 

.121 + 621 122 + 622 0.23 + 623. 

611 -fan 612+012 6i3+ai3 

621 + O21 &22 + 022 &23 + 023 

= B + A. 
(U+V)+W 



6.1. BASIC CONCEPTS. MATRIX ADDITION. SCALAR MULTIPLICATION 



99 



19, 



_ (tin +Vn) + Wll ("12 + V 12 ) + W12 
.("21 + «2l) + W21 ("22 + "22) + "^22 
("13 + fl3) + tf 13] ["11 + (vu + wu) 
("23 + U23) + U>23J [U21 + (V21 + W2l) 
"12 + (V12 + W12) "13 + ("13 + ">13)1 
"22 + ("22 + W22) "23 + ("23 + w 23)\ 

= U + (V + W). 



A + 0 = 



an +0 ai2 + 0 
a 2 i +0 a 2 2 + 0 
an 012 ai3 

021 022 023 



ai3 + Oj 

023 + 0 I 



A + (-A) 
_ [an +(-an) 
021 + (-021) 

= ° ° °1 =0 

0 0 oj 

c(A + B) 

_ [c(an + 611) 
c(a 2 i + 621) 
can + cbu 

C021 + C&21 

= cA + cB. 



= A. 



012 + (—012) 

022 + (—022) 



Ol3 + (-023) 
023 + (-023) 



c(ai2 + 612) 

c(a22 + 622) 

cai2 + C612 

C022 + C&22 



c(ai3 + 613) 

c(023 + 623). 

cai3 + chi3 

C023 + C&23 



c{kA) = 



■Hi:;: 

= A. 
18. (A + B) T 

an + bn 
021 + 621 
031 + 631 

041 + 641 

an + bn 
= 012 + 612 

013 + 613 
= A T + B T . 



c(fcaii) 
c(fca 2 i) 
(cfc)an 
(cA:)a2i 
lai2 



1022 



c(fcoi 2 ) 
c(fca 2 2) 
(cfc)oi 2 
(cA;)a 2 2 
lai3 

1023 



c(fcai 3 )' 
c(fca 2 3). 
(cfc)ai3 

(ck)(L23^ 

an 012 
.021 022 



(dfc)A. 



Ol3 

a23 



012 + 612 
022 + 622 

032 + 632 
042 + 642 

021 + 621 

022 + i>22 

033 + 633 



013 + 613 
023 + i>23 
033 + 633 
043 + 643. 

031 + 631 

032 + &32 

033 + 633 



041 + &41 

042 + 642 

043 + 643 











T 




'can 


cai2 


C013" 




(cA)^ = 


ca 2 i 


C022 


C023 




C031 


C032 


C033 






C041 


C042 


C043_ 






can 


ca 2 i 


ca 3 i 


ca 4 f 




cai2 


C022 


C032 


C042 




.can 


Ca23 


C033 


C043_ 


= cA T . 









(a) B = A T Ej- ^ i€- j,k <H1 Eflifl b jk = a kj 
o|cf. 44^ A = A T i€ . j,k ofl ajk = 
bjk = ojtj "J* £Htr4; "J-^'HI A = -A T 2. 
€■ j,k <H1 a jk = -b jk = -a kj sHtM- 

(b) A = C + C T 4 *r*d i€- j,k H a jk = 
Cjk + c kj o]3L, B = A t £ f ^ 1§ j,k 4| t))«fl 



A = A + 0; B 



20. 



1 — r ^ 



bjk = a k j = c kj + c jk = a jk o|4. 44^ A = A t 
7\ s]<H C + C T ^ (symmetric) *g^o]ni; o| 
SH4r A = C - C T 4 44. nej-d -SL-E- A <H! 
ifl^l a jk = Cjk - c kj o|^t, B = A T 4;a nfl 
-2-€- j,k <* cflifl 6j fc = a fci = c fcj - - c jfc = -a jjt 
4eM A = -A T °] sH C - C T £ sflq)^) 
(skew-symmetric) ^^°lcf; °1*11 S = |(C + C T ), 
T= f(C-C T ) 4*H! C = S + T »| sj-cfl S ^ 
q>& T sjrflsg ^°]4; 1-8 «9 

% A,B ^ 43-4 

-2 2.5] [ 0 2.5' 
[2.5 8 j + [-2.5 0 ' 
(c) N - aA + 6B + cC + • • ■ + mM »1 ^ N T = 

aA T + 6B T + cC T + 1- mM T o|cf. nfej-^ £=. 

^^"I'd N T = aA + 6B+cC + - -.+ m M = N 

^%o|^ N r = -aA-6B-cC mM = -N 

o] £)<H N S. sjtfl^ <«^o| 34. 

(a) ^•dH ^ (node) <HH 7fx| (branch) lo] 

7\X\ 2,3o| f-<H ^.4. =Bj^) ^ofl^ 7 r 7,| 2,4,57)- 14 

^■4- 7Fx] 3»1 q-71-ji 71-7.) 5,6-8: #<H 

^■4. O.B15.S. 



(b) 





"l 


-1 


-1 


0 0 


c ' 






0 


1 


0 


1 1 


0 






0 


0 


1 


0 -1 


-1_ 






-1 


1 


0 


-1 -1' 








1 


-1 


0 


0 0 


> 






0 


0 


1 


0 1 _ 








1 


0 


0 


0 -1 


1 


-1" 




-1 


1 


0 


0 0 


0 


0 




0 


0 


0 


1 1 


0 


0 




0 


-1 


1 


0 0 


-1 


1 . 




4-§-4 £4. 






(d) aitiH (mesh) ofl 7\x\ 1, 2, 4 7\ Slfetfl 7 \x\ 
4 4* * (orientation) 7 r x]4. *M 7} 

*1 4, 5, 6 o| oj-dl 7I-7-I 5 ^ 4«- 7^4- ^ 
SI'S "<H 71-7-1 2, 3, 5 7)- 7}7-l 2 "V 4* *J=# 

7^4- •flSi'fl -J-ofl 71-7-1 1, 3, 6 °1 sa-SrHl 7\7\ 6 "V 

4* 7^4. 44^, 

'110-100" 

0 0 0 1-11 
0-110 10 

1 01 0 0 1 



100 



6. LINEAR ALGEBRA: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS 



6.2. Matrix Multiplication 



1. Ba qs] 4 3.7] 41-); 
a T B=[l 4 3]B = [2 8]; 
aB 1-^(^4 3.7) 4*)- 

T341 

2. Ca = 



C 2 a= C 



C 3 a = C 



3. C 2 = 



C T C = 



CC T = 



4. Ca = 



'34 
15 
11 
248 
237 
_102 
56 30 
30 45 
24 9 
'4 6 
6 0 
2 3 
56 : 
30 • 
24 
34' 
15 
11 



248' 

237 

102 
2618 
1794 
1105 



24 

9 

14 
2 
3 





"56 


30 


24" 




c = 


30 


45 


9 


= C 2 ; 




24 


9 


14 





-1 

24" 
9 
14 



= C 2 . 



Cd ^s) **«Sr 1 5! 37) 41-); 

dC = [34 24 17] . 

5. a^d * si -40, a7] e^.). 
a T d T = 16; 
da = 16; 

"4 3 0' 
ad= 16 12 0 
_12 9 0_ 
[5 20 15" 

6. 5aa r = 20 80 60 

15 60 45 
5a T a = 130; 

1 3] B = [-6 
"13 -6 



14]. 



-6 
-3 



(a T - d)B = [-3 

"*-[*. S]' 

[" 26 -54" 
BB r B= -12 28 . 

-6 14 

8. a r BB T d :r = [-20 16 8] d T = -32; 
dBB T a = [34 -12 -6] a = -32; 
2 



CB = 



12 -15 

4 -1 



T T p 12 4i 

[2 -15 -lj 



9. 



10. 



|C 2 



c = 





"28 


15 


12" 






15 


22.5 


4.5 






12 


4.5 


7 _ 






"24 


9 


10' 






9 


22.5 


1.5 






10 


1.5 


8 








"1 3 




1 




c 


3 -1 


1.5 






1 1.5 




1.5 




"24 9 


10" 






9 22.5 


1.5 




10 1.5 


8 



C - C T = 0 (3 x 3). 
(a) A7fmxn<>|^ A T rfixm<i]S.£ AA T fe mxm 
^Hh (square) B = AA T B]- ^ 

B T = (AA r ) T = (A T ) T A T = AA T = B o\s.3. 
Bfe- ttt^'^^ol4; n J-°-H AB7} rfl$ ^sgo]ig 
BA = B T A T = (AB) T = AB 7 r 5|H A4 
Bfe- 7\%- (commute) «J-i+; uj-rfls. ASf B7 r 

7}^i[^ (AB) T = B T A r = BA = AB 7\ 
5)H AB7> cfl^ *J^o]4; A7f tUM'SH sflcfl^ 
°J *8^ 0 !^ A r = Asf A T = -A7\ m*\E.£. 
A = A T = -A7 r 5)<H 2A = 0-1- <a^-ci. n|-eM cfl 
igol^^ afltH^oj ^,6. <g«g^ ^0,4. 

"1 0' 
0 0 



(b) A 



A = 



=> A 2 = A; 
=► B 2 = 0; 



=> A 2 = I. 



(c) Ui + U 2) U1U2, Uffe- ^z)- (upper triangu- 
lar) <g^°|ti; Li + L 2 , L1L2, L 2 £- *J-#z)- (lower 
triangular) «S*g°li4; "r^ofl Ui +Li, UiLi£- 

^Zj- *K)-7_j- oWtf; 



Ui + u 2 = 



U1+L1 



Li +L2 



],u 2 




1 1 
0 1 












1 0' 
1 1 


) 






"2 3 
0 4 


,U!U 2 




1 

0 


3 
3 










1 

0 


8 
9 


'2 2" 
2 6 


,UiLi 




"5 
6 


a 


2 0' 

3 4 


, LiL 2 = 




I 


0" 
3 J 






L 2 = 




1 
8 


0' 
9 



^3 3*1 (transpose) 

(d) a = : : B 



5 
7 



AB : 



19 22] 
43 50 



A 7 ": 



(AB) 



1 

2 

r _ 



3 

4J' 

19 

22 



B r : 

43' 
50 



5 7 

6 8J' 

, B T A T = 



19 

22 



43 
50 



6.2. MATRIX MULTIPLICATION 



101 



m x n AS\- n x m B-Hl C = A T , 
D = B T , E = AB, F = E T , G = DC ej- 

Tl 71 

l=i l=i 

n n 

e ik = Yl a ii b "" />'* = e kj = ^O.klhj7\ S\<>] 
1=1 1=1 

9jk = fjk B T A T = G = F = (AB) T o|4. 

(e) AB ^ BA: 



13. 





"1 


2 


3' 




'10 


11 


12' 


A = 


4 


5 


6 


,B = 


13 


14 


15 




7 


8 


9 




. 16 


17 


18 . 



AB 



BA = 



138 174 
171 
204 
84 



210' 
216 261 
258 312 
201 318' 
216 342 



90 

96 231 366 
AB = 0, A ^ 0, B ^ 0, BA ^ 0: 





"1 


i 


1" 








'-1 




1 


1 ' 




A = 


2 


2 


2 


I 


B 




1 




-1 


0 






3 


3 


3, 








0 




0 


~1_ 








'0 


0 


0" 








" 4 




4 


4 " 


AB = 




0 


0 


0 


, BA 






1 


-1 


-1 






0 


0 


0 










3 


-3 


-3 


AC = 


AD, 


A jt o, C ? D: 












"1 


1 


1" 








'2 


1 


0" 






A = 


2 


2 


2 




C 




2 


2 


2 


1 






3 


3 


3. 








0 


0 


2 




















"3 


0 


0" 
















D 




1 


3 


3 


; 


















0 


0 


1_ 










"4 


3 




4" 








'4 " 


3 


4' 


AC = 




8 


6 




8 


, AD = 




8 


6 


8 






12 


9 


12 








12 


9 


12 



11. p = 



12. 



85 
62 

.30. 
N°.S. 
0.8 
0.5 



, v = Ap = 



o.: 

0.. 



3 .2l 
X5\ 



[44920] 
|30940J 



xj+l - xjA, j = 0, 1, . . .; x 0 

[0.8] [0.74] ro.7221 

Xl= [o.2j' X2= [o.26j' X3= [o-278j' 

2°J * 0.26, 3°J * 0.278. 
. _ [0.5 0.5] 
~ [0.2 0.8] ' 

*T -xTA,j = 0,l,..,xo- [J;JJ, 



0.49 



xi 



, x 2 



14. 



A = 



0.91 

0.9 
0.002 



0.427 
"" [o.973 

0.1 " 
0.998 



[0. 

' X3 = [0. 



4081] 
9919J ' 



x t - x r A 3 7 -_ 0 , . xn _ [1200' 

x i+3 — i > J — 0, 3, . . ., Xq — [ 98g00 



X3 = 



X12 



' 1415 
99585 
'1766 
99234 
[ 1899 
[99101 

IS. 



15. 



x 6 = 



Xl5 



X21 



H4 

IH-H 
ihmm 



'0.8 

0.1 
0.1 



1571 
99429 
' 1825 
99175 
_ [ 1921 ] 
' X24 ~ [99079J 1 

IIS. III5. 
0.1 0 

0.7 0.1 

0.2 0.9 



Xg = 



X18 = 



1684 
99316 

1868 
99132 



= A T 



x>+s = A T x 3 , j = 1998, 2003, . . .; x 1998 = 





21,' 




"23.0" 




X2003 


22 


, X2008 = 


23.2 


, X2013 = 




52 




53.8_ 





y r A = [12.5 



A = 



0.2 
0.5 



'30 
20 
.50. 
"20.72 
23.92 
55.36 

17. x 199 8 = [30 20 50] T , 
X2003 = [26 22 52] T , 
X2008 = [23.0 23.2 53.8] T , 
X2013 = [20.72 23.92 55.36] T , . . . , 
X2278 = [12.5001 25.0000 62.4999] T , 
X2283 = [12.5 25.0 62.5] T ; 
y=[l2.5 25 62.5] T , 

25 62.5] ; 

"0.8 
0.5 

x 0 = [l 1] J , xi = [1.3 0.7 j 
x 2 = [1.39 0.6l] T , x 3 = [1.417 0.583] T 
x 8 = [1.4285 0.5715] T , 
x 9 = [1.4286 0.5714] T ; 
y=[f l] T ,y^A=[M if. 
xo = [1 0] T ,xi = [0.8 0.2] T , 
x 2 = [0.74 0.26] T , x 3 = [0.722 0.278] T 
x 6 = [0.7145 0.2855] T , 
x 7 = [0.7143 0.2857] T ; 
y=[f f] T ,y^A=[f 

18. (a) Ax= f*i«^f-*2Bin9 

[n sin 0 + xi cos 0 
yi = 11 cos 9 - 12 sin 0, 2/2 = 

<42H A dH >d* (linear transforma- 

tion) £ H$ f-y 9 ^ Sl^rfe- 

(b) ?]^>8-g- £4; k = 1 ojig t&'&W. 

°I1 fc = 71 "i "S *j1]tr43. ^ ) = A" A o) 

Hi 4-l-i- "3^4- 

[cos rc0 cos 6 — sin n9 sin 6 
— cos 7i0 sin 0 - sin n9 cos 0 
cos 7i0 sin 9 + sin nd cos 0 
cos 7i0 cos 0 — sin n0 sin 0 

[cos(n + 1)0 - sin(n + 1)0' 
[sin(n + 1)0 cos(n + 1)0 ' 



zi sin 0 + X2 cos 0 



A n+1 



A »+l 
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6. LINEAR ALGEBRA: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS 



=L2\Z.S- k = n + 1 <£ tfS. ^r*H ?1 

^ n _ cosnfl — sinnfl] 

— sinn# cosnfl J ' 
cos a —sin a] [cos/3 
sin a cos a J [sin/? 
cos a cos /3 — sin a sin /3 

~ sin a cos /3 + cos a sin /3 

— cos a sin /3 — sin a cos /3] 

— sin a sin /3 + cos a cos /3J ' 



(c) 



— sin p 
cos/3 



cos(a + P) = cos a cos fi — sin a sin (3, 
sin(a + /3) = sin a cos /3 + cos a sin /3. 
"3 0 0" 

(d) D= 0 1 0 ,y = Dx 4M 

.0 0 5. 
yi = 3xi, y2 = x 2 , j/3 = |i3 -I- 
^ (scalar) fl^-fr JZ.-E- ##.2.3. ->J^J-f- * 

( e ) 44 n f^-2.3. e x 2 



6.3. Linear Systems of Equations. Gauss Elimination 



2. 



'6 4 


2 






'6 4 1 


3 -5 


-34 


=> 


0 -14 


^. x = 


-3, y" 


= 5. 


0.4 1.2 




-2.0 




1.7 - 


3.2 




8.1 





2 1 

-70 



1.2 

-3.321 6.64 



0.4 
0 

I = 1.0, y = -2.0 



2.0] 
.64 J' 



3.0 
1.5 



.51 0.6] [0.4 1.2| 0.6] 
5 I 6.0J [ 0 9.5) 11.4J ' 



-0.5] 
4.5 



<£. 1 = 0.4, y = 1.2. 



0 7 3 
2 8 1 
-5 2 -9 
^ 2 8 
0 7 
-5 2 
2 8 



7 
44 
8 
7 
0 



12 
0 
26 

1 
3 

-9 
1 
3 

-13 
1 
3 

223 



0 ' 
-12 
26 

0 " 
-12 
52 
0 
-12 
892 



x = 2, y = 0, z = -4. 



5. 



1 1 
0 8 
-2 4 
1 1 
0 8 

0 6 

1 1 
0 8 
0 0 



-1 
6 

-6 



-1 



9 

-6 
40 _ 
9 

-6 
58 



-1 
6 
-50 



9 

-6 
250 





X 


= 1,1/ 


= 3, z 




-5 


' 4 




1 


0 


4' 






5 




-3 


1 


2 






-9 


2 


-1 


5 








'4 


1 


0 


4 




=> 


0 


-17 


4 


-12 




0 


17 




•4 


56 


. 




: 4 


1 


0 




4 






0 


-17 


4 




-12 


S 




0 


0 


0 




44 







"13 


12 


-6" 


7. 


-4 


7 


-73 




11 


-13 


157 



13 
0 
0 

13 
0 
0 



12 
139 
301 

12 
139 

0 



-6 
-973 
-2107 

-6 
-973 
0 



x = 6, y = -7. 



4 -8 
-1 2 
3 -6 
^4 - 
0 
.0 
4 
0 
0 



16 
-21 
7 



0 
0 

-8 
0 
0 



3 
-17 
-5 
3 
1 



16 ' 

-68 
-20 



tf. *W-r-^*| #4 (x = 2y + l,z = 4). 



9. 



10. 



8 
2 
5 
-1 
3 
0 

-1 
3 
3 

-1 
3 
0 

1.3 -9.1 
-0.9 6.3 



0 4 

2 0 

3 2 
2 
0 
3 
2 
0 
.0 
'2 
0 
0 



3 

-1 
0 

0 
4 
2 
0 
4 
4 
0 
4 
0 



2 

8 

-4 



11.71 0 
-8.1 0 



[1 -7 9| 0] 
[0 0 o| OJ 



»■ [, 7 t 



tf. *S4 #4 (x = 7y - 9z). 

4 -2l -6' 
16 2 1 I 3 
4 -2 - 



78 39 



-6 
117 



"3-. ««7 r #4 (x = 0, 2 = 3 - 2y). 



6.3. LINEAR SYSTEMS OF EQUATIONS. GAUSS ELIMINATION 
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l,i = -y + 1z). 



#4 (w = x -2y,z = 3). 



' 1 


1 


1 


0 


6 






-3 


-17 


1 




2 


2 






0 


10 


4 




-2 




4 




. 8 


-34 


16 




10 


4 






"1 


1 


1 


0 




6 ' 






0 


-14 


4 


2 


20 






0 


10 


4 


-2 




-4 






0 


-42 


8 - 


-10 




•44_ 






"1 


1 


1 


0 




e 






0 


-14 


4 


2 




20 




0 


0 


48 




4 


72 




.0 


0 


-4 


-16 


-104 


1 


1 


1 


0 






6 




0 


-14 


4 


2 




20 


0 


0 


48 




4 


72 


0 


0 


0 


-196 


-1176 


w = 


4, x = 


= 0, y 


= 2,z = 


6. 



16. 



2 3 1 -11 
5-2 5 -4 
1-13 -3 

3 4-7 2 
1-13 

-2 
3 
4 

-1 

3 
5 
7 



5 
1 

-7 
3 
-10 
-5 
-16 



1 

5 
3 

-7 
-3 
-4 
•11 

2 

-3 
11 
-5 
11 



3 
5 
1 

-7 

3 ' 
-10 
-5 
-16 



"1 


-1 


3 


-3 


3 




0 


5 


-5 


-5 




5 


0 


3 


-10 


11 


-10 


0 


7 


-16 


11 


-16 


'1 


-1 


3 


-3 




3 ' 




0 


1 


-1 


-1 




-1 




0 


0 


-7 


14 




-7 




0 


0 


-9 


18 




-9 




'1 


-1 


3 


-3 




3 " 




0 


1 


-1 


-1 




-1 




0 


0 


1 


-2 




1 




0 


0 


0 


0 




0 





S)]7f JjU^sl i£r\( w = 0, x = 3Zi y = 2z + 1). 

17. f-^: -h -h + h = 0, 

2)5-: 4/i + / 3 = 16, 
2)S.: 4/ 2 +/ 3 = 32, 
7i = 2, I 2 = 6, I 3 = 8. 

18. -h +/ 2 + / 3 = 0 

-f £ 2)5.: 12/ 2 - 8/ 3 = 24 
2) 5.: 4/i + 12/ 2 = 36 
r _ 27 r 2 4 , 3 

*• /l -TI >72 = TT' /3 = n- 

19. f-^: -h + h + h = 0 

2]S: -/ 2 /ii +7 3 R 2 = 0 
*)-<g 2)S: l 2 Ri = E 0 

E 0 E 0 

Eo ' l2 -T 1 ' h=1 R- 2 

20. isl^l) 



= (rT + H2O 



f-^: -/0 + /2 4-/3 = 0 
•M^/o ~/i-/x=0 

/ + /i -/ 2 =0 

-7-/3 + ^ = 0 
■f^ SIS.: -Rol - R2I2 + R3I3 = 0 
4^" 2JS: Rol - Rih + Rxh = 0 
*)■£ 2]S: Rih +R2/2 = £0 

"HI «h = j£, fl,s = "M «U 9] g$ #3 
*)£ / oil ql^l «*d /o, /1, / 2 , 7s, /* * 4^-4 ^o) 
^4- 

_ (%f + ^ + W + ^) g ° + (^-^3)/ 
(1 + R12X1 + R* 3 ) 

/i = ^ 



7o = 



1 + R12 ' 



1 + 7J12 



+ / 



1 + H l3 l + i^3' 

# «„ = «. s "I'd 44-4 #4- 

Es. - T - 



1+7*12 



1 + R12 



1 + «12 ' 1 + #12* 

2)S.<HM -frig -&W oil- tH-y^Jl ^e)*)-^ 4 
■§-£ ^4- 

v 1 + Ri 2 y 

«lrflS / = 0 o]^ /„, / l5 / 2 , 7 3 , 7} ^o] 
€4- 
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«2 



+ 



T _ "2 R3 "-2 Jt 3 „ 
J 0 — ,., , „ \ f \ , r> N 

h 

1 -t- JX\2 

h = RZ , /4 = 

1 + Rx3 1 + ^x3 

44 S|34H -*H °l* ^°J*U 3343 4 
-§•* -2^4. 

fll3 ~ Rl2 Ep = 0 => R 12 = Kxs 

(i + ie 12 )(i i K l3 ) 0 



+ 



Jj 2 + «3 



(1 + Ki 2 )(l + R x3 

£o_ la. 

K 2 j2= «2 



1 + Bl2 

R 3 



21. (i 



«2 



«3 



ill. 
«2 



4-M JZ.€- t.]*HM *! a J 4* *J# 4^=r 

£) 44 34. 

443: 600 + 400 - n - 14 = 0, 
-f43: n + 1 2 - 800 - 800 = 0, 
443: x 3 + x 4 - 600 - 1000 = 0, 
-f 43 : 1000 + 1200 - i 2 - 13 = 0. 
°llr l-'d H = 1000 - i 4 , i 2 = 600 + i 4 , 

i 3 = 1600 - 1 4 * 'Si.Ei 4°l 4°J47l &4- 

22. (Al^-iiB) 

£>i = Si °M 40-2P!-P 2 = 4P!-P 2 +4 7 r 4i2., 
447)4 S. Z? 2 = S 2 «fl *\ 5Pi - 2P 2 + 16 = 3P 2 - 4 
7} 4£4- ^,3^ 434 6Pi = 36, -5Pi +5P 2 = 

20 ■§• <3^4- °1* 1-3, Pi = 6, P 2 = io * <Sjl 

£>i = Si = 18, D 2 = S 2 = 26 -§■ -£fe-4- 

23. 441) 

(a) < a*o| f.*| 4*|f. 4444- 

3144 ^-i: 44 5L444 ^^"l €4 : -f- 
UtT (reflexivity); 

A s\ «8f-& jl**H B 1- <2$J.°-.H..£., ^ 43* 3 
3 B «1M A * ^4 : (symmetry); 
A 2] «8f-^- a.**H BfteB2| *8t-§- J3L4 
«HC* <asi °.2.3., a 43-1- A oil 3443 
C 1- °i^4 : ^ol-t- (transitivity). 

(b) 4 ^<H1 4* ^3 4*r "A* t-isl-fe- 3M -f-*l 4 

7)1* 4444- 

4 *8°fl 4* «8S) 0 sfll- ^o] 134 : 

-f-°J#; 

A S) 4 *8 (i <d*«) 4 4* 3 (J 311) S) 4^r (c) 

*«- b|«h b ♦ ^saiii, b 4 * < (* -am) h 
4* < 0' ^"1) 3 3^ (-c) *i* ^1*^ a ♦ 

A s) « ^ "ll-i- «H«M Bffe 

B S) tr <8<H| 4* ^ »«♦ C * <^5{ 

(c) tr 0 o r -d ^S. ^ ^ f-*] ^ 

« n i »m- 4^ m «4 : * 0 J#; 

A ai « o 4M ^ (c) a ^ »m- *WBf 

-y5d-° "ls., B^la^lt (i) Bfl* 4^ A * «^fe4 

A s] 4 0 T i ^J-t Bfl* 4«i B 1- 
B 4 0 ^ afli- 4^ c * 

J5.JH.5., =L 43* i-f- A «| ^-§-4^ C 1- «y^4 : 



(d) ^<H) 44 4^l°14- 
*8<H1 44**)-fe ^4«1 ^-8-sl<H < a<H^l 
44^ 7)* ^4°) 4^I<>1°5. 4^4 

4- 

24. (7l*.<«) 

(a) A 71- 4X71*8^014 4*, °1 *81-i- *M 
tflS. ai, a 2 , a 3 , a4 4 44- ^, 
"ai" 

A- 32 
a3 

M. 

o\SL a; (i = 1,.. 
ai" 



,4) 1 xn ^«o)4. ^.el^, 



Ei A 



E 2 A 



E 3 A 



&3 
a2 

a 4 

ai 
a 2 

-5ai + a3 

ai ' 
a2 
a 3 
8a 4 



4 s] as;., 7^74 ^4 57^-4^ 7] 

* 34, ^Sil! *M ^SiH -5 nfl-f cl4^ 7] 

* 34, v-DtJH ^* 8 »il 4fe 7l«. «a4»l4; 

V = [t)l V 2 V 3 V 4 ] , 



Eiv = [vi 
E2V - [vi 
E3V = [vi 
an 



A = 



021 
03 1 
04 1 



V2 V 3 
V 3 
V 2 
V2 

012 
022 
032 
042 



1 J 

V4J 



D 2 

— 5ui + V3 
D3 8t) 4 ] T ; 
013" 
023 
033 
043 



V4] 1 



Ei A = 



E 2 A: 



E 3 A 



On 


ai 2 


Ol3 


031 


032 


033 


021 


022 


023 


fii 1 


042 


Q43. 



011 ai2 ai3 

a 2 i 022 o 2 3 

— 5an + 031 — 5ai2 + 032 — 5ai3 + 033 

041 042 043 

an 012 ai 3 

a 2 i 022 023 

a 3 i 032 033 

8041 8042 8043 



4 x 2, a.i (i = 1,...,4) : 1 x 2, 



B = E3E2E1A = E3E2 



6.4. RANK OF A MATRIX. LINEAR INDEPENDENCE. VECTOR SPACE 
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ai 






ai 


= E3 


&3 

-5ai + a2 




33 

-5ai + a 2 






a 4 




8a 4 






an 




012 










131 




"32 








— ban + a.21 


— 5ai2 + 022 


1 






8041 


8042 














ai " 




C = E1E2E3A = E1E0 


a 2 












a3 












8a 4 














ai 


= Ei 


a 2 

-5ai + a3 




-5a! + a 3 
a 2 






8a 4 




8a 4 






an 




ai2 








—ban + 031 


— 5ai 2 + 032 








021 




a22 










8a4i 


8042 







B C. 

(b) I 4 S\ ijLBjD «|4 ^ JL^lg Ei, I 4 

*\ MMH *H| -5 Bill- c.-fl4<j} E 2l I 4 S] 

MlSJ«« 8 »H 43 E 3 °|4; 



A <H| 7]£ ^aJ.^- 4 »j A|^4<*j M <gsi4:z. 4 
4- ol^l 3. 7]-& l n ofl sj^-&H 'SH*]^ 7] 

£ E * A <H| o| ^^ofl ^4 7 | 

£ 34H: 3-8-*r*r %°]E.S. M = EA * ^4. 

in ai 2 013 
(c) A = a 2 i 022 a 2 3 
132 033 
0 01 



25. 



Ei 



E2 



E3 = 



a 2 i 
.131 
1 

—77121 
0 
1 

0 

— JT131 
'1 0 
0 1 

0 -77132 



a2i 

, m 2 i - ( 4 an 0 

an 



^31 

, 77131 = ( 4 a n # 0 ) 

an 



77132 



a32 — 77l3l<li2 



022 - 77121012 

( "tj- «22 - m 2 iai2 # 0 ); 
1 0 0" 

E = E3E2E1 = —77121 1 0 . 

7713277121 — 77131 —»7l32 1 

pivoting o] &.°_3 f-oi) o o| tMJs).^. ^ T t| 

°W ^f* ^ SMI SlH # ^ Slfe ^JE. * 1-711 



6.4. Rank of a Matrix. Linear Independence. Vector Space 



1. u = [1 0 0], v = [1 1 0], w = [1 1 1] 
°M t^. D J-°-l <H>a -y^o,6,c7f Sl<H^ au + 6v + 
cw = 0 7} 3)4 j? 44. o)x| e 3 = [0 0 l] T 4ul 
*r>d, ue 3 = 0, ve 3 = 0, we 3 = 1 o| ^44. 

>H 0 = 0e3 = (au + 6v -f cu)e 3 = c 1- <£^-4 . 5.4 
e 2 = [0 1 0] 4.2 43 ue 2 = 0, ve 2 = 1 °1 
•^44- 4eM 0 = 0e 2 = (au + 6v + cw)e 2 = 6 
♦ "r^^^lS. ei = [l 0 0] T Efji 43 

uei = 1 o| -*J sy 44. 44^ 0 = Oei = (au + 
6v + cw)ei = a # ^-fe-cf. ^-a = 6 = c= 0 3<>l 
au + bv + cw = 0 -I- 3^1?l-fc- *i^7\ s|h.S. ^iH 
3 41 °J*r ^ (linearly independent) °14. 

2. u=[7 -3 11 -6],v=[-56 24 -88 48] 
°le} *r3 v = -8u 7\ ^44. 44^ a = 8, 6= 1 
o]3 au + 6v = 0 3^4.E..£. ^r-»i*! -f- °J 

(linearly dependent) °14- 

3. u = [-1 5 0], v = [16 8 -3], w = 
[-64 56 9] °|4 43 16u + v = [0 88 -3], 
-64u + w=[0 -264 9] 0)4. 44*) a = -16, 
6 = 3, c = 1 o) 3 au + 6v + cw = 0 -§■ 4^-*r— 5. 

4. u = [1 -1 1], v = [l 1 -l], w = 
[-1 1 l],p=[0 1 0] °1443 v+w = 2p 
°M- 4zM a = 0, 6 = 1, c = 1, d = -2 o|ig 
au + 6v + cw + dp = 0 >?V^*rS.5. ^°]^ M| «1 

5. u = [2 -4], v = [l 9], w = [3 5] ^ 
u + v = w «|cf. o = 1, 6 = 1, c= -1 o|ig 
nu + iv+cw = 0 f "l-^-*!-— £- ^ ^Elfe 



u=[l 2 3],v=[0 0 0],w=[5 5 l] 
o|e^ z\x}. o)7]*\ a = 0, 6 = 1, c = 0 <U b|J, 
au + 6v + cw = 0 ^r^*)-— S. ^-01^! ^ 

u = [1 9 9 8], v = [2 0 0 3]* w = 

[2 0 0 8] o|s} ^.4. ^qj: a ,6,c 7 r 

Sl<H^i au + 6v + cw = 0 7\ °^7) 

*\ e 3 = [0 0 1 0] T ue 3 = 9, 

ve 3 = 0, we 3 = 0 0} -^^^4. a^ef^i 0 = 

0e 3 = (au + bv + cu)e 3 = a •§■ <y^-cf. £tt 
ei = [l " " "i r 
o|JH.S. 0 



0 0 0] 4ji vei = 2, wei = 2 



Oei = (au + 6v + cw)ei = 26 + 2c 
# ^fecf- D l-^-7|-x]5. e 4 = [0 0 0 1] T ef 
2 tr'S ve 4 = 3, we 4 = 8 °| ^^^4. aj-H^A-j 
0 = 0e 4 = (au + 6v + cw)e 4 = 36 + 8c -f- "y-c-t^-. 
°i7|A-l ^H^lfe ^^tg-^-M 26 + 2c = 0, 36 + 8c = 0 
$ ^ b = c = 0 0)4. a = 6 = c = 0 <LH 
au + 6v + cw = 0 -§• ^^7f s]s.S. 

» = [* 0 -|], v = [0 i -I], w = 
[| -| 0] 0)4 4^ 2v + 3w = 4u o|4. 4 
4 x i a = 4, 6 = -2, c = -3 o] ^ au + 6v + cw = 0 





" 8 


-4" 




"8 


-4" 


9. 


-2 


1 


=> 


0 


0 




6 


-3 




0 


0 



3|^(rank)-£r 1. 
10. m 2 ^ n 2 o] 0^5. m;7l ^.o)|A^ 44^. Oo] 4H4. o}<!f 



7710] 


Ool 




771 


71 


P 












n 


771 


P. 





P(77l — 7l) 
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11. 



no) (H 
m n pi _^ Tn 
n m p\ [0 
4- Tfl^fe 2. 
8 -3 
-20 -17 
11 2 



7 
-15 
9 



P 1 
p(n - m)J 



•14. 



4- 31 ^g- 


2. 




■0 1 I"" 




12. 


1 0 1 


=> 




1 1 0_ 








=> 


4- 31ttt 


3. 




"3 -1 


5" 


13. 


2 -4 


6 




10 0 


14 



4- *<Mr 2. 





"4 


0 


2 


8" 


14. 


5 


7 


3 


1 




0 


6 


9 


0 



0 

1 
1 

0 

1 

0 

3 
0 
0 
"3 
0 
,0 

4 
0 
0 
'4 
0 
0 



-3 
-49 
49 
-3 
-49 
0 



7 
5 

— E 
7 
5 
0. 

0 
1 
1 



-1 
-10 
10 

-1 

-10 
0 

0 
28 
6 
0 
28 
0 



15. 



16. 



4- 1 
3 1 

0 5 
-3 4 

1 2 



17. 



"0 8 -1" 




1 2 0 




0 0 3 


=> 


0 4 5 . 








4- n<r-h 3 




'9 3 1 


0 


3 0 1 


-6 


111 


1 


0 -6 1 


9 



2 


8 " 






2 


-36 






9 


0 _ 






2 


8 






2 


-36 
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"3 1 


4 




0 5 


8 




0 0 


0 




0 0 


0 



0 " 

-1 

3 

5 . 
0 ' 
-1 
3 
0 



0 ' 

-1 
3 
11 



'9 


3 


1 


0 " 




0 


-3 


2 


-18 




0 


6 


8 


9 




0 


-6 


1 


9 . 




'9 


3 


1 


0 




0 


-3 


2 


-18 


0 


0 


12 


-27 


0 


0 


-3 


45 


'9 


3 


1 


0 




0 


-3 


2 


-18 


0 


0 


12 


-27 


0 


0 


0 


153 



4. 31- 



4. 



18. k ^0 «J Hj, v= [0 0 k} T 2.4 4v 2 +v 3 = k 
1- 4^4*] 4 w = 2v -fe- 4u> 2 + w 3 = 2fc ^ k 

y\ s)<H 241 444*1 &fe4; fc = 0 <U A, •¥- 

>S|lM v,w 7\ 2.4* 4^444, u = av + /3w -g 
i-E- j = 1,2,3 ofl ^ rij = aw 7 - + 0w s °]E.S., 

4U2 + "3 = 4(QU2 + ^1»2) + OtV3 + 0W3 = a(Av2 + 

v 3 )+P{4w2+w 3 ) - Q0+/30 = 0 o| s]H 241 4^- 
44;u=[l 0 0] T ,v=[0 1 -4] T °|el-*l- 
4- Jf- ^4 i4* 4^44- °HI ^ a, 6 

<H1 iM au+6v = 0 7]- 443. 44. ei = [l 0 0] 
4 44, eiu = 1, eiv = 0 o] 44- 44*1 a = 0 o) 
S]J2L, v 7\ 0 o] oiq^s. 6 = 01- 4fc4- ^-af^-S. 
^ *)£-]£- °J4 ^"14; w 7} <^H4 24* 44L4. 

43. 44- "\ cflSfl X = IU1U+ W 2 V El- -^4, 

Xl = 101, X2 = W2, X3 — —4W2 = W3 7} Stcf. ^ 

i4-§- 444-r u 4 v °J4 44 (linear 

combination) 441 t a!4- 
4. Jfe = 0 0)4 *].4 (dimension) 2 °J ^ .g.4 
(vector space) o]ji 7 \%] (basis) fe- [l 0 0] T , 
[0 1 -4] T o)4. ;za]x] &°.4 ajE-j ^4o) of 

H4- 

19. -f- >81e] v,w 7 r 5-4-§- 4^-444, u = qv + /3w 

i€- j = 1,2,3 HI tflsfl Uj = avj + 0Wj °\B.S., 
2ui+3u 3 = 2(qui+/3u)i) + 3(qd3+/5u'3) = a(2ui + 
3u 3 )+/?(2u;i-f3u)3) = a0+/30 = 0»|s]») 24* 4 
35.44; u=[0 1 0] T ,v=[3 0 -2] T 0)4 
f^^_ j= i^e-1^-^-«H^1 £4-£-4444- °1*H *i*ra.,b 
»)1 au+fcv = 0 7> 44;n. 44. e 2 = [0 1 0] 
4 44, e2U = 1, e2V = 0 o) ^Jcf. 4^^ a = 0 o) 
S)j1, v 7> 0 o| o).u1d.s. 6 = 0 ■£ <afe-4. a.5l 
^ ^ejfe- °J4 ^-^°14; w 7\ 2.7^1- 4^4 
4j1 44- °1 tfl^ x = IU 2 U+ j^iv 4 -t 1 ^, 

Xl = X 2 = W2, X 3 = -§Wl = W3 7\ ^4. ^ 

D J-**rfe ■aiE^u^vsl 0J4 ^4AS. 4 

41 ^ sa4- 

4. 2 4« *N ^-4 

7)7^ [0 1 0] T , [3 0 -2] T . 

20. v = [0 1 0 0 o] T i?d* 4^4^14 w - 

-v -fe- w 2 + wi = -1 < 0 o] 5)0^ 5.7^1 435.47.] 

S^4. 

4. ^E] oj-wlcl. 

21. v=[l 1 1 l] T ^^i-i- 4#4^1 "J w = -v 

4. «]eH 3-4 o| 4M4- 

22. ^- «)6] v,w 71- i4-i- 4^-tr44, u = av + /3w 
■fe- i-g- J = 1, • - . ,n "HI tflsfl uj = a«j + Pwj °] 
jL, ^t] j = 1,. . . ,n - 2 ol) >A*IM = Wj = 0 
o|S.5. Uj = 0 (j - l,...,n - 2) -t- ^g-4; 
u = [0 ■■• 1 0] T , v = [0 ■-• 0 l] T 

0)4 44. ^ «)Eig. ^<Hxi ^4^- 4^-44. o\x]] 

^ a,b ol) au + 6v = 0 7\ ^43. 44- 

e = [0 ••• 1 0] e)- 44, eu = 1, ev = 0 
o] s}4 4eH a = 0 o] S)J7, v 7} 0 o) o].u|n_ 

5. 6 = 0 # oj-cL. a.B]H.5. ^- «]E]fe- °J4 ^.^ 

°I4; w 7 r ^-H4 2.41 43144J1 44. o] is) Ei 

H] ^fl ^ X = Wn-lU + W n V 4 Xj = 0 = Wj 

{j = l,...,n - 2), x n _i = to„_i, x n = % °] € 
4- ^ i4-t- 4^4^- «iE^ u 4 v s] °a4 ^4*. 
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23. 



24. 



25. 



3, 441 *r SI4- 
13-. 2 43 «|4 ^-7j- ; 

44 [0 ■•• 1 o] r , [0 ••■ 0 i] T . 

A J^r 3*<HM «I4^ a «|eH aj^ ^ 

*H4 ^it!- 3i -y*r°14; u = 1 °14 44. o) 354^. 
^-<H^! ^4-1- n xHH-:n 0 <=) o|.u]°_3. <y4 

^o|cf; w 7)- ^3 5.^^- nj.^ ^ _ x _ TOlU gL 
Jf-4, XI = Wi 0} ^J4. nf-i-sl-fe *l4fe U 

3 °J4 3^.2.3. 441 ^ Sl4- 

1 43 4*1 1. 

•f- >9|E| V,W 7\ i4-§- U = QV + /5W 

^ J = 1,2,3 HJ tfl^l tij = Qt/j + 0Wj 
5., 3ui - 2u 2 + u 3 = 3(avi + 0wi) - 2(av 2 + 
0w 2 ) + (av 3 + 0w 3 ) = a(3vi - 2v 2 + v 3 ) + 0{3w 1 - 
2w 2 + w 3 ) = aO + 00 = 0, 4ui + 5u 2 = A(avi + 
0wi) + 5(av 2 + 0w 2 ) = a(Avi + 5v 2 ) + /3(4u,'i + 
5w 2 ) = q0 + 00 = 0 o| SH 4^44; 
u = [5 -4 -23] T o|4 44. o] «j E ^ ^<H*] 
2.4* 4#4:a 0 o| oH°~S. •£■.£. °J4 ^-^o|cf ; 
w 7} 2.4* «H, x = ituju El- Jp- 

4, 11 = iui, i 2 = -fu»l = 102, 13 = = 
-3u)i +2 (-ftui) = u; 3 °1 €4- # 4#4 

1 44 *|El ^4; 7lX) [5 -4 -23] T . 
v = [l l] T fe- 2.;tf-§- 4^444 w = 2v i€- 

^-£3 l^SM 27 r S]<H iTj-i- 4^44 

*14 ?4°1 4M4- 





'1 


0 


0 


0" 




"af 


26. (a) A = 


0 


1 


0 


0 




a 2 




0 


1 


0 


0j 




. a 3_ 



a' a-* a J a 4 j. 
-a«r a,6 HI aai + 6a 2 = O 7\ 44ji 
ei = [l 0 0 0] T E|- eia! = 1, eia 2 = 0 
°\ €4- 44^ Q = 0 o| s]jl, a 2 7> 0 o| 
3.S. 6 = 0 £ <a^4- -f- ^4^- <S4 ^-^o|4- 
0-ai + 1 a 2 - l-a 3 = 0 °\E.£. ^ «|e^ ^ 

o|l4. 4^ A £) 7)1^ 2 o|cf (^SJ); a _ 6 ^ 

^fl «fl aa 1 +6a 2 = 0 7\ ^Icfjl 47-1-. ei = [l 0 Oj 
4 4>d, eia 1 = 1, eia 2 = 0 o| Qx\. a = 0 

01 S]J7, a 2 71-0 o| cl^n^^o-i- <a^4. •¥■''14 
^ ^4^-^°l4-0-a 1 +0-a 2 + l-a 3 = 0 olo.^^ 

^4^- °J4f i ^<'14-0 a 1 +0-a 2 + l a 3 + l-a 4 = 0 
ol M| «|E)^ -y^ ^#0)4. nj.^ A 2) 74|^fe 

2 °14(^4 1). 

(b) rank A = rank A T (3e| i), (AB) T = B T A r , 

rankAB;=rankB T A T ; 

<9^^r <i3 ^<r4 =&4- ^-^ ol 

^ ^I^t4 ^7} s)^.H| o]- 040] ^ 

<ii °J4^-^°1 €4- ^ S.S. <g°l °J4 s-^o)^ oj. 
°11^4 4*4^15. ^8°! °J4 s.^o] ^cf; 
^IJ- ^^°) 4H>d &44 S4- «9^3 ^1 
*r4r -^4 "^4 sli^.a.4 # ^ Sii *S°I4 % 
^7} o] #.£,4 3.4- 44^1 4H^ 0 |ol °J4-f- 
€4- 



(c) A = 



, B 



AB 



0 0 
0 Oj' 

rank A = 1, rankB = 2, rank AB = 0. 
(d) (c) 3 *83H1 tsm =sj-g-44- 
m = 2, n = 4, p = 3, 
r A = 1, r B = 2, r = 0, 

rA + r B -n = -l<r = 0< min{r A ,r B } = 1; 

"1 0 0 0" 
0 10 0, 



A = 



,B = 



0 0 10 



AB = 



(e) A = 
A 2 = 



1 0 0 0' 
0 1 0 Oj' 
m = 2, n = 3, p = 4, 
fA = 2, r B = 3, r = 2, 
7"A+r B -n = 2= r = min{rA, r B }• 

1 0] ro 1" 

0 oj ' [0 oj ' 

1 °1 R 2 _ [0 0' 

0 oj ' [0 oj ' 

rank A = 1, rankB — 1, 
rank A 2 = 1, rankB 2 = 0. 

27. (ff 

^•i>-& tr *H) 4* <93 ^ »H* t1* r ?M ^ 
^•i- ^iS. J2.$*r'H4 4 0 ^-g- 

'MW 444 ^<H1 ^-sll -S-^oJ -f- ^ f-^V 
•fr ^4. 

28. 084 «* ZH) 

A}^7\ io|as. 0 o r vj >aiEl *m-f- sj^ig ^4. 
^- 1^4 7)7^: [2 -1], 
<a-?-7j3 7]?H: [4 _ x 3 ]T 

29. (^3r <i ^-7j) 

u=[3 1 4],v=[0 5 8] °lEr ^4. ^ 
^ -y^a.fr 4 SM*I au + 6v = 0 7 r ^jcfa 44. 
7)^ ei = [l 0 0] T 43.4^ uei =3, vei =0 
°l A 3 i 344- 44^1 0 = Oei = (au + 6v)ei = 3a, 
# a = 0 >S)El v fe- 0 7)- ofv|nj 

b = 0 o] s}4. 44^ =. «)E-]fe <a4 s.^»i4; 
u = [3 0 -3 1] T , v = [1 5 4 2] T o| 
4 t-4- n J4 -y^ 0,6 7\ 514^ au + 6v = 0 
7 r s)4ji 44. 47H e 2 = [0 1 0 0] 4 
3. 4^ e 2 u = 0, e 2 v = 5 o| 3^44. 44^ 
0 = e 2 0 = e 2 (au + 6v) = 56, 6 = 0 ^-b4- 
«|4 u 0 7 r oMes a = 0 o] 334. 44^ ^ «j 

4fe °J4 ^-^°14- 

1 



7|4 [3 
44: [3 0 

30. 

V= {(i,0,0) :x 6 R; 
H f = {(i,K,0):i,!/e 



4] , [0 5 8] 



4 2 
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6.6. Determinants. Cramer's Rule 



1. (2*mi<jj) 

ai'SH *H <M *d^^ D = a n a 2 2 - ai 2 a 2 i 
^<H1 D = -021012 + 

022011 °U, ^Sl^ <g<H| ^Ml xd7m<8. D = 
aua 22 -a 2 ioi2 °}3L, f-Si*) <£<H| ^flsl-'d 
D = -ai 2 a 2 i + a 22 a u "\S.SL, S.^- 7\ 

2. (3*1- ^^-l) 



£> = -2 



3 0 
0 2 



+ 6 



-4 



1 3 
-1 0 



1 0 
-1 2 

= -2(6 + 0) + 6(2 + 0) - 4(0 + 3) = -12; 



D : 



3 0 
6 4 



0 



1 0 

2 4 



+ 2 



1 3 

2 6 



= -1(12 + 0) - 0(4 + 0) + 2(6 - 6) = -12; 



O = 1 



6 4 
0 2 



- 2 



3 0 
0 2 



- 1 



3 0 
6 4 



= 1(12 + 0) - 2(6 + 0) - 1(12 + 0) = -12; 



D 



2 

-1 



+ 6 



0 



1 0 

2 4 



D = 



0 

1 2 

= -3(4 + 4) + 6(2 + 0) - 0(4 - 0) = -12; 
1 3 0 
2 



6 < 
-1 0 S 
= -12. 

-HI*) 

M u = 



M13 = 



1 


3 


0 




1 


3 


0 


0 


0 


4 




0 


3 


2 


0 


3 


2 




0 


0 


4 



a 22 


a 2 3 


, Ml 2 = 


021 


023 


O32 


033 


031 


033 


a 2 i 


o 22 


. M31 = 


ai2 


Ol3 


031 


032 


022 


023 


an 


013 


, M33 - 


Oil 


Ol2 


021 


a 2 3 


021 


Q22 



M32 

C11 = M11, C12 = -M12, C13 = M13, 

C31 = M31, C3 2 = — M32, C33 = M33. 

4 - 6 = -2, 
6-4 = 2, :ge| 1(a), 
:6-8 = -2, ^e) 1(b), 
= 8-12 = -4, ^ 1(c), 
4 = 2,^5] 2(a), 
9 = -2, *jE) 2(b), 
8 -12 = -4, 33 2(c), 
4-6 = -2, ^ 2(d), 
0-0 = 0, 2(e), 



1 


2 


3 


4 


3 


4 


1 


2 


1 


2 


4 


6 


2 


4 


3 


4 


2 


1 


4 


3 


1 


3 


3 


7 


2 


2 


6 


4 


1 


3 


2 


4 


1 


2 


0 


0 



= 6- 



= 7- 



6. 



1 
2 
1 
2 
1 
3 

3.8 0.6 
-1.4 9.3 

cos n6 sin n& 
— sin 710 cos n6 
104 624 
102 612 
205 16 81 

0 -13 2 

0 0 16 



= 0-0 = 0, ^ 2(e), 
= 4-4 = 0, xj^ 2(f), 
= 6-6 = 0, ^el 2(f). 

= 3.8 x 9.3 - 0.6 x (-1.4) = 36.18. 

= cos 2 nO + sin 2 n6 = 1. 
= 104 x 612 + 624 x 102 = 0. 

= 205 x (-13) x 16 = -42640. 



m 


n 


V 












P 


m 


n 












n 


P 


m 














m 


n 




P 


n 


+ P 


P 


m 


= m 






— n 












P 


m 




n 


m 


n 


P 



= m(m 2 - np) - n(pm - n 2 ) + p(p 2 - mn) 
= m 3 — mnp — mnp + n 3 + p 3 — mnp 



= m 3 + n* + p a - 3mnp. 



,3 



10. 



7 14 21 7 36 
36 18 6 = 14 18 
87 12 -45 21 6 
7 36 87 7 
0 -54 -162 = 0 
0 -102 -306 0 



11. 



10 3 7 

4 2 0 1 
7 7 3 0 

5 0 6 8 
10 3 
0 2 
0 0 
0 0 

= -477. 
1 2 



-12 
24 
-9 



12. 



13. 



0 

: 2 

: 9 

I 2 

1 2 

0 2 

0 0 

0 0 



1 0 
0 2 
0 7 
0 0 
7 

-2 
45.5 
-2 



1 2 
0 0 



87 
12 
-45 
36 

-54 - 
0 

3 7 
-12 -2 
-18 -49 
-9 -2 

1 0 

0 2 

0 0 

0 0 



87 
■162 
0 



= 0. 



3 
-12 
24 
0 



7 

-2 
45.5 

159 
16 



0 
0 

2 

16 

2 

2 

0 



0 


0 


9 


2 


2 


0 


0 


16 



= -64. 



2 


0 


0 




4 


0 


0 




0 


4 


7 




0 


2 


5 




2 


0 


0 


4 


0 


0 


0 


4 




7 


0 


0 


1.5 



= 72. 
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14. 



4 


3 






4 


3 


-8 


— 


5 




0 


0 


4 


3 






4 


3 


16 


12 






0 


0 



= 0, 



= 0, 



-8 -6 
16 12 





-8 -6 




0 0 



■o, 



15. 



'4 3 " 






"4 


3' 


-8 -6 


=> 


0 


0 


16 12_ 






0 


0 


0 2 


-3 






2 


2 0 


5 






0 


-3 5 


0 






-3 



0 

5 

-3 
15 



5 

-3 
7.5 



16. 



2 0 
= - 0 2 
0 0 

^ *81£| Til^r 3olc| 
" 2 0 
0 2 
-3 5 
'2 0 5 
0 2 
.0 0 
21 -3 
4 17 
12 51 
21 
4 
12 
21 
4 



= -60 ^ 0, 



' 0 


2 


-3' 


2 


0 


5 


-3 


5 


0 _ 


21 


-3 


17 


46 


11 


52 = 


33 


48 


71 


21 


-3 


13 


46 


11 


14 


33 


48 


-23 


21 


17 


13 


46 


52 


14 


33 


71 


-23 


-3 


17 


13 


11 


52 


14 


48 


71 


-23 


21 


-3 




46 


11 


= 369 



5 " 




"2 


0 


5 


-3 


=> 


0 


2 


-3 


0 




0 


5 


7.5 



= o, 



-3 
15 
17 
18 
54 
-3 13 
17 -12 
51 -36 

17 13 

18 -12 
12 54 -36 

17 13 
120 66 
343 185 
-343 
120 
343 



= 0, 



-3 
-1 

0 

0 

-1 

0 



-185 
66 
185 



= 0, 



^ i€- 3 x 3 -f-g- q%s) O o|2. 2x2^ 

'21 
46 
33 



17. D = 
D X = 
D 2 = 



-3 


17 


13 " 




'21 


-3 


17 


13 " 


11 


52 


14 




0 


369 


310 


-304 


48 


71 


-23 




0 


369 


310 


-304 










"21 


-3 


17 


13 " 










0 


369 


310 


-304 










0 


0 


0 


0 


5 


-3 


= 29, 












-2 


7 













37 


-3 


-38 


7 


5 


37 


-2 


-38 



= 116, 



: 145, 



-4; 



18. D = 



5 -3 
-2 7 
• x = 5,y = 
1 2 3 
7 3 1 
1 6 2 
20 2 
13 3 
0 6 
-1 



37 




'5 


-3 


37 


-38 




0 


29 


-116 



1 2 3 
0 -11 -20 
0 4-1 



= 91, 



D 2 = 



-1 
0 

-1 
0 
0 

1 

7 
1 



5 
6 

5 
34 
6 

20 
13 
0 



D 3 = 



20 

-7 
-20 
1 2 
7 3 
1 6 



3 
1 
2 
2 

-3 
2 
-3 
-19 
2 

3 

1 

2 

3 
-14 
-1 
20 
13 
0 



7 
13 
0 
0 

-1 
0 



-1 

3 
6 

34 
5 
6 



= 182, 



20 
-127 
-20 



-19 
-3 
2 



3 
-20 
-1 



= -273, 

1 2 
0 -11 
0 4 



20 
-127 
-20 



= 728, 



tf. x = ^=2,y=^ = -3,z = ^ 



"1 


2 


3 


20" 




"1 


2 


3 


is 

20 " 


7 


3 


1 


13 




0 


-11 


-20 


-127 


1 


6 


2 


0 




0 


4 


-1 


-20 












"1 


2 


3 


20 ' 












0 


-11 


-20 


-127 












0 


0 


-91 


-728 



x = 2, y = -3 z = 8. 



19. D - 



Di = 



D 2 = 



3 
2 

-4 
1 
0 
0 
-13 
-5 
2 
-1 
0 
0 
3 
2 
-4 
1 



7 
0 
1 
7 

-14 
1 



8 
9 
-26 
-1 
11 



-1 
9 

-8 



= 101, 



x 



7 


8 






-1 


13 


-148 


0 


9 






-1 


2 


-43 


1 


-26 






2 


1 


-26 


13 


-148 










-11 


105 




707, 






27 


-322 










-13 


8 






1 


-8 


-1 




-5 


9 






2 


-5 


9 




2 


-26 




0 


-8 


-8 





-8 
11 



-1 
11 



= 0, 



-5 
-8 



13 

-5 
2 

-8 

0 -14 11 
0 1 -8 

d '>y— £> — u, z — -jf- — i, 



= 101, 



110 
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3 


7 


8 


-13" 




'3 


7 


8 


2 


0 


9 


-5 


=> 


0 


-14 


11 


-4 


1 


-26 


2 




0 


31 


-46 












"3 


7 


8 












0 


-14 


11 












0 


0 


-303 



-13' 

11 
-46 

-13 
-5 

-303 



x — 7, y = 0, z = 1 
I y 1 
XI s/i 1 
X2 yi 1 



20. (a) D = 



x - ii y - yi o 

xi yi 1 

X2 -xi y 2 - yi 0 

= -(x-xi)(y2-yi) + (x2-xi)(y-yi) = 0, 
x-xi y-yi 



4: <Sife4. 



X2 —xi y2 — yi 
(b) Jg<dsl "cN-iH ax + by + cz + d-l = 0 °|.H-3. 

43~§- ^4- 

1 



= 0; 



x y z 

xi yi 2i 

X2 y2 Z2 
X3 J/3 23 

^<H^! ^t^t- *lM-c- 3x + 4y-2 2 = 5 o|cf. 

(c) -ysl Hh^'M 0 ! a(x 2 + y 2 ) + 6x + cy + d • 1 = 0 
olH-S. 4-§-§r ^4- 



x 2 +y 2 


X 


y 


1 


x\ + y? 


XI 


yi 


1 


x 2 + y| 


X2 


yi 


1 


X3 +y 2 


X3 


yi 


1 



= 0; 



1 + y 2 - 4x - 2y = 20 



^■<HSI 3** *14*r 

°14- 

(d) ^s) nHH°l 

a(x 2 + y 2 + 2 2 ) + bx + cy + dz + e ■ 1 = 0 o)S.S. 4 
^4- 



= 0; 



^H^l *14fe x 2 + y 2 + ( 2 -l) 2 = 16 

°14. 

(e) °im (conic section) s\ HH-M°1 

ax 2 + 6xy + cy 2 + dx + ey + / • 1 = 0 o|S.S. 4-fr 



= 0. 



x 2 + y 2 + 2 2 


X 


y 


2 


*?+»!+ 2 i 


XI 


yi 


21 


xi + y\ + z 2 


x 2 


y2 


22 


x 3 + y$ + z 3 


X3 


y3 


23 


+ y 2 + 


X4 


y4 


24 



X 2 


xy 


y 2 


X 


y 


i 


xiyi 




Xl 


yi 




X2V2 


v§ 


x 2 


V2 




X3y3 


vl 


X3 


V3 


-2 
x 4 


X4y4 


vl 


X4 


yi 


T 2 


x 5 ys 


vl 


X 5 


ys 



6.7. Inverse of a Matrix. Gauss-Jordan Elimination 



2 0 
5 1 
0 1 
2 
0 
0 
'2 
0 



2. 



0 
2 
1 
0 

2 

0 0 
'2 0 



1 0 
0 1 
0 0 
1 



-1 
5 
3 

-1 

5 

1 
0 
0 
1 
0 
0 

1 



-1 

0 
3 
3 

-15 ' 
5 

2 5 
-1 2 
4 11 
2 

-1 
0 

2 

-1 
0 



-5 
0 
1 

-5 
5 

6 
-30 
5 
3 
-15 
5 
3 
15 
5 

1 



0 
2 
0 

0 

2 

-2 
-2 
12 
-2 
-1 
6 

-2 



0' 
0 
2 

2 ' 
-10 
2 

1 " 
-5 
2 
1 

-5 
2 





"1 


0 


0' 




0 


1 


0 




0 


0 


1 



-5 
2 
0 
1 



0 0 

1 

0 

-2 
11 
4 

-2 



=4> 



0 
1 
0 

2 

-1 

4 
'19 
-4 
-2 
-1 

6 

5 



0 
0 

1 

5' 
2 
11 
2 

-1 
0 

5 
4 



19 2 
4 1 
-2 0 
19 2 
-4 -1 
-2 0 
19 2 
-4 - 
-2 C 



-9 

-2 
1 

-9' 
2 
1 



-9' 
2 
1 





1 


0 


0" 




0 


1 


0 




0 


0 


1 



-1 

20 
20 
-1 
20 
0 



0 
0 

—3 —3 3 
^. «mM tfe4.' 



4. 



-7 0 

0 8 
0 3 
-7 
0 
0 

l"-7 
0 
0 



0 

13 

5 



0 0 



0 1 
0 0 
1 



0 
13 
1 
0 
0 

1 



0 

0 -3 
0 

' 40 

1 -3 



0 
-104 



6.7. INVERSE OF A MATRIX. GAUSS-JORDAN ELIMINATION 



111 





"1 


0 


0 


1 

7 


0 


0 




0 


1 


0 


0 


5 


-13 




0 


0 


1 


0 


-3 


8 _ 



5. 



"-7 


0 


0 


8 


. 0 


3 




r 1 




7 




0 




. 0 


"4 


-1 


15 


1 


5 


4 



4 
0 
0 

'4 
0 
0 
"4 
0 
0 
'4 
0 
0 
'4 
0 
0 
'4 
0 1 
0 0 



-1 
19 
21 
-1 
19 
0 

-1 
19 
0 

-1 
19 
0 

-1 
1 
0 
0 



0 
13 
5 
0 

5 

-3 
-5 
-5 
9 

-5 
55 
61 
-5 
55 
4 

-5 
55 
1 
0 
0 
1 
0 
0 

1 



0 

-13 



0 


0 " 




"1 


0 


0" 


5 


-13 




0 


1 


0 


-3 


8 




0 


0 


1 



0 0' 



1 0 
0 1 
0 0 

4 -1 
15 1 

5 4 
29 



6. 



0 
0 

0.4 



-160 
55 
0 

-0.2 
0 



1 

-15 
-5 
1 

-15 
220 
1 

-15 
55 
276 
-3040 

55 
276 
-160 

55 
116 
-160 
55 
29 
-160 
55 

29 
-160 
55 

-11 10 ' 
61 -55 
-21 19 



0 0 
4 0 



0 


0' 


4 


0 


-84 


76 


0 


0" 


4 


0 


-21 


19 


-105 




1159 




-21 





0 

0 

1 

0 
0 

1 

-5 
-5 
9 



-105 
61 
-21 
-44 
61 
-21 
-11 
61 
-21 



95 
104 
19 

95 " 
-55 
19 



40 
-55 
19 
10 ' 
-55 
19 

11 



"0 


0 1 


0 


1 0 


1 


0 0 


'1 


0 0 


0 


1 0 


p 


0 1 
0 


1 


-0.2 
0 


'0 


0 



0 -5 
L f 0 



0.3 
0 
0 
io 

3 

0 
0 
0 
0 

10 
3 

0.3" 
0 

0 , 

5 
2 

0 



1 0 
0 1 
0 0 
0 

-5 
0 
0 

-5 
0 



61 
-21 



10 
-55 
19 



0 


0 


5- 

2 




"1 


0 


0" 


0 


-5 


0 




0 


1 


0 


10 
3 


0 


0_ 




0 


0 


1_ 



-1 2 
2 -1 



2 -1 
2 
6 
3 



-1 


2 


o 


3 


_ 0 


6 


"-1 


2 


0 


3 


. 0 


0 


"-9 


18 


0 


9 


. 0 


0 


'-9 


0 


0 


9 


0 


0 



0 0' 



2 
6 

-9 
0 
0 

0 
0 



1 

0 
0 

1 

0 

1 

2 

-2 
5 
2 

-2 -2 
1 -2 



0 

1 
0' 
0 
1 

0 

1 

-2 
-4 
-1 



2 

-2 



1 0 
0 1 
0 0 

2 



0' 
0 
1 

2' 

2 
1 

-2 
2 
1 



L 9 
Z 2 ■ 

\ I 
9 9- 

1 2 3 1 0 0^ 

4 5 6 0 1 0 

7 8 9 0 0 1 
12 3 10 

0 -3 -6 -4 1 

0 -6 -12 -7 0 

12 3 1 0 

0 -3 -6 -4 1 

0 0 0 1 -2 

1 0 0' 
0 10 
0 0 1 
1 0 7' 
0 1-3 
0 0 1 
1 -8 
1 
0 
-8 
1 
0 



1 0 0 
0 1 0 
0 0 1 



"1 


8 


-7 


0 


1 


3 


0 


0 


1 



"1 


8 


0 


0 


1 


0 


0 


0 


1 


"1 


0 


0 


0 


1 


0 


0 


0 


1 



'1 


8 


-7" 


0 


1 


3 


p 


0 


1 _ 




"1 


-8 




0 


1 




0 


0 



31 
-3 
1 

31' 
-3 
1 





"1 


0 


0" 




0 


1 


0 




0 


0 


1 



0 
0 

"1 

0 

p 

31' 
-3 
1 

10. (^-f qt$%) 

B = A 2 o|Ef. sj.ig, B(A -1 ) 2 = AAA -1 A -1 
= AA- 1 = I o] 5)2.3. (A 2 )- 1 = B- 1 = (A- 1 ) 2 

11- ^tt-ej q*S%) 
'4 -1 -5" 

ol-E-S., 



A 2 



15 
5 



9 
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-1 -5 
1 -5 
4 9 

-1 

19 

21 

-1 

19 

0 

-1 

19 
0 

-1 
19 
0 

-1 
1 



0 
0 

1 

0 
0 

1 

0 



-5 
55 
61 
-5 
55 
4 

-5 
55 
1 
0 
0 
1 
0 
0 

1 



1 0 
0 1 
0 0 

1 



-15 
-5 
1 

-15 
220 
1 

-15 
55 

276 
-3040 

55 
276 
-160 

55 



0 


0' 


4 


0 


0 


4 



0 

4 
-84 

0 

4 
-21 
-105 

1159 

-21 
-105 

61 
-21 



95 
-1045 

19 
95 ' 
-55 
19 



(A 2 )- 



A- 1 = 



-15 
5 



112 - 



116 


-44 


40 ' 


-160 


61 


-55 


55 


-21 


19 . 


29 


-11 


10 ' 


-160 


61 


-55 


55 


-21 


19 


29 


-11 




10 ' 




160 


61 




-55 


•1 


55 


-21 




19 




-1 


1 " 








6 


-5 


o 


!£.£., 


-2 


2 . 








29 


-11 




10 " 




160 


61 




-55 


° 


55 


-21 




19 





»1 €4- s.V'JH, 



(A" 1 ) 



12. «|*«) 

I = l T = (AA-'f = (A- 1 ) T A T oI.5L.5L 
(A T ) _1 = (A -1 ) r 7} €4- 

13. $ <3*§ig) 

A 7\ tfl^o]^ A T = A B = A -1 o]si^ 
AB = I o\jL, I = I r = (AB) T = B T A T = B T A 
♦ 4eM B T = A- 1 = B 7\ ^xlf. ^ cflsg 

14. 

C = A- 1 o)^, I = A~*A = CA °]2-3l, C" 1 = 
A 1- <£^. # (A" 1 )- 1 = A o]cf. 
15. det A = 1, 

-2, 



An = 


3, A12 = 


-15, A13 


A 2 i = 




1, A22 


= 6, A 23 = 


A31 


1, A32 = 


-5, A33 






" 3 


-1 1 " 


A = 




-15 


6 -5 






5 


-2 2. 


16. det A 




-40, 




An = 


2, A12 = 


0, A13 = 


A 2 i = 


0, A 22 = 


-20, A 23 


A31 = 




8, A32 


= 0, A33 






"-0.05 


0 C 


A" 1 = 




0 


0.5 






0.3 


0 



A" 1 = 



17. det A = -0.1, 

A n = -0.3, A12 = 0, A13 = -0.1, 
A21 = 0, A22 = -0.5, A 23 = 0, 
A31 = 0.1, A32 = -0.1, A33 = 0.1, 

"3 0 -1" 
A" 1 =05 1 . 

1 0 -1 

18. det A = -8, 

An = -4, A12 = -24, A13 = 23, 
A21 = 0, A22 = 8, A23 = -6, 
A31 = 0, A32 = 0, A33 = -2, 
0.5 0 0 
3-10 
-2.875 0.75 0.25 

19. det A = -0.5, 
An = -0.5, A12 = -0.5, A13 = -1, 
A21 = -0.5, A22 = -1, A23 = -1.5, 
A31 = -1, A 32 = -1.5, A33 = -1.5, 

"1 1 2' 
A" 1 =12 3. 

.2 3 3 

20. det A = -48, 

An = -12, A12 = 12, A13 = -6, 
A21 = 0, A22 = 0, A23 = -12, 
A31 = -12, A 32 = -4, A 33 = 2, 

K 0 

"4 



A" 1 = 



t 



- 0 h 

1 1 _ x 

L 8 4 24 

21. (a) detH 2 =2- 2 3- x = 
H-i _ [ 4 -6 
" 2 ~ [-6 12j ' 



0.0833, 



h:' = 



H 4 " 1 = 



" 1 - 4.6296 x 10 -4 , 
30 



detH 3 = 2- 4 3" 3 5- 
9 -36 
-36 192 -180 
_ 30 -180 180 _ 
detH 4 =2- 8 3- 3 5- 3 7- 1 = 1.6534 x lO" 7 , 
16 -120 240 -140' 
-120 1200 -2700 1680 
240 -2700 6480 -4200 
-140 1680 -4200 2800 
detHs = 2- 10 3- 5 5- 5 7- 3 = 3.7493 x 10" 12 , 



h: 



' 25 


-300 


1050 


-300 


4800 


-18900 


1050 


-18900 


79380 


-1400 


26880 


-117600 


. 630 


-12600 


56700 


-1400 


630 " 




26880 


-12600 




-117600 


56700 




179200 


-88200 




-88200 


44100 




= 2- 14 3- 


9 5- 5 7- 5 ll- 1 = 5.3673 


' 36 


-630 


3360 


-630 


14700 


-88200 


3360 


-88200 


564480 


-7560 


211680 


-1411200 


7560 


-220500 


1512000 


.-2772 


83160 


-582120 



0 

0.2 
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-7560 
211680 
-1411200 
3628800 
-396900 
1552320 

detH 7 = 2- 18 3- u 5- 5 7- 7 ll- 3 13- 1 
= 4.8358 x 10~ 25 , 



7560 
-220500 
1512000 
-396900 
4410000 
-1746360 



-2772 
83160 
-582120 
1552320 
-1746360 
698544 





" 49 


-1176 


8820 




-1176 


37632 


-3175220 




8820 


-317520 


2857680 




-29400 


1128960 


-10584000 




48510 


-1940400 


18711000 




-38808 


1596672 


-15717240 




. 12012 


-504504 


5045040 




-29400 


48510 


-38808 




1128960 


-1940400 


1596672 




10584000 


18711000 


-15717240 


40320000 


-72765000 


62092800 




72765000 


133402500 


-1152597660 


62092800 


-115259760 


100590336 




20180160 


37837800 


-33297264 



12012 
-504504 
5045040 
-20180160 
37837800 
-33297264 
11099088 
detHg = 2- 24 3- 14 5- 6 7- 7 ll- 
= 2.7371 x 10- 33 , 



5 13- 



Hs 1 



" 64 
-2016 
20160 
-92400 
221760 
-288288 
192192 
. -51480 
-92400 
4656960 
-58212000 
304920000 
-800415000 
1109908800 
-776936160 
216216000 
192192 
-10594584 
141261120 
-776936160 
2118916800 
-3.0301 x 10 9 
2.1754 x 10 9 
-618377760 



-2016 
84672 
-952560 
4656960 
-11642400 
15567552 
-10594584 

2882880 
221760 
-11642400 
149688000 
-800415000 
2134440000 
-2996753760 
2118916800 
-594594000 
-51480 
2882880 
-38918880 
216216000 
-594594000 
856215360 
-618377760 
176679360 



20160 
-952560 
11430720 
-58212000 
149688000 
-204324120 
141261120 
-38918880 
-288288 
15567552 
-204324120 
1109908800 
-2996753760 
4.2499 x 10 9 
-3.0301 x 10 9 
856215360 



2.25 
-3.75 



(b) det H 2 = ^ = 0.0889 

9 _ 15 

l6 45* 
4 4 
detH 3 = 5.16 x 10~ 4 , 

3.5156 -16.4062 

-16.4062 137.8125 

14.7656 -147.6562 



-3.75 
11.25 



14.7656 
-147.6562 
172.2656 



6.8. Vector Spaces, Inner Product Spac< 

Jf- «|E) v,w 7\ Sl7$-$t ^«t^, u = av + jSw 
-c- j = 1,2,3 <H1 tfl «f| Uj = avj + 0Wj o] 
ui - 3it2 + 2u 3 = avi + 0wi - 3(av 2 + 
/3w 2 ) + 2{av 3 + 0w 3 ) = a(vi - 3v 2 + 2v 3 ) + 
P{w\ - 3w 2 + 2w 3 ) = aO + 00 = 0 7} s] <H iTd 
■k iM*«4; u = [2 0 -l] T ,v={0 2 3] T 
°W *W- ■¥- ^-<H3 s^-fr °J*t_V4. °hi 

<£^ a,b Hi tflsfl au + bv = O 7} S^f. 
ei = [1 0 0] Ef em = 2, eiv = 0 o) Q 

4- 4eH 2a = 0, ^ a = 0 o] s) jl, v 7} O o| 
SLS, b = 0 ZL^SS, ^ <y*)- -s-sy o) 

4i W 7 r ^<H^1 n^tVcf^l o| «]E]ofl c)| 

S|] X = |ti;iU + |l0 2 V 4 -f->*!, I! = i 2 = W2, 

*3 = \w\ ■ (-1) + |iu 2 • 3 = \{-Wi + 3w 2 ) = 
\{2w 3 ) = w 3 7f ^cf. ^ 5.^}^- «|El^ u 

4 V S] ^ 2.3, 44-1 ^ 514- 

■J. -SjE-i ^-7j ; 4€ 2; 71*1 

[2 0 -1] T , [0 2 3] T . 
v=[l 1 1 l] r fe-£^*^«|.^^w = -v 



, Linear Transformations. Optional 

3- "J^TT «lEi U fe- =5)^ H'TU0,tll ) U2,U3 

■HI tflsfl u = u 0 + mi + u 2 x 2 + u 3 x 3 ^--g- i 

44^4; ^E) V,W 7 r i7j-§- njis).^, 

av + /?w = a(u 0 + *>ix + u 2 x 2 + U31 3 ) + P{w 0 + 
wix + w 2 x 2 + w 3 x 3 ) = (avo + Pw 0 ) + (avi + 
0wi)x + {av 2 + Pw 2 )x 2 + (av 3 + 0w 3 )x 3 ^ <*j a) 
34 o]t[S\ c+ty-^o] £7 j-g. UO = 1, 

Ul = X, U 2 = X 2 , U 3 = X 3 o|E). «J.^.. v-l) «)El^- 

i^-i: ^t!-4. °M1 A J^r a,6,c,d °fl ifl^ 
au 0 + fcui + cu 2 + du 3 = O 7)- *l-7-|-. 
^ a + bx + cx 2 + dx 3 = 0 ^3-, A]^ «1 J2.«H| 2] 
sfla = 6 = c = d = 0^- vfl «) 

elfe w 7\ ^^3. 

*m-. »i ^£i^ m >s)Ei£i -y*). ^^oj 

u;o"o + iwiui + u) 2 u 2 +uj 3 u 3 S). ^-cf. iTj^- °V 
#«r^ «{Ei^ u 0 , ui, u 2 , u 3 Si °m ^^-0.5. q-El- 

4. -f- <a|Ei v,w 7\ iTj^- ^#or^, av + /3w = 
a(ui cos x + v 2 sin x) + P(wi cos x + u> 2 sin x) = 
(qui +/?u;i)cosx + (at) 2 + /3iy 2 )sinx o)S.S. i^f 
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2.5, s?d* D J:*44; ui 



[0 0 0' 
[l 0 0 
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9. i-g- 1 oj u e)- 4<g o] ^.g- i 

3* D J-^*V^I^, -u s] i€- -l ojas. 

* ^4*1 &fe4. 

10. u 7\ (unit matrix) o]^, tflz}- $l;fc7 r i-f- 
1 o| iTd* D J:#4*l n J-, -u s\ rflz]- 

-1 o\S.S, ^4*1 &fe4- 

11. u = [l o] T , v = [o i] T °14 44. *f- «|e) 
ou + frv = 0 7\ 14^, [a 6] T = 0 o| sl<H 

a = 6 = o * <^^4- ^ <a)E)^ <y4 ^ 

Uo|4;u=[i 0] T , v = [i i] r 014 44. 

«J E ^ - i^xj "J-^-44- -y^r a,b HI ^ 

s|| au + 6v = 0 7\ ^4<d, [a + b &] T =0°|sH 
a = 6 = 0 £ <^^4. a.al5.i ^ <a]E-|^ °J4 
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^. {[1 o] T ,[o i] T },{[i o] T ,[i i] r }, 
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5. ci - c ; = • • • = cn - < = 0 o| 34. 44^ 
3 v £j •fr < a^4. 

-2.2] T , (a, a) = a T a = 6.69, 
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15. 



a = [0.4 1.3 
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3 0 8] 5 
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25fc 2 = 1 o| s]o] k - ±i ol4. 
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a + b = [2.4 4.3 -7. 2] T , || a|| = 2.5865, 
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24. a= [2 l]' 
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Chapter 7 



BIS S-i^' 

Linear Algebra: 

Matrix Eigenvalue Problems 



Matrix eigenvalue problems concern vector equations of the form 
(1) A = Ax 

where A is a given square matrix. All matrices in this chapter are square: 2X2, 
3 X 3, or n X n. Furthermore, x is an unknown vector and A an unknown scalar. Our 
goal is to solve (1). Obviously, x = 0 is a solution, giving 0 = 0, but this is of no 
practical interest. We want solutions x 0. These are called eigenvectors of A. We 
shall see that such x J= 0 exist only for certain values of A. These values are called 
eigenvalues' (or characteristic values) of A. Geometrically, solving (1) means we are 
looking for x for which the multiplication by A has the same effect as the multiplication 
of x by a scalar, A, giving a vector Ax, with components proportional to those of x^ 
and A as the factor of proportionality. 

We shall see that eigenvalue problems are of greatest importance to the engineer 
and physicist, and they make up a beautiful chapter in linear algebra. Of course, this 
is not obvious from (1) and thus needs further explanation. 

In Sec. 7.1 we explain the basic concepts and show how to systematically find 
eigenvalues and eigenvectors. Typical applications follow in Sec. 7.2. Sections 7.3 and 
7.4 concern properties and eigenvalue problems of symmetric, skew-symmetric, and 
orthogonal matrices and their complex counterparts (Hermitian, skew-Hermitian, and 
unitary matrices). In Sec. 7.5 we show that diagonalization of matrices also leads to 
eigenvalues. 

Numerical methods in Sees. 18.6-18.9 can be studied immediately after the 
corresponding material in the present chapter. 

Prerequisite for this chapter: Chap. 6. 

Sections that may be omitted in a shorter course: 7.4, 7.5 

References: Appendix 1, Part B. 

Answers to problems: Appendix 2. 
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= [v^> 2] T . 

2, [2 -V2] T ; 8, [V5 2] T . 

- AI| = A 2 - 4A + 3.84, Ai = 1.6, A 2 = 2.4, 



1.61 = 



Xl 

A 

X2 

3. |A 
A- 

xi 
A 

x 2 

4. |A 
A 

Xl 

A 

X2 

5. |A 



0.4 
0.4 

= [1 "if. 

-0.4 



2.41 = 



0.4 



0.4] [0.4 0.4] 
0.4J ^ [ 0 0 J ' 

0.4 ] [-0.4 0.4] 
-0.4J [ 0 0 J ' 



= [1 iy. 

1.6, [1 -1] T ;2.4, [1 1] T . 
- AI| = A 2 — 6A + 6.75, Ai = 1.5, A 2 = 4.5, 
. „ _ [1.5 1.5] _^ fl.5 1.5] 
151 -[l.5 1.5j^[0 0 ' 

= [1 -if, 

—ft -XH-r \% 
=[1 if. 

1.4, [1 -1] T ;4.5, [1 1] T . 
-AI|=A 2 -2A+§,A 1 = §,A 2 = §, 

-Hi iMs o]> 
-[1 -i] t 



1 A] -[7 I]' 



A- 
xi = 
A 

x 2 



= [1 1]'. 

I. [1 -i] T ;f.[i i] T 

2' 

V2 2 J [" 
T 



- AI| = A 2 - \ A + 1, Ai = A 



A 2 = 2, 



71 
0 



[1 -v/2] 

1 1 

2 v'S 
-1 



21 = 



1 

75 



1 

•✓2 
0 



[1 -V2\ T ;2,[V2 if. 



6. 



1.75 
).75 



|A - AI| = A 2 

Xl = [l -1] 

A --=[-0°75 5 
[1 1]'. 



|A + 1, Ai = i,A 2 = 2, 



0.75] 
0.75J 



[0.75 0.75] 
[ 0 0 J 



0.75 ] [-0.75 0.75] 
-0.75J [ 0 0 J ' 



X2 



7. 



<*. i, [1 -if; 2, [1 if. 

^tr 4Nif- 44^ *)El7 r x43 x 1 " = X T Af 

#*r7fl 3.H.3., x = A r x-§- «y^.cf. oj7j£. A T 7f ji 
(eigenvalue) 1* 7^ 4^. t°|4. o^H] A t 4 

Afe 3L-fr*}% 7\X]S.S., ^ A7\ JL-fr*] 1* 7)- 

*w«4.w[s si] [;] =[;]•!«.. m 

*J 4* Afe JE**] 14 «|B) [1 1] T f. 7)-^ 

^1 (characteristic matrix) A - I •§- •f-Sl-'g, 
[-0.8 0.5 1 [-0.8 0.51 , , 
[0.8 -O.J [ 0 OJ °' 

V ») 1*1 jl-tt [4 £] T 0)4. 

^■tV -y-Sfll- 44^ «|Ei7}. X43 X r = X T A* °_r 

S\ E.SL, x = A r x-# •y^-cf. o|^J^. A r 7f 3. 
**l 1-i" 7K!4tt ^-^Hl A T 4 A^ ^ jl 

7\X]E.5., ^ A7[ JL-fr*\ 1-i- 7)-7-]7ll ^4. 

'0.4 0.3 0.3] rr 
0.3 0.6 0.1 1 
0.3 0.1 0.6J [l 
14 jE-fr [l 
°M1 -2-fM7f 1-y a)), A T £| JL-S- ^47| 
»^ ^ A- I* ^4^, 



1 i] T t^J4. 



-0.6 
0.3 
0.3 

-1 

-5 
5 

-1 

1 
0 



0.3 
-0.4 
0.1 
-1" 
5 

-5 
-1 
-1 
0 



0.3 
0.1 
-0.4 





"2 


-1 


-1" 




3 


-4 


1 




3 


1 


-4 



-1 

-5 
0 
0 
1 
0 



-1 



5 
0 
-2' 
-1 
0 



9. 



°1 SUE.S., 4*1, 
4 «e| 10] «JE^ [I I If o|4. 

^•tt 44^1^ «|eJ4 xsf^ x r = x T A» 
#4?!] s) 2.S., x = A^xf- <a-^4. o|7j^- A T 7}- jl 
-n-*! 1-ir 4^4^- A T 4 A^ ji 

-H-^l* 7^|HS., 1^- A7f J7-8-*| 1^- 7f47fl ^4. 
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'0.4 0.3 0.3"] rr 
0.2 0.6 0.2 1 
0.3 0.1 0.8J [l. 

A-c- jl-S-SSl 13)- i* [1 

^HA-if ^-4<d, 



i i] T * 434- 



10. 



-0.6 
0.3 
0.3 
-0.6 
0 
0 

'3 0 
0 2 
0 0 



0.2 
-0.4 
0.2 
0.2 
-0.6 

0 
-1 
-1 
0 



0.1 
0.1 

-0.2 

0.1' 

0.3 
0 



-0.6 

0 

0 
1.8 
0 
0 



0.2 
-0.6 

0.6 
0 

-0.6 
0 



0.1 
0.3 
-0.3 

0.6' 

0.3 
0 



°1 slH.iL, -SI-*], 4 ^£-4 %°1 1°J 



_3_ 
li 



al^l igSJ-S-^l -g-»l| x 7VLx = Ax* 

^Srat ^4£°1 34- 
|t, — AI| = -A 3 +3.6A + 0.8, 
Ai = 2, A 2 = -1 + \/0^6, A 3 = -1 - Vol, 



-2 
0.4 
_ 0 
-2 

0 

0 



l-fr*| 2^1 rfl«fl aaJ ^ 



-2 
0.4 
9 

-0.2 
0 



5 ' 
0 

-2 
5' 
1 
0 
[25 



'-2 
0 
0 

-2 
0 
0 
T 



L 

9 

-0.2 
0.4 
0 

-0.2 
0 



■ 21 -?-44. 
5 ' 
1 

-2 
50 
1 
0 



11 



1* *l El [25 5 l] T °| 3. ^ ^"1- (growth rate) 
*2«14. 

>dSl-i- *J4-H-3-, &m *HM x 71- Lx = Ax* 
tV^-* r a 34- 
|L - AI| = -A 3 + 2.25A, 
Ai = 0, A 2 = 1.5, A 3 = -1.5, 



"-1.5 


6 


0 ' 




-1.5 


6 


0 




0.375 


-1.5 


0 




0 


0 


0 




0 


0.15 


-1.5 




0 


0.15 


-1.5J 


-1.5 


6 


0 ' 






-1.5 


0 


60 " 




0 


0.15 


-1.5 


=>■ 


0 


0.15 


-1.5 




0 


0 


0 




0 


0 


0 





12. 



°U ^41-* 1.5 o)4 
■g-ull <8|e| x 7|- Lx = Axf- 



ji-fr [40 10 

^-fr^i *!4. 

H^3L A^ ^4-tH 34- 
|L - AI| = -A 3 + 8.32A + 2.04, 
Aj = 3, A 2 = -0.247, A 3 = -2.753, 
0 <f°J i**! 34! =fl«fl 4 1 L - 31 1- -¥-44 



-3 
0.8 
0 

-3 
0 
0 

-3 
0 
0 



10.4 

-3 

0.6 

10.4 
-0.68 
0 

0 56.25 

1 -5 
0 0 



4.25' 
0 

-3 
4.25 
3.4 
0 



10.4 
-0.68 
0.6 
10.4 
1 
0 



4.25' 
3.4 
-3 
4.25 
-5 
0 



13. 



a* *)tH-fe- [75 20 4] T o]5L 



3o|4. 
1«H 



4 



<^<Hxl^ A P 7f 34. 444 # ^44 * 



^<y 0 ] ^o^z} Ap = pf- ^4- <a|El 

x=[l 1 1] T °iM*fl A T x = x 7} ^*\5.<L 
^S. Afe JL-frx\ 1* 7Vxl7l| 44. oj uL-fr *H tfl 
«fl ^-g A -I 4 4*4 £o) ^44. 



-0.9 0.5 0 "] [-0.9 

0.8 -1 0.4 => 0 

0.1 0.5 -0.4J [ 0 
-9 0 3.6^ 
0 -5 3.6 
0 0 0 

444 IE* «|Eife [0.4 0.72 



0.5 
-5 
5 



0 

3.6 
-3.6 



14. 



p = c [0.4 0.72 1] , c> 0 °] 
Jfc "JN <t* fc <ti»« ^44 -fl-tr-t f^l A i A ^•fl i 
Aslfe a^lSrS-S. °1 <*|4 4* l°l 44. «| 

6ix=[l 1 1] T -HI *1M A T x = x 7^^jfE 
S. Afe :e**| 11- 7>X|71| 44. 

"-0.9 0.4 0.2 " 
15. I-A= 0.5 -1 0.1 o\E.S., 
0.1 0.4 -0.6 



-0.9 
0.5 
0.1 
0.1 
0.5 

-0.9 

1 



0.4 
-1 
0.4 
0.4 
-1 
0.4 



0.2 
0.1 
-0.6 
-0.6 
0.1 
0.2 



4 
-3 
4 
4 

-3 
0 



-6 
3.1 

-5.2 
-6 
3.1 

-3.2 

-0.55 



0.1" 
0.3 
0.1 
0.1" 
0.3 

, °- 1 
1 

-0.2 
1 
1 

-0.2 
2.2 

-0.6438 



-0.6875] : 



^. x = 

16. (a) |A- AI| 7\ -£7f|^ HJ-^-iM 44- QA^r 4*<H 
* H^* 7} x) 7\^f 4^ 3* ^31 

3. 444- 444 A £) jl**l*r ^ *^<r 

6 J 3* 431 ^S-S, ^7jtf. 

(b) A -1 £*rl detA ^ 0. *|7H A s\ 
31-fr*l* f^S-t- 3L^«rH Ai,...,A„ 0)4 4^, 
|A - AI| = (Ai — A) • • • (A„ - A) SIH.JL, 

|A| = I A- 0I| = Ai ■ • • An -Ir aei S.S. A" 1 

^.^1) <=>. Ai-.-An^O <==* 0-ct A S| jl^-*|7|- 
<>m4; Ax = Ax 
<=> A- J x = A" 
X' 1 ,...^- 1 o|cf. 

(c) 4*-^ I A - AI| 5| A"" 1 S] 7^1 ^-i- i4«ll Ji 
4- A"" 1 £ t^A ^-i: -t 3 !!- «H, *<H 
au(o 22 - A) ••■(<!„„ - A) ^ (-l)"- 1 ^! o| *$ 
7J4. v\%7\x]3_ {-ly-iau (1 < i < n) S. A"" 1 
5) ^!^o|<LS. i&o] A"" 1 s| 7fl^o)4. BJ^ 
»q |A - AI| = (Ai - A) ■ • ■ (A„ - A) A"" 1 

n 



x = A- 1 (Ax) = AA-!x 
1 x. a.e|H.S. A" 1 £| HL-fr*lfe 



21 ^l^rfe X^(- 1 )" _lA< 



n 

t=i 



i-fr*14 



= Yi(- l ) n ~ la ii 7f s)<H A 4 trace 
#°T«4. 

(d) Ax = Ax °M (A-fcl)x = Ax-fcx = Ax-fcx 
- (A - fc)x o|4. (A - fcl)x = A'x °M Ax 
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= [(A - fcl) + kl]x = (A — kl)x + Jfcx = A'x + fcx 
= (A'+fc)x o]t+. 444 A-fcIS) ji-S-*!^ Ai-fc, 
... , A„ -k o]jl A 4 jL-fr 7^4. 

(e) Ax = Ax o|ig feAx = fcAx 0)4. fcAx = A'x 
o]^ Ax = l(kA)x = ±A'x o|4. 444 IAS| 2 

-rMlfe- fcAi A;A„ 0I2. A 4 3.-^ a|E]# 

7F^!4 (A ^ 0); Ax = Ax =^43 TltftH 4 
«3 A m x = A ro x o)4. 44^ A m £) 2**1 f-ofl-fe- 
A? 1 . ••• . K °l StfS A S\ 3.%- «|e)# 434 3.$- 
HJ)E)S. 7^4. 

(f) ^4 (e) JL -fB) p(A) 4 Jl-S-*H p(\j) (J = 
l,---,n) 7 r °UA£] ja-fr «|e]1- 444 2-^«)El 
5. 7^4. 



' 0 il2 il3 

(g) L = / 21 0 0 

.0 ; 32 0 _ 

|L - AI| = -A 3 + l 12 l 21 ~\ + l 13 l 21 l 32 , 
I12 > 0, I13 > 0, l 21 > 0, Z 32 > 0 o|.o |L _ AI| S\ 

-i-fr^ -y^o|^ A 2 4 7)|^7|. 0 o| 0.3. 2-fj-*) °1 

4°1 0o| =14. 0 4>d 4] ^4 ^o] 0 o| sjejig 
i *W-£- <3^«K $4. 444 oj:s] 51*4^. 7 |-*! 
4- °HI ^ ^^Rr 4-4^ Ai 0 ) ji 4^x1 

lell ^-i=r A 2 =a + bi, \ 3 =a-bi °] ^-f o| 
4. °H 4)5-3 ^ (a 2 + i> 2 )A x £ det L = / 13 i 21 i 32 
°}E-3- (a 2 +6 2 )Ai = l 13 l 2 ih 2 >0 0} 334. 44^ 
Ai > 0 °1 s)<H <£<>) 37*4 1- 7I-34. 



7.3. Symmetric, Skew-Symmetric, and Orthogonal Matrices 



1. A T A = I o]b.S. A *jjn. (orthogonal) ^1<>|4. 
|A-AI| = A 2 -1.92A + 1, 

Ai = 0.96 + 0.28i, A 2 = 0.96 - 0.28i, 
3.-n-*]2\ 1 0)4. 

2. a = 0 A T - -A ols.S. A -fe- sflq)^) sgsgo) 

4- I A - AI| = A 2 + b 2 , Ai = 6i, A 2 = -bi, 5L-fr*\ 
A £ *)t°M4 0 o]4 ; 6-0 o)^, A T = A o|o. 

5- Aferfl^ ^^014. |A - AI| = A 2 -2aA + a 2 , 
Ai = A 2 = a, 3Lft*\7\ 3.^- -y^"14; 6 ^ 0, a 5* 0 
-y ^ A T A = (a 2 + 6 2 )I o)jE.s. a 2 +6 2 = 1 0) 73 °. 
A •c- ^) Jl ^^o)4. |A - AI| = A 2 -2aA + a 2 + 6 2 , 
Ai = a + 6i, A 2 =o-W, ul-fr^S) ^tfl^o) a 2 + b 2 
o)4. 

A^ 417H ^ T^i «).u|4. a t A = 171. 
|A - AI| = A 2 - 2A + 17, Ai = 1 + 4t, A 2 = 1 - Ai. 
A T A = I o]e.Sl A -fe- z\m ^^o!4. 



3. 



4. 



|A- AI| = -A 3 + (2cos0 + l)A 2 -(2cos0+l)A + l, 
Ai = 1, A 2 = cos6 + t sine, A3 =cos9-isinfl 

5. A T = -A o|u.^ A - ,§^014. 
|A - AI| = —A 3 - 625A, 
\i = 0, A 2 = 25i, A 3 = -25i, 
^•fr*l7l- ^ *I^o|7i4 0 014. 
A T = A o|£.5. A ^ cfl^ ^^o)4. 
|A - AI| = -A 3 + 3aA 2 - 3(a 2 - k 2 )X 

+(a-fc) 2 (a + 2fc), 
Ai = A 2 - a - k, A 3 = 2 + 2k, 
2**l7 r i^ -a^°14 
7. ^ t))4 ^fi-b ajj, j = l,..., n 0)^5., o|tJo)| 



6 



8. 



•S- ^-§-4^ Ojj = -a^* ^^4. 44^^ 0jJ = 0°| 
s)°.5. sfl^^ ^Sli^f e))4 0 °14. 



Au = Au, Av = Av 4^ Au 



(Au) ] 



u T A T v = u T Av = ^u T v o] <y»1^14. o|s. 
(A - ^)u r v = 0 7\ s) 31 A ^ fi o]E.S^ u T v = 0 0} 
34- tU' ^^4 ^5.4*^2^H c)l^-s)b 

"10 0 " 

A T = A, A T A = I o| o_ 



10. A = 



0-10 
_0 0 -1 
5, At^?| *§5H 4uj 3x3 



11. A7|- sfit))^) ^^0)37, B = A _1 4 44- ^z.el'S 
B T = B T I = B T (AB) = (B T A)B = (A T B) T B 
= (— AB) r B = (-I)T B = -IB = -B ♦ =^^4 

12. A 7} s))^sg „ x „ A r = -A o|4. o^ 7 | 
<H det(A T ) =detA o] E.3L, n °] -S-^4^ i^J<H14 
det A = det(A T ) = det(-A) = (-1)" det A 

= - det A 7\ sH, det A = 0 "y-fe-4. 444 n 
°1 4, nonsingular sflt))^ n x n ^4. 



0 



-1 



'0 -1 0 -1" 
10 0 0 
0 0 0 -1 
.10 10 
£.5. €-*H 13*fl 44) *1 



0 

1 

0-10 

0 0-1 

13. 2] ^ ^ t>) ^ nonsingular » 
a ^fl^fl^! 3x3 ^4. 

14. (a) A T = A- 1 ,B T = B-i o)^, 

(AB) T = B T A. T = B-iA- 1 = (AB)-i ol jl 
(A-1)^ = (A*)' = A = (A-i)-i 014. 444 
AB 4 A- 1 i ^^o|4 ; a, 4)^4 ^ 
2)3 s)3 ^*o)4. 

(b) A= [sin0 cos0 J °1— 5. A T A = I o|4. 
fiAr tS^ol4; 

aj = [cos 0 sin 0] T , a 2 = [- sin 0 cos 0] T , 
ai ■ a 2 = 0, a x • ai = 1, a 2 • a 2 = 1, 
ai, a 2 -fe- *\m 43.74) (orthogonal system) 0)4; 

A- 1 



(c) A = 



cos 0 sin 0 
— sin 0 cos 0 

0.96 -0.28' 
0.28 0.96 



_ Tcos0 -sin0l 

„ _ [ sin 9 cos 0 J 
tan0 = 0.2917, 0 = 16.2602° o|4 ; 
A m 4 5L-frZ]±: A x = 0.96+0.28i, A 2 = 0.96-0.28i 
•H) tfl^l Af , A^ 1 0)03., m -> oo o)^' 3f-44. 
(d) 0.9A m 4 JL**|^ Ai = 0.96 + 0.28i, A 2 = 
0.96-0.28i ofl q$ 0.9 m Af, 0.9 m A 2 n o|o. s _ j m ^ 
00 0 0.3 ^^44; M-4i^ «r=f^i4. (=l 
^-g- page ofl) 



(e) A = 



_ 1 

2 
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Ai = 0.96 + 0.28i °J 

7.4. Complex Matrices: Hermitian, 



1. |A - AI| = A 2 - 11A + 18, 

|A - 9I| = 9 2 - 11 • 9 + 18 = 81 - 99 + 18 = 0, 
|A-2I| =2 2 - 11 -2 + 18 = 4 - 22 + 18 = 0; 
|B - AI| = A 2 — 2iA + 8, 

|B - 4tl| = (4i) 2 - 2i • 4i + 8 = -16 + 8 + 8 = 0, 
|B + 2il| = (-2i) 2 - 2i ■ (-2i) + 8 = -4 - 4 +8 = 0; 
|C - AI| = A 2 — iA — 1, 

| C -(|v^+|i)l| 

= (IV3+|0 2 -i"(|v / 3+ii)-l 

= (l + JV8) + (i-iV5i)-i = o, 

= (-|V3+it) 2 -i-(-^v / 3+ii)-l 
= (i_IV3t) + (i + i^t)-l = 0. 

. «r r -5 i - 3ti _ r-5 i - 3t] 

2. A-9I=[ 1 + 3 . _ 2 ]=>[„ 0 j, 

xi = [2 l + 3i] T , 

„ [2 1 - 3il [2 1 - 3il 
A - 2I= [l + 3i 5 ]^[0 0 J' 
x 2 = [-5 l + 3i] T . 

3. B — 4il = [—2 + j IVHI 
xi = [l-2i 1] T , 

T^OT f 5i 2 + i l ^ f 5i 2 + i l 

B + 2«I=[_ 2 + j 4 \=>[ Q o j, 



x 2 = [i 2-i] T 



2 2 

0 



4 . c- ( f +ii)i= ^ j _kj ^ [ 0 : 

X! = [l if, 

C-(-^ + ii)I=U ^ 

L 2 2 . 

X2=[l -l]* 

5. A T = A ol A Hermitian o|rf. 

|A - AI| = A 2 - 4A - 21, Ai = 7, A 2 = -3, 
. [ -5 3 + 4i] [-5 3 + 4*1 

A - n= [3-4i -5 J =* [o 0 J' 



y3 y3 

2 2 

0 0 



xi 



= [5 3-4i] T , 



A 2 = 0.96 - 0.28i °J 

Skew-Hermitian, Unitary 

a i ot I" 5 3 + 4i] [5 3 + 4i 

A + 31 - [3-4i 5 J =* [o 0 J' 

x 2 = [-5 3-4i] T . 

6. A T = -A °}B-£. A fe- skew-Hermitian o\t\. 
| A - AI| = A 2 - iA + 2, Aj = 2i, A 2 = -i, 

a-— [.^ Lai * [ »' '"I' 

xi = [l + i i] , 

. [ 2i l + il [2i 1 + il 

x 2 = [t 1 -if- 

7. A T A = I «>1H.S. A ^ unitary °|t}. 
(A - AI] =A 2 -A+1, 

X 1 = i+iJ*, x 2 = k- iy fl, 



A-(|+Vf) I = 



X!=[l if, 



A-(i-V!) I = 



'V* -«>/t] 



4 V! 



X 2 =[l -if. 

8. A T = - A °]2-£- A skew-Hermitian o]cf. 
|A - AI| = —A 3 + 9iA 2 + 23A - 15t, 
Ai = 5i, A 2 = 3i, A3 = i, 







~-i 0 




i " 






"-i 0 


i" 


A-5tI 




0 -4i 




0 




0 -4i 


0 






L * 0 




-t 






0 0 


0. 


xi = [1 


0 


" I]". 
'i 0 


i" 






i 


0 i' 




A-3iI 




0 -2i 


0 




0 


-2i 0 


J 






i 0 








0 


0 0 




X2=[l 


0 


-1] T . 
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"3i 


0 


i 




"3i 


0 


i 


il = 


0 


0 


0 




0 


0 


0 




i 


0 


3i. 




0 


0 


Si 




"3i 


0 


0" 




"3i 


0 


0' 


=> 


0 


0 


0 




0 


0 


8i 




.0 


0 


8i_ 




.0 


0 


0. 



x 3 =[0 1 0] 1 . 
9. A T - -A o) d^s. A -b skew-Hermitian °lcr- 



|A 


-AI| = 


— A 3 + tA 2 - - 


A + i, 




Ai 


= A 2 = 


i, A 3 = -i, 












0 0 0" 




0 


0 0" 


A 


-il = 


0 -i i 




0 


—i i 






0 i —i 




0 


0 0 


XI 


= [1 


1 1] T , x 2 r 


= [0 


1 


1] T > 





'2i 


0 


0" 




"2i 


0 


0" 


A + iI = 


0 


i 


i 


=> 


0 


t 


i 




0 


i 


i 




0 


0 


0 



X 3 = [0 1 -1] T 



10. A = A A -fe- Hermitian o]4. 

|A - AI| = —A 3 + 4A, 
Ai = 2, A 2 = 0, A 3 = -2, 



A -21 = 



-2 1 + i 
1-i -2 



0 
-2 
0 
0 



1-i 
1 + i 
-1-i 
0 



Xi = [1 1-i -i], 
0 1 + i 
0 



A -01 = 

x 2 = [-i 
A + 21 = 



1 - i 
1 + i 

0 

0 



1] T . 



0 

1 + i 
-2 
0' 
2i 
0 

0 " 
1 + i 
0 

0 " 
1 + i 
0 

0 ' 
1 + i 
2 





"2 


1 + i 


0" 




0 


1 + i 


2i 




0 


0 


0 



1-i 
0 
0 

1-i 
0 

0 

2 1 + i 
1-i 2 

0 1-i 
'2 1+i 0 
0 1 + i 2i 
0 1-i 2 

x 3 =[-l 1-i i) T . 
11. ojS)£) ^ <gig A °fl *H*i| _ 

B = i(A + A T ), C = i(A - A T ) ^ *r* r . 
us) 3 «g -g*1 A = B + C olcf. 

B T = i(A + A T ) r = i(A + A T, ) T 

= |(A T + A) = B, B -c- Hermitian. 

C T = |(A-A7 = I(A - A r ) r 

= |(A T — A) = — C, C -c- skew-Hermitian. 
3.^2.3., °J^s) Hermitian -fg3|- 

skew-Hermitian tg^S) <*r Si 4- 

B- 1 olfl, 



12. (a) A T = A- 1 ,B T 



AB J = B T A T = B T A T = B _1 A _1 = (AB)" 



A^ J 



A = A 



(A- 1 )- 1 o\2.3., AB 



A -1 S. unitary o]cf ; 

A 3 = —I. _ 
(c) A 7 r Hermitian A T = A o]^ 
AA T = A 2 = A T A 7\ $ *y #4; 
A 7f skew-Hermitian A = —A »]H.S., 
AA T = — A 2 = A T A 7\ 1 % #4; 



/ 3i - 



%/3i 
l 

2 



A 7 r unitary A A = I o] z_g_, 

— T — T ^ _7< — rp 

AA = A A = I = I = A A 7} -^^4; 
29 



AA T 



B = 
BB 
C 



[12- 
[ i 1+i 
[-1+i 0 

= [ 3 1 
[1+i 



12 + 16.1 _ X T 
29 J _ ' 

= -B r , 



— 2 

2 



- — x 

B B; 



2 l 

2 



= c T c. 



(d) A = B + C, B = B, <5 = -C; 
A T = B + C T = B T +C T = B -C, 
AA T = (B + C)(B - C) = B 2 + CB -BC + C 2 , 
A T A = (B - C)(B + C) = B 2 - CB +BC + C 2 ; 

— T — T 

A 7} normal <=>• AA = A A 
<=> 2BC = 2CB 
B S\ C 7\ 7\Q. 

0 0' 
t 0 
0 0' 



(e) A 



"[o o}' 

[o o] ; 

A= Ui 1 J' A = [-V3i 1 J' 



A A T = 



, A T A 



A T # A, A T jt -A, 



AA T 


-B 


0 
4 






' 4 


-4' 




C = 


-4 


5 






-2 


0 


1 


C = 


0 


0 


2 




1 


2 


-9 




: 0.5 


0.4 


c = 


0.4 


0 






0 


-0.7 



= A T A. 



0 ' 
-0.7 
0 
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16. C = 

17. C = 

18. C = 

19. C = 

c 

c = 



1 

-2 
3 

-1 
1 

-1 
0 
1 



-2 
4 

-6 
2 

-1 
1 
0 

-1 



-1 -3 
4 -4 
0 
4 



3 

-6 
9 

-3 
0 ' 
0 

-4 
4 

-4 
16 
0 



-1 
2 

-3 
1 



4 

_ 4 ~ 4 j , Ci = 4 > 0, C 2 = det C = 4 > 0, 
^ifS. (positive definite) o|cf; 

[<5 2] ' Cl = 3 > °' C2 = det c = ~ 18 < °. 



20. A = -A o]s.s. A ^- skew-Hermitian o]cf. 
Ax=[-l + 3i 2i] T o]s_s., x T Ax = 6t 

21. A T = A o] o.s. A Hermitian o|cf. 
Ax=[5-7i -10i] T o]o. s _ ) x T Ax = 4 o]c)-. 

22. A T = A o) n S a Hermitian 

Ax = [an + (6 + ic)x 2 {b - ic)xi + kx 2 ] T , 
x^Ax = aln| 2 + 2Re[(6 + ic)x lX2 ] + k\x 2 \ 2 . 

23. A T = —A o]S.S. A -c- skew-Hermitian o|cf. 
Ax = [-9 + 12i -3 + 2i] T , x T Ax = 17i. 

24. A T = A o] s.s, A Hermitian o|cf. 
Ax = [-4i 2i 4 - 2i] T , x T Ax = 4. 

25. A T = - A 0)^.5. A skew-Hermitian o]cf. 
Ax = [5 + 2i 6i 5i] T , x T Ax = 16i. 



7.5. Similarity of Matrices. Basis of Eigenvectors. Diagonalization 



1. P 

|A 
A- 

yi 

A - 

y2 

X 2 

2. P~ 

A- 

|A 
A- 



1 _ 



r. 2 -i]- A=p " 



- AI 
51 = 



AP = 



A 2 - 5A, Ai = 5, A 2 = 0, 



0 

7 



7 

[0 

0 0 



-5 
0 



01 = 



yi 

A- 



y2 

X2 

3. P- 

A : 

|A 

A - 

yi 



= [* -If, 

= Pyi = [3 6] T , Axi=5xi, 
= Py 2 =[-2 l] T , Ax 2 = 0x 2 = O. 
_ [0.28 -0.96] 
[0.96 0.28 J ' 
p-i AP _ [3-008 -0.544] 
[5.456 6.992 J ' 
- AI| = A 2 - 10A + 24, Ai = 6, A 2 = 4, 
_ [-2.992 -0.544] 
I 5.456 0.992 J 
-2.992 -0.544' 
0 0 J' 

= [2 -nf, 

_ 4I [-0.992 -0.544] 
[ 5.456 2.992 J 
[-0.992 -0.544] 
L 0 0 J' 

= [17 -31] T , 

= Pyi = [-10 -5] T , Axi = 6x1, 
= Py2 = [-25 -25] T , Ax 2 = 4x 2 . 
1 _ [0-5 1" 
~ I 1 - 5 2 

= I'- 1 AP = 



[ 



-25 12 
-50 25 
AI| = A 2 — 25, Ai = 5, A 2 = -5 
-51 = 

= [2 5]-\ 



-30 


12' 




"-30 12' 


-50 


20 




0 0 



-20 


12] 


"-20 


12' 


-50 


30j 


0 


0 



A + 51 = 

y 2 = [3 5] T , 
xi = Pyi = [2 l] T , Axi = 5xi, 
x 2 = Py 2 = [-2 4] T , Ax 2 = -5x 2 . 
4. P" 1 = [-7 5- 10 7], 

[-42 29j ' 
|A - AI| = A 2 - 1, Aj = 1, A 2 = -1, 
-30 20] 
-42 28| 



A - 1 = 



yi = [2 3] r , 

A + I: ^ 20 



HI 0 ?]• 
H~" o]' 



-42 30 
y 2 =[5 7} T , 

xi = Pyi = [-l -l] T , Axi =xi, 
x 2 = Py 2 = [0 1] T , Ax 2 = -x 2 . 
[5 0-31 
5. P" 1 =010 
-3 0 2 

[ 355 -42 560 
A = P- J AP= 0 10 

-225 27 -355 
|A - AI| = —A 3 + A 2 + 25A - 25, Ai = 5, A 2 = 1 
A3 = -5, 

" 350 -42 560 
A -51= 0 -4 0 
-225 27 -360 
"350 -42 560] [350 
0 -4 0 => 0 
0 0 0 J [ 0 
yi = [8 0 -5] T , 

' 354 -42 560 
A - 1 = 0 0 0 
-225 27 -356 



560' 
0 
0 
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354 -42 560 
0 0 0 
0 36 -8 

T 



2124 0 
0 0 
0 36 



y 2 =[l4 -2 -9] J , 
" 360 -42 



A + 51 = 



0 

-225 
360 
0 



560 
6 0 
27 -350 
42 560' 
6 0 



0 6 

T 



6. P 



x 3 = Pyi = [1 0 -3] , Ax 3 : 

^0 1 0] 

10 0, 

0 0 1 



-l 



A = P- X AP 



| A - AI| = -A 3 + 10A 2 - 18A + 8, 
Ai = 8, A2 = A3 = 1, 

'-7 2 1 ' 
A -81= 0-13 
0 2-6 



yi = [1 3 1] 

'0 21] [02 1" 

A - 1 = 0 6 3 => 0 0 0 , 

0 2 lj [° 0 °. 
y 2 =[l 0 o] T ,y 3 = [0 1 -2] T , 
xi=Pyi = [3 1 1] T , Axi=8x x , 
x 2 =Py 2 =[0 1 0] T , Ax 2 =X 2 , 
x 3 =Pyi = [l 0 -2] T ,Ax 3 = x 3 . 

7. |A - AI| = A 2 - 9, Ai = 3, A 2 = -3, 

_" s ]-[-„ 3 ?]• 

xi = [i/V2 l/v/2] T , 
. „ T [" 3 3i] [3 3i] 

x 2 = [l/v/2 i/V2\ T , 

X^X 2 = 0, Xj'xi = 1, X5TX2 = 1. 

8. |A-AI| = A 2 -8A + 14, Ai = 4 + v/2, A 2 = 

iUH'f 

xi = [l/v/2 (1-0/2] 
x 2 = [-l/v/2 (l-0/2] T , 

xf X2 = 0, xfxi = 1, x|'x2 = 1. 

9. |A - AI| = A 2 - 2iA, Ai = 0, A 2 = 2i 

*--[-. a*c u- 

Xl = [l/v/2 -i/V2\ T , 



3304 
0 

-8 





'360 


560' 


=> 


0 6 


0 




. 0 0 


0 



y 3 = [14 0 -9] 
xi=Pyi = [l 0 -l] T , A Xl =5xi, 
X2 = Py2 = [l -2 — 3] r , AX2 = x 2 , 

-5x 3 . 



V2 
0 



4-V2, 
1 +i] 
0 J' 

1 + il 
0 J' 



A — 2il ; 



-i 1 
-1 -i 



-i 1 
0 0 



x 2 = [l/v/2 i/v/2] T , 
xf X 2 = 0, x[ Xl = 1, x^x 2 = 1. 
10. |A - AI| = A 2 + 3A - 10, Ai = 2, A 2 = -5, 



A -21 = 



x 2 



r-21 

[-42 


7' 
14 




-21 7' 
0 0 


3] T , 

r-14 

[-42 








7 " 
21 




2] T , 








x l X 

2j' X 


•1 _ 


[a 2 



D = X-'AX 



11. |A - AI| = A 2 - 3A, Ai = 3, A 2 = 0, 

■ ■ ~; I 



A -31 = 



xi = [1 1]\ 

a- 0I =[^ ; 

T 



x 2 = [1 -2 

1 1 ' 

1 -2 



X = 
D = 



X-'AX 



-B -J; 

— 3A, Ai = c 

■ -Wo 

[0 5]- 

X-l _ I [ 2 1 ' 
~ 3 Ll -lj' 
2 0] 
0 OJ 

1 [- U 

Mo 



12. I A - AI| = A 2 - 50A - 150, Ai = 100, A 2 = -50, 
A-100I= r - 143 771 ■ f " 143 771 



77 
0 



xx = [7 13] \ 

*+— [i >«K 

x 2 = [11 -1] T , 

X ~[l3 -lJ' X - -150 [-13 

D =x- 1A x=[7 

13. |A - AI| = —A 3 + 12A 2 + 96A - 512, 
Ai = 16, A 2 = 4, A 3 = -8, 



-11 

7 



A-16I = 



xi = [1 
A -41 = 



-48 
-48 



0 0 0 ' 

48 -24 0 

84 -24 -12 

"0 0 0 

144 0 

0 72 

2 3] T , 

12 0 0' 

48 -12 0 

84 -24 0 

0 0' 

12 0 

0 0 



0 0 

48 -24 
0 72 



0 ' 

0 
-48 



12 
0 
0 



12 
0 
0 



0 0' 
-12 0 
-24 0 



x 2 = [0 0 1] T , 





"24 


0 


0' 




"24 


0 


0" 


A + 81 = 


48 


0 


0 




0 


0 


0 




84 


-24 


12 




0 


-24 


12 
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X3 


0 


1 


2 


T 


J 












"1 


0 


0" 








' 1 


0 


0" 


X = 


2 


0 


1 


,x- 


1 _ 


1 


-2 


1 




3 


1 


2_ 




16 


0 


-2 
0 " 


1 


0_ 


D = X- 


'AX 






0 


4 


0 
















0 


0 


-8 







14. |A - AI| = —A 3 + 1.5A 2 + 1.5A - 1, 
Ai = 2, A 2 = 0.5, A 3 = -1, 









-4.5 


-3 


3" 








4.5 


-3 


3' 


A 


-21 = 




-4.5 


-6 


6 


=> 


0 


-3 


3 








-6 


-6 


6_ 






0 


-6 


6 








-4.5 


0 


0" 














=> 




0 


-3 


3 


i 
















0 


0 


0 












Xl 




I 
























' -3 




-3 




3 








A 


- 0.51 = 




-4.5 




4.5 




6 














. -6 




-6 




7.5 














-3 


-3 


3 






-3 


-3 


0" 








0 


0 


3 


=> 


0 


0 


3 








0 


0 


1.5 




0 


0 


0 



X 2 = [1 -1 0] T , 

-1.5 -3 3 
A + I= -4.5 -3 6 
-6 -6 9 
-3 0 3' 
0 6-3 
0 0 0 
x 3 = (2 1 2] T , 
'0 1 2' 
X= 1 -1 1 .X" 1 = 
10 2 



-1.5 -3 
0 6 



3 

-3 
-3 



D = X"'AX 



-2 -2 
-1 -2 
1 1 



3 
2 

-1 



"2 0 
0 0.5 
0 0 



0 
0 

-1 



15. |A-AI| = -A 3 +225A, Ai = 15, A 2 = 0, A 3 = -15 





"-10 


10 - 


-10" 








A - 151 = 


10 

5 


-10 - 
-5 - 


-20 
-25 










"-10 


10 -10" 












0 
_ 0 


0 -30 
0 -60 












"-10 


10 C 












=> 


0 


0 -30 


> 










0 


0 C 












xi = [l 1 


















5 10 


-10' 






"5 


10 


-10" 


A -01 = 


10 5 


-20 




0 


-15 


. 0 




5 -5 


-10_ 






0 


-15 


0 . 




5 0 


-10" 












=> 


0 -15 
0 0 


0 
0 


) 










x 2 = [2 0 


1] T . 
















'20 10 


-10 






"20 


10 


-10 


A + 15I = 


10 20 


-20 




0 


30 


-30 




5 -5 


5 






0 


-30 


30 



X3 



0 1 1 

1 2 0 : 
1 0 1 
0 1 1 



D = X- X AX = 



'20 0 0 

0 30 -30 

0 0 0 

T 



x- 1 — -— 
' X - -3 

15 0 0 
0 0 0 
0 0 -15 



-1 -2 
-1 1 



2 ' 
-1 
-1 -2 



16. A 



r-n 42i 

[ 42 24 j ' 

. . — AI| = A 2 — 13A - 2028, Ai = 52, A 2 = -39, 

*— -[2 4 . 2 ]. 

xi = [2 3] T /v/l3, 

"28 421 [28 42] 

[o oj- 

/VT3, 



42 63 1 



1 [2 3 



A + 391 

x 2 = [3 
x = Xy 

H = (2yx + 3y 2 )/Vl3, 
X2 = (3yi - 2y 2 )/Vl3, 
b2y\ - 39j/ 2 = 156, 

"7 31 



17. A = 



3 7 



|A - AI| = A 2 - 14A + 40, Ai = 10, A 2 = 4, 

x 1= =[l 1} T /V2, 
A -41 = 



3 3 
3 3 

T 



a- 



x 2 =[l -l] T /V2 



x = Xy = -L 
V2 



20 

18. A 



1 1 
_1 -1| 
n = {yi + y2)/V2, 
X2 = (yi - i/ 2 )/v / 2 > 
10y 2 + 4y 2 = 200, 

fi + tf = i.*W- 

41 -12' 
-12 34 J ' 
|A - AI| = A 2 — 75A + 1250, A x = 50, A 2 = 25, 

A-50I=[- 9 „ -}?Uh 9 ~f 



-12 
0 




x 2 =[3 4] T /5, 

" 4 31 |yi| 
-3 4| ly 2 | 



xi =(4yi+3y 2 )/5, 
x 2 = (-3yi + 4y 2 )/5, 
50y 2 + 25y 2 = 0, 
(3/1.3/2) = (0,0), t_V ^. 
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19. A 



|A - AI| = A 2 - 10A, Ai = 10, A 2 = 0, 



-101 

= [3 



~o 3 ]> 



Xl 

A -01 = 

x 2 =[l 3] T /vTO, 
x = Xy 



1]' /vlO, 

9 -3] [9 -3] 
-3 1 .P |0 OJ' 

T 



20. A 



1 

Vw _ 

xi = (3yi + y 2 )/VlQ, 
x 2 = {-yi + 3y 2 )/\/l0, 
10y 2 = 40, 
yi =±2, ^^U-^ 
4 6^ 
6 13 



A - AI| = A 2 - 17A + 16, Ai = 16, A 2 = 1, 
" -12 
6 



l] r /V5 



A - 161 = 

X! = [1 

A-I = 
x 2 = [2 

xi = (j/i + 2y 2 )/VE. 
X2 = (2yi - y 2 )/\/5, 



6' 
12 



[» a- 
■J &}■ 



16y 2 + y\ = 16, 
21 - A =[io 7 



1, Ef«. 

32 -30 



A - 521 = 



-20 - 
-30 



x 1 = [3 -2] T /v^3, 
A + 13I=[ 45 - 3 ° 
x 2 = [2 3 
x = Xy 



-30] [-20 
-45j ^ [ 0 



-30 
0 



1] r 

-30 20 J ^ [ 

3 2 
-2 3 



45 -30 
0 0 



1 

xi = (3yi +2y 2 )/v/l3, 
x 2 = (-2yi +3y 2 )/v / 13, 
52y 2 - 13y 2 = -52, 

vl - 4 = -L 

22. (a) §-4 7.2.16 (c) %£.. 
(b) C = AB, D = BA, 





yi 




.2/2. 



Cij = ^2 a ik b kj , dij = ^ t>ika k j, 
fc=i *=i 

n n n 

trace C = £ Cii = ^ £ a<fc 6 fci . 

i = l i = i k = l 

n n n 

trace D = ^ da = J2 b ika ki 
1=1 i=i k=i 

n n 

= ]C H a fci b i* = trace C > 
ifc = l i-1 

trace AB = trace BA; 
A - P- 1 AP »|^ A Sf A -fe- jl-fr*]-* 7 r ^lt4. 
aJ-sM (a) S\tH trace A = trace A 4 
eH (similar) ^sg-g- trace ft* 71-^14. 

(c) A = P" 1 AP, A = PAP" 1 , A = PAP" 1 , 
A = P 2 AP- 2 . 

(d) 3L**]2\ sffjl 41-2-^, X m>H :H| tH 



|A - AI| = A 2 - 39A - 676, A x = 52, A 2 = -13, 

Chapter 7 Review 



1. Ax = Ax 1- tV^SMr 0 °W «l x 7 r ^«J^ 7§ 

2. .H-fr*]^ jl-fr Bj-^j-i] (characteristic polynomial) 
€-ol 05. it- ^HJ- ^H-fr 7^4; 

A = 0 (2 x 2), |A - AI| = A 2 , Ai = A 2 = 0, 
0] r ,x 2 = [0 1] T ; 

_1 ,|A-AI| = A 2 + l,Ai =t, A 2 = -t, 



Xl 

A 



0 



xi = [-1 

~i 0 



3. A = 



0 0 



t] , x 2 = [i -l] T . 
, |A - Al| = A 2 - iA, Ai = 0, A 2 = t, 

xi = [0 l] T ,x 2 = [1 0] T . 

4. ^3 (algebraic multiplicity) fe- a.-fh«J-^-i] 
s] 7l*H (geometric) f4£fe 
tr i-8-*H ifl* -a 4 -^"J «l^^ Tg^f. *1 

5. ji-fi- ol^-H^l 7|*M4; «|Eisl ^7 r 4 



6. A T = A, 3L*%7} i-f- i)^; 

S|rH^ A r = -A, 3L**l7\ 0 o]^v+ ^*)^; 

A T = A" 1 , 3L-fr*\!H ^ql^ol 1; 
Hermitian A T = A, 2.-^-^1 7 r i^- -y^ ; 
skew-Hermitian A T = -A, Jl-3-jt|7)- 0 

T-T . -I 



unitary A 



8 



7. 7.3.8 <K|-H ^^8 ^^£1 ^S. ^fl* 

4^ i-fr §-§-^ oJ4. 

A 7 r Ai , . . . , A„ -I- 7} 7] <g , «8 ^ 4#a] p ( A) 

= A m A m 4-fc m _iA m_1 + • ■ • + fe x A +k 0 l S\ jL-fr 
PW = fcmA" 1 +fc m _ 1 A m - 1 + • ■ • -ffclA +fc 0 
A S\- JL-fi- HJjE.il- 7>^]4; 

U 2J ' 

|A - AI| = A 2 - 7A + 6, Ai = 6, A 2 = 1, 



A -61 = 


-1 4 " 




"-1 4" 




1 -4 




0 0 



x 1 = [4 l] 5 
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X2=[l -l] T i 

B=A 3 + A 2 + A + I 



208 2041 
51 55 J ' 

B - AI| = A 2 - 263A + 1036, Ai = 259, A 2 = 4, 
-51 2041 
51 - 204 

T 



2591 : 



xi = [4 l]\ 

p04 204 
51 51 
T 



1 [-51 2041 

bio oj> 

1 [204 2041 



X 2 =[l -1] 

9. Markov 4r °M *W 4 #3 *-f-"J-^ -&J* * 

10. ^^S] a-fr*l^r i-fr*!^ ^4. 

11. |A - AI| = A 2 - 5A + 6, Ai = 3, A 2 = 2, 

A -31 



xi 





"-0.5 


0.5 




'-0.5 


0.5' 




0.5 


-0.5 




0 


0 



[1 1] ! 



A -21 = 



0.5 0.5 
0.5 0.5 

T 



x 2 = [l -l]\ 
12. |A - AI| = A 2 - 16, Ai = 4, A 2 = -4, 
[-32 16] . [-32 161 
-48 24 1 



A -41 



X! = [l 2]\ 
A + 4I= r - 24 16 



-48 32 
T 



0.5 0.5] 
0 0 J' 

= 4, A 2 = -< 

1 [-24 161 



0.5, A 2 = -0.25, 
-0.15 0.3' 
0 0 



x 2 =[2 3]\ 

13. |A-AI| = A 2 -0.25A-0.125, Ai = 

— [-o°f -°o 3 H 

xi = [2 1] T , 

A , n OCT [0-6 0.3 1 [0.6 0.3l 
A + 0 - 25I =[0.3 0.15j^[o oj- 
x 2 = [l -2] T . 

14. |A- AI| = -A 3 + 4A 2 -3A, Ai = 3, A 2 = 1, A 3 = 0, 



A -31 = 



-2 -1 
0 -3 
0 -3 

T 



xi = [0 0 1]\ 





0 


-1 


0" 




"0 


-1 


0' 


A-I = 


0 


-1 


0 


=> 


0 


0 


0 




0 


-3 


2 




0 


0 


2 



x 2 = [1 0 0] T , 





"1 


-1 


0" 




"3 


0 


-3" 


A -01 = 


0 


0 


0 


=*• 


0 


0 


0 




0 


-3 


3 




0 


-3 


3 



X3=[l 1 1] T 

15. | A - AI| = -A 3 + A 2 + 4A - 4, 
Ai = 2, A 2 = 1, A3 = —2, 





"2 


-6 


-6' 




'2 


-6 


-6" 


A -21 = 


0 


-4 


0 


=> 


0 


-4 


0 




1 


-1 


-3 




0 


4 


0 



Xl 

A-I = 



3 0 1] 



0 -6 

-4 0 

0 0 
T 



"3 


-6 


-6" 




"3 


-6 


-6" 


0 


-3 


0 


=> 


0 


-3 


0 


t— » 


-1 


-2 




0 


3 


0 



0 

-3 
0 



x 2 = [2 0 1] T , 





'6 


-6 


-6 




"6 


-6 -6" 


A + 21 = 


0 


0 


0 


=> 


0 


0 0 




1 


-1 


1 




0 


0 12 




"6 


-6 


0" 








0 


0 


0 


J 






0 


0 


12 







X 3 =[l 1 0]. 

16. |A - AI| = —A 3 + 15A 2 + 9A - 135, 
Ai = 15, A 2 = 3, A3 = —3, 

"-6 -10 2 ] [-6 -10 
A-15I = -6 -10 2 =» 0 0 
6 -2 -14j [ 0 -12 
-36 0 72 ' 
0 0 0 
0 -12 -12 

■1 n T , 



2 ■ 
0 

-12 



xi = [2 
A -31 = 



. 6 
24 
0 
0 



-10 2 
2 2 
-2 —1 
0 -12' 
-8 4 
0 0 





"6 


-10 2 " 


=> 


0 


-8 4 




0 


8 -4 



X 2 = [1 

A + 31 = 





'12 


-10 


2" 




0 


6 


6 




0 


6 


6 



1 2f, 
'12 -10 2" 
-6 8 2 
_ 6 -2 4 
T36 0 361 
0 6 6 
.0 0 °. 
X 3 = [1 1 -1] T . 
17. |A - AI| = A 2 - 10A + 21, Ai = 7, A 2 = 3, 
[1 -11 1 -11 
5 -5] |o 
,r 



A -71: 



xi = [1 l]\ 
"5 



41 * S 

Ho 



A -31 = 

x 2 = [1 

x _ fi 11 x -!_ r 1.2 

X -[l 5j' X -[-0. 
D = X-AX=[J 



25 
0.25 



-0.25 
0.25 



18. |A - AI| = —A 3 + 18A 2 + 81A - 1458, Ai = 18, 
A 2 = 9, A 3 = -9, 
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A - 181 = 



-3 
4 

-4 
-3 

0 

0 



6 

-8 
8 
6 
0 
0 



-12 
-2 
-25 
0 

-54 
0 



-12" 
-54 
-27 



xi = [2 1 0] T , 

~ 6 6 

A -91 



4 

-4 
18 
0 
,_0 

x 2 = [0 2 1] 
"24 

A + 91 = 

24 
0 
0 



-12 
1 -2 
8 -16 
0 0" 
-9 18 
0 0 



6 

-9 
36 



-12' 
18 
-72 



X3 = 



X = 



6 
19 
8 
0 

108 
0 

T 



-12" 
-2 
2 

-12' 
0 
12 



24 
0 
0 



6 

108 
54 



-12 
0 
0 



x- 1 - - 



1 
4 

-2 



-2 
1 

4 



D = X -1 AX 



9. |A- 

At = 



A -91 = 



18 0 0 " 
0 9 0 
0 0-9 
AI| = —A 3 - 3A 2 + 108A," 
9, A 2 = 0, A 3 = -12, 
"-17 11 3 
4 



-4 
•17 
0 
0 

2142 
0 
0 

T 



-10 
10 - 

11 

-126 
126 

0 

-126 
0 



3 ' 
63 
-63 
1071' 
63 
0 



xi = [1 1 2] 





'-8 


11 


3" 




"-8 


11 


3" 


01 = 


4 


-1 


3 


=> 


0 


9 


9 




-4 


10 


6 




0 


9 


9 




"-72 


0 


-72' 










0 


9 


9 












0 


0 


0 











X 2 = [1 





' 4 


11 


3" 




"4 


11 


3' 


A + 121 = 


4 


11 


3 


=> 


0 


0 


0 




-4 


10 


18 




0 


21 


21 




"84 


0 


-168" 








=> 


0 


0 


0 




» 








0 


21 


21 








x 3 = [2 - 


1 


1] T > 













x = 



1 1 

1 1 

2 -1 



0 

-3 
-3 



-3 -3" 
-3 3 
3 0 



D = X-'AX = 



9 0 
0 0 



0 0 -12 



20. 



51 = 
xi = [2 
A + 101 = 



2 i 
6 - 

AI| = A 2 + 5A - 50, Ai = 5, A 2 = -10 
-3 6 ] [-3 6l 
6 -12j ^ [ 0 0 

T A/5, 

12 6' 



6 3 
r 



[0 a- 



x 2 = [1 -2] /v/5, 



1 



2 

21. A = 



2 1 
1 -2 
x\ = {2yi + V2)/v / 5, 
X2 = (yi - 2y 2 )/v/5, 
5y 2 - 10y§ = 10, 

vl = 1, 
9 -3' 
-3 17 J ' 
|A - AI| = A 2 - 26A + 144, Ai = 18, A 2 

A - 181 = 



'-9 -3 




-9 -3' 


-3 -1 


=> 


. 0 0 



xi = [1 -3] T /v/5, 
A -81 = 



" 1 -3' 




1 -3' 


-3 9 




.0 0 _ 



x 2 =[3 l] r /v/5, 



' 1 3" 




yi 


-3 1 




,f2. 



1 

x=xy= ^ 

xi = (yi +3y 2 )/v/5, 
x 2 = (-3yi + yi)l\fl, 
18y 2 + 81/ 2 = 72, 

4 + ^ = 1,^. 

|A - AI| = A 2 - 169, Ai = 13, A 2 = -13 
"-8 12 " 
12 -18 

T /Vn, 

18 
12 



A - 131 = 
X! = [3 2 
A +131 = 



'-8 12] 

0 oJ' 



18 12 
0 0 



x = Xy = 



x 2 =[2 -3] 1 /v/13, 

1 [3 2 ' 
v/13 [2 -3. 
xi = (3yi + 2y 2 )/Vl3, 
x 2 = (2yi - 3y 2 )/\/l3, 
13y 2 - 13y 2 = 0, 
y 2 ±y| =0, ^ aj-d. 
7.4 3.2" 
3.2 2.6 



23. A = 



|A - AI| = A 2 - 10A + 9, Ai = 9, A 2 = 1 
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7. LINEAR ALGEBRA: MATRIX EIGENVALUE PROBLEMS 



[it SH" V]. 

x x = [2 lf/V5, 
. _ [6.4 3.2] |"6.4 3.2] 

x 2 =[l -2] T /VE, 
„ 1 [2 1 
X = Xy= ^[l -21 
H = (2yi + y2)/v / 5, 
12 = (yi - 2y 2 )/V5, 

9y 2 + yl = 9. 

24. |Sx - AI| = A 2 - 1, Ai = 1, A 2 = -1 
xi = [1 if, 

H o]. 

x 2 =[l -1] T , 

|S„ - AI| = A 2 - 1, Ai = 1, A 2 = -1 



xi = [1 if, 

■.+>-[} ?B {]• 

x 2 = [i -i] T , 

|S Z - AI| = A 2 - 1, Ai = 1, A 2 = -1 

«■-»-& -*B 

x,= [l of, 

X2=[0 if, 

S x Sy — 



-2 
0 



s 2 = 



s? = 



1 

0 1 

1 0 

0 1 

1 0 
0 1 



i 0 
0 -i 
-i 0 
0 i 
0 



= iS z , 
= -iS z , 



= tl, 
= il, 
= il. 



Chapter 8 




Vector Differential Calculus. 
Grad, Div, Curl 



This chapter deals with vectors and vector functions in 3-space and extends the 
differential calculus to these vector functions. Forces, velocities and various other 
quantities are vectors. This makes the algebra and calculus of these vector functions 
the natural instrument for the engineer and physicist in solid mechanics, fluid flow, 
heat flow, electrostatics, and so on. The engineer must understand these fields as the 
basis of the design and construction of systems, such as airplanes, laser generators, 
thermodynamical systems, or robots. In three dimensions (as opposed to higher 
dimensions), geometrical ideas become influential, enriching the theory, and many 
geometrical quantities (tangents and normals, for example) can be given by vectors. 

As a preparation, in Sees. 8.1-8.3 we explain the basic algebraic operations with 
vectors in 3-space. Vector differential calculus begins in Sec. 8.4 with a discussion of 
vector functions, which represent vector fields and have various physical and 
geometrical applications. Then the basic concepts of differential calculus are extended 
to vector functions in a simple and natural fashion. In Sees. 8.5-8.7 we shall see that 
vector functions are useful in studying curves and their applications as paths of moving 
bodies in mechanics. 

We finally discuss three physically and geometrically important concepts related to 
scalar and vector fields, namely, the gradient (Sec. 8.9), divergence (Sec. 8.10), and 
curl (Sec. 8.11). (Integral theorems involving these concepts follow in Chap. 9 on 
vector integral calculus. The form of these quantities in curvilinear coordinates is 
given in Appendix A3. 4.) 

We shall keep this chapter independent 1 of Chaps. 6 and 7. 

Prerequisites for this chapter: In Sec. 8.3 we shall make elementary use of second- 

and third-order determinants. 
Sections that may be omitted in a shorter course: 8.6-8.8, 8.12. 
References: Appendix 1, Part B. 
Answers to problems: Appendix 2. 



x Readers familiar with Chap. 6 will notice that our present approach is in harmony with that in 
Chap. 6. The restriction to two and three dimensions will provide for a richer theory with basic 
physical, engineering, and geometrical applications. 
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8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL 



8.1. Vector Algebra in 2-Space and 3-Space 



1. 3,4,0, |v| = 5. 

2. -1,4,3, |v| = V26. 

3. 1,2,3, |v| = VT4\ 

4. -10,2,-6, ^1 = 2^. 

5. -4,4,0, |v| = 4y / 2. 

6. a,b,c, |v| = Va 2 +b 2 +c*. 

7. 0,-18,0, |v| = 18. 

8. -2,0,-2, |v| = 2v / 2. 

9. Q : (3,3,0), \v\ = Vl3. 

10. Q : (0,0,1), |v| = v/13. 

11. Q : (0,0,0), \v\ = VTi. 

12. Q : (3,-1,-2), |v| = 0. 

13. Q : (1.25,1,-4.5), |v| = §. 

14. Q : (3,-1,6), |v| = V46. 

15. a + c = c + a = [7,-1,0]. 

16. -a = [-3,2,-1], 3a = [9,-6,3], -ia = 
[-1.5,1,-0.5]. 

17. (a + b) + c = [3, 1, 1] + c = [7, 2, 0], a + (b + c) = 
a+ [4,4,-1] = [7,2,0]. 

18. ja + b| = |[3, 1, 1]| = VU, |a| + |b| = >/l4 + 3. 

19. 4a + 8c = [12, -8,4] + [32,8, -8] = [44,0,-4], 
4(a + 2c) = 4[11, 0, -1] = [44,0, -4]. 

20. (l/|a|)a = [3/v / 14,-2/v / 14,l/v / 14], (l/|b|)b = 
[0,1,0]. 

21. 6a- 12b = [18,-12,6] - [0,36,0] = [18,-48,6], 
3(2a-4b) = 3[6,-16,2] = [18,-48,6]. 

22. 5a - 4b + 3c = [27,-19,2] 

23. -Sr^l 15: (4) (a) (a* Hi*!)- 

17: (4) (b) (HV >S«1). 
^ 19: (6) (a) (-g-nfl HJ*1)- 

24. p+q+u+v = [8,-3,8], |p + q + u + v| = VWf. 

25. p + q + u= [0,0,0], |p + q+u| = 0. 

26. p + q + u = [0, -10, 0], |p + q + u| = 10. 

27. p + q + u = [-6, -10, -14], |p + q + u| = 2y/S3- 

28. p + q + u= [12,0,16], |p + q+u| = 20. 

29. p + q + u = 0, p = -q - u = [-1, -6, 0]. 

30. 2 < |p + q| < 10, 12 < |4p - 3q| < 36, HH8^ *£M 
t SI^t- derive! 

31. w = p + q + u + v = [5,-l,p 3 + n]A xy sg<d»t 
5g«843*d z <&°\°\ 44- ^ p 3 + 17 = 07V 
SM P3 = -VH4. 

^. p = [0,0,-17]. 

32. p = [pi. 0,0], q = [0,92,0], u = [0,0,u 3 ]<>14 44- 
OL2]^ p+q+u+v+w = [pi+3,g 2 +9,u 3 -3]ol 
a, 2lH -2.S.-T-E-1 Pi + 3 = 0, 92 + 9 = 0, 
ii 3 - 3 = 01- <afecf- Pi = -3, 92 = -9, 
u 3 = 3o]t}. 

P = [-3,0,0], q = [0,-9,0], u = [0,0,3]. 

33. 




w = [0, — to], 

u = [/cos a, /sin a], v = [-/cos a, /sin a], 
u + v + w = 0, 2/ sin a = w, f = f esc a. 



34. (a) 




OA — a, UP = b, otl — a + b o|uj, UP OC 
sg^KELS. OP = A(a + b) °14- OP = OA +AP 
°1 tH, <*H Ap ^ IB sg^tl-jl AB* = OB* -qt 
= b - a AP^ = fi(b — a) o|4_ 4^ OP 

= A(a + b) = a + /x(b - a) o]SL X = 1 - H 4 
\ = fi o|h.s., A = /i = I <>14- ^, O? = |OC, 
A? = |AB" °)4- aei.H.3. ^ ^4-ii£ ^3- 

(b) 




OA? = \UX = |a, Olfr = |OB~ = |b ola, o3 
O^ofl ^^*V3.S.Ol5 = X(a + b) o)4- Q$ = OA| 
+A7l$ °J_3|, A?3 fe- A77? <H1 sg^«rjl A?N 
= OT$ -DM = |(b - a) o] n s., A$ = f (b - a) 
0)4. 44*] OC$ = A(a + b) = ia+f(b-a) o]jl 
A=l-I^SfA=i M olHi, A = |, /< = I »|4- 
= o|4. # >SS] ^* -tlf-<Hl 
^-tl-i- 3:1 S. ^-g-gRr ^fl 514- 

(c) OP = |(a+ b) = OA? +OF o| s. S., (a). ♦ 3g 
^ OOMPN =s)-§-*W o<3 = |(OA? + OA7) 
= i(a + b) = iO0 4 334- ^ 4 

-ii^fe 3:1 JL ^o) 5J4- 

(d) a + b + c + d = 0 <>1jh.S. a + b = -(c + d) °]4- 

= |c+ |d »U, A^ = |a+ |b = -|c- |d 
o]5_3- WA = Cl$. 4*7V^ls. 4^ = A75 # 
<^7il s)<H a]-4^ nABCDfe- sgtg 4^^ 0 14- 

(e) Jf-Til f-y°M 4 ^-^1^ is. 47fe «|iHl- *HI 
^s. vi, ... , v„ 4 Sl'a^r ^ *I<M 4°1^1 4 

^r27r/n o] jt, 4 =-xl^Sl vfl4^- tt - 27r/n 0)4. o] 
4 v x 5] §^oll v 2 ^ &7[4. o.a]^ ^- o)f.^ 
7-H 7r-27r/n o| ^4. o|%| o.s. 4^15. *2)<>1^ 
n 4ZHS °1 D J-1"H4-&^1 ^ n 7^t§4 ^ l-o) 

4. 44 A 1 vi + • • • + v„ = 0 -a^-4- 

(f) 3g18 ^-d^is] ^3 ^-7-1^^ A, B, C, D 4 «V 
2. oH ifl-§-2E|^ ^^sl ^1^-1- B, F, G, H 4 *1- 
4. AB = a, AD = b, AE = c 4^, 

AG = a+b+c, Blf = b+c-a, BC = a+b-c, Dp 
= a+c-b 0)4. 4eH 7-[ ^-Tj- ilJ4-d s) -f^-i- A^ 
. . . , M4 4 a 91*1 ^Eife 44 AMi = I AG 
= |(a + b + c), AA?2 = BA?2 -B% = |BB^ +A^ 
= a + |(b + c - a), AA?3 = BA? 3 — BA = |B^ 
+A^ = c + |(a + b - c), AA? 4 = BA?4 -BA 
= iBF+A^ = b+|(a + c-b) o|o_5_ ^-g- 
xjo|4. 4rt*Hsi\ f-Ti cJJ4-Ji-e- ^ofl^ "J- 

uJ-4- 



8.2. INNER PRODUCT (DOT PRODUCT) 



13T 



8.2. Inner Product (Dot Product) 



1. a • b = b ■ a = -8. 

2. |a| = vTI, |2a| = |[2,6,4]| = 2y/U, |c| = V21. 

3. |4a| = |[4, 12, 8]|= 4^, 4|a) = 4v/l4, 
|a-b| =|[-1,3,7]|=VS9. 

4. a(2b + 3c) = a • [16, -6, -7] = -16, 
2a • b +3a ■ c = 2 • (-8) + 3 • 0 = -16. 

5. 2b • 5c = [4, 0, -10] • [20, -10, 5] = 30, 
10b • c = 10 • 3 = 30. 

6. (a-b)-b= [-1,3, 7] b = -37, a b-b b = -37. 

7. a ■ (b - a) = a • [1, -3, -7] = -22, 
a- (a- b) = a- [-1,3,7] = 22. 

8. |a + b| = j[3, 3, — 3] j = 3v/3, |a| + |b| = </U + V29. 

9. a • (b + c) = a • [6, -2, -4] = -8, 
(a ■ b)c = -8c = [-32, 16, -8]. 

10. v-w7}u ofl ^*H4. 4eH -ys!-^ v = w 



11. 



&q 1 

-£-*i| 4 
**| 5 
&4 6 



-y^»H tiitv ^u-, a* 



12. 



13. d = [2,4,0], W = p-d = 28. 

14. d = [6,-9,0], W = pd = 0. 
.15. d = [2,-2,0], W = p d = 0. 

16. d = [-2, -8, -6], W = p d = -82. 

0 °U, ^ «|E]7l- o)^ Zj-o) 90° Jic} 2 >d -S-^S) 

°J°I 3<4- 

18. W = (p+q)-d = p d + q d o) o_S. (resultant) 

01 tr tr -ys) ^4. 

19. cos 7 = = = 

7 = 19.1066°. 

20. b-a=[2,l,l],c-a=[0,-l,2], 
(b - a) ■ (c - a) _ 1 1 

~ v^0' 



cos 7 = 



|b - a||c — a 
7 = 79.4803°. 
21. b + c= [4,2,3], 

a • (b + c) 



cos 7 = 



V29' 



cos 7 



a||b + c| vWM 
7 = 38.0160°. 

22. a + b = [4,3,1], 
(a + b) • c _ 6 6 

|a + b||c| ~ V26VE ~ v/130" 
7 = 58.2486°. 

23. x-y = IS] ^0)Ei a = [1,-1], ^ x - 2y = 
-151 <g*|El b = [l,-2], 

4°13 ^7, 
a- b 3 3 

cos 7 = 



24. 



|a||b| v /Io" 
7 = 18.4349°. 

3i + 5y = 0S] ^«jE-l a= [3,5], 4x-2y 
IS) >y«jE-l b = [4,-2], 
3-4} 4°ls] 7-1-7, 



COS 7 : 



ab 



N|b| S/34-2V/5 v/l70' 
^. 7 = 85.6013°. 

25. ^ x + y + z = l t)*|e1 a= [1,1,1], 
^ i + 2y + 3z = 6 s) <ti«l&| b = [1,2,3], 

a • b 6 v/6 

cos 7 = = = 

|a||b| V3Vli y/T 
7 = 22.2077°. 

26. ^ x-y = Q °] ty«|Ej a = 
igig i-z = 1 S] >^a|El b = 

a b 1 1 

COS7 = — — = = _ 

x/2V2 2 



[1,-1,0], 

[1,0,-1], 



M|b| 
7 = 60°. 

27. Bg = a= [-3,0,3], 5i = b = [-1,-2,-4], 
33 = c= [4,2,1], 

c 0S ZA = - : bc 12 4 



COS ZB : 



cos ZC = 



|b||c| 




7' 


a • c 


9 


3 


MM 


3v/2V2T ~ 




a b 


9 


3 



|a||b| 3v/2V2l v/42' 
5. ZA = 55.150°, ZB = 62.425°, ZC = 62.425°. 
28. B(? = a=[-3,5,0],CA = b = [-1,-7,0], 
AB = c = [4,2,0], 

b • c 18 9 



cos ZA = 
cos ZB = 
cos ZC = 



|b||c| 
a - c 

Rm 

ab 



5%/2-2v/5 
2 

%/34-2v^5 
32 



5%/To' 
1 

\/l70' 
16 



|a||b] v/34-5v^ 5v/l7' 
ZA = 55.3048°, ZB = 85.6013°, 
ZC = 39.0939° . 
29. 4(1,2,3), B(3,5,7), C(2,0,9), B(4,3,13), 




A$ = a = [2,3, 4], ~gt = b = [1, -2, 6], 

BC = c = [-2, -3, -4], C% = d = [-1, 2, -6], 
a . ^ on on 

cosZA = — - 



cos ZB = - 



cos ZC : 



cos ZB 



ad 


20 


20 


M|d| 


~ V29 V41 ~ 


•v/1189' 


a b 


20 


20 


W|b| 


V^9\/4T 


VT189' 


c d 


20 


20 


|c||d| 


V2§y/4l 


v/1189' 


be 


20 


20 


|b||c| 


~ v/29v/41 


v/1189 
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-3-. ZA = 54.5484°, ZB = 125.4516°, 
ZC = 125.4516°, ZD = 54.5484°. 



30. cos 7 = 



31. cos 7 = 



32. cos 7 — 



33. cos 7 = 



|a||b| 
ab 

|a||b| 
ab 

|a||b| 
ab 



: — — =, p = |a|coS7 = 3. 



_3_ 

1 ii 1 

_, P =|a|cos 7 ^^. 

14 



a||b| 
p = |a| cos 7 = 
b 



V/U-4V5' 
14 



34. cos 7 = 



iVE' 
0 



35. cos 7 = 
36. 



|a||b| 
a b 

|a||b| 



= 0, p = |a| COS7 = 0. 



: 4.6. 



V/74V33 

4.6 . . 

— ,p= |a|cos 7 = 

a + b| 2 '="(a + b)-(a + b) = |a| 2 + 2a • b + |b| 2 

<|a| 2 +2|a||b| + |b| 2 = (|a| + |b|) 2 , 
n)-EH |a + b| < |a| + |b| 
37. |a + b| 2 =(a + b)-(a + b) = |a| 2 + 2a • b + |b| 2 



■ b| 2 = (a - b) • (a - b) = |a| 2 - 2a ■ b 



|b| 2 



4«M |a + b| 2 +|a-b| 2 =2(|a| 2 + b| 2 ) o]x*. 
38. (a) a • b = 5ai - 5 = 0, ai =1. 

(b) *\M a • b = 5ai - 2a 2 = 0, ai = 2fc, 
o 2 = 5fc (fe fe- -a=r) ♦ #3 «|ej«l2.S. 
|a| 2 = 29fc 2 = 1 o| sl<H fc = ±-^= 7 r €4- <4 
eH a = [2,5]/y/2§ o]cf. 

(c) b = [bi , 6 2 , 63], a = [2, 1, 0], a b = 26i +62 = 0, 
2&i + 62 = 0 "J-^te -a)El^ a <H1 ^*H4; 

^- v,w 7> ^#SV^, u = qv + /3w 

fe- i = 1,2,3 °f] ^«fl Uj = otvj + /3tUj 0)2. 
S., 2ui + u 2 = 2(qui + /9wi) + (at) 2 + /8102) = 



a(2vi +v 2 )+ P(2wi + w 2 ) = a0 + 00 = 0 7 r S) <H 

(d) ^^d x-4y = 3 2] :a=[l,-4], 
3x + cj/ = 8 2| •y^E] : b = [3,c], 
a-b = 3-4c = 0, c: 




(e) i + 2j/ + 32 = 6 S] •a-Sl&j : a = [1,2,3], 
3g^x + cy + z = 0£) : b = [l,c,l], 

a - b = 2c + 4 = 0, c = -2. 

(f) bc = 0, ^ «)E-ife -HS. *r*l, 
|b| = 25 9 2 = l, 9l = \, 

|c| = 25? 2 = 1, ?2 = 

a = [01,02,03], a • b = 0, a ■ c = 0, 

(4oi - 3o 2 )/5 = 0, (3oi + 4o 2 )/5 = 0, 

01 = o 2 = 0, a = [0,0,1], 

{a,b,c} : (normal) Z\3L 7]*). 

(g) Si ^^xl^^^r-r^* W-eHlfe 
■Sl^l-a, b Ej-Sr'd TlW^»+b,a-b£ 
3.^34- o) ^rflzMH ^«|£L£ (a + b)-(a-b) 
= |a| 2 - |b| 2 = 0 ol $4. # |a| = |b| * -gTfl SH 

(h) *J7|# vflHH °J44 H °l °J47r 
*]* ^°J* ^-f ■ 



8.3. Vector Product (Cross Product) 



1. ax b = [0,0,8], bxa = [0,0,-8], 
ab = 1, ba = 1. 

2. b x c = [8, 12, -13], c x b = [-8, -12, 13], 
bc = 0,c-b = 0. 

3. a x c = [8, -4, -1], |a x c| = 9, 
|cxa| = |[-8,4,l]| = 9, a-c = 8. 

4. bxd- dxb = [4, 6, 9] -[-4, -6, -9] = [8,12,18]. 

5. 3a x 5b = 5a X 3b = 15a x b = [0,0, 120]. 

6. b x b = [0,0,0], (b - c) x (c - b) = [0,0,0], 
b • b = 13. 

7. (a + b) x c = [-2,4,0] x c = [16,8,-14], 
a x c + b x c = [8, -4, -1] + [8, 12, -13] 

= [16,8,-14]. 

8. (b - d) X a = [-9, 9, -2] x a = [4, -2, -27], 
b x a - d x a = [0, 0, -8] - [-4,2, 19] 

= [4,-2,-27]. 

9. (a x b) x c = [0, 0, 8] x c = [-24, 16, 0], 

a x (b x c) = a x [8, 12, -13] = [-26, 13, -4]. 

10. (a + b) x (b + a) = [0,0,0]. 

11. (a-b)c = [2,3,4], (a x b) • c = 32. 

12. (a x b) x b = [0,0,8] x b = [-16,-24,0], 
ax (b x b) = ax [0,0,0] = [0,0,0]. 



13. (i j k) = i - (j x k) = i i = 1, 

(i k j)=i-(kxj) = i (-i) = -l. 

14. (b x c) • d = [8, 12, -13] • d = -62, 
b • (c x d) = b • [34, 20, -32] = -62. 

15. (a x b) • (c x d) = [0, 0,8]- [34, 20, -32] = -256, 
(b x a) • (d x c) = [0, 0, -8] ■ [-34, -20, 32] = -256. 

16. (a b c) =a-(bxc) = a-[8,12,-13] = 32, 
(a - b b - c c) = (a - b) • ((b - c) x c) 

= [4,0,0] -([-5,-1, -4] xc) 
= [4,0,0] • [8,12,-13] = 32. 

17. (b a d) = b • (a x d) = b • [4, -2, -19] = -16, 
(a b d) = a(b x d) = a- [4,6,9] = 16. 

18. (3a 2c 4d) = 3a • (2c x 4d) 

= [3, 6, 0] ■ [272, 160, -256] = 1776, 
24(a c d) = 24a • (c x d) 

= 24a- [34,20,-32] = 1776. 

19. -gr*l] 1: 3L* ^Sl 

5: -y^tiS] 51* 
&q 7: <m 

9, 12: ^ «a«]o| Ajsy^*) 

20. w = [3,0,0], r = [2,2,2], 

v = w x r = [3,0,0] x [2,2,2] = [0,-6,6], 
|v| = 6x/2. 



8.3. VECTOR PRODUCT (CROSS PRODUCT) 
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21. w = [0,9,0], r = [3,4,8], 

v = w x r = [0,9,0] x [3,4,8] = [72,0,-27], 

|v| = 9Vn. 

22. r=gi = [-3,4 > 0] I p = [2 > l I 0], 
m = r x p = [0,0,-11]. 

23. r = Q3 = [-2,-2,0],p = [0,0,10], 
m = r x p — [-20,20,0]. 

24. r = ^ = [-3,-1,2]^ = [3, -1,2], 
m = r x p = [0,12,6]. 

25. r = Q^ = [-4,-7,5],p = [3,0,-6], 
m = r x p = [42,-9,21]. 

26. A(l,l), B(4,-2), C(9,3), £>(12,0), 




AB" = a = [3, -3], B6 = b = [8, 2], 

= c = [-3, 3],aX = d = [-8, -2], 

~-, A - ad _ 18 _ 3 

|a||d| 3v / 2-2v / 17 v^4' 

sin ZA = — — , 
\/34 

AABC = i|a||d|sinZA = 15, 

- n b-c 18 3 

cos ZD = 



jb||c| 3^-2^ VU' 

sin ZD = — = , 
V34 

ADCB = i|b||c| sin ZD = 15. 
DABCD = 30. 
27. 4(1,1,1), £(4,4,4), 0(8,-3,14), 0(11,0,17), 




A| = a = [3, 3, 3], BD* = b = [7, -4, 13], 

DC = c = [-3, -3, -3],cA = d = [-7, 4, -13], 

AABC = i|axd| = ||[-51,18,33]| = |Vi46, 

ADCB = i|b x c| = 51,18,33)1 = ^\/446. 
^. DABCD = 3\/446. 
28. 4(2,1), B(4,-l), C(6,3), 




= a = [2, -2], 3^ = b = [4,2], 

QQg ~ — — ^ ^ 

N|b| 2^-2^5 " v/T0' 
sin /.A = — = 

vTo 

AABC = i |a| |b| sin ZA = 6. 
29. A(l,3,2), B(3,-4,2), C(5,0,-5), 




A^ = a = [2, -7,0], HC = b = [4, -3, -7], 
AABC = -|a x b| = i|[49, 14,22]| = iv/3081. 

30. A(l,3,0), B(2,0,8), C(0,2,2), ~ 
B<? = a = [-2,2,-6], 

C3 = b = [1,1,-2], 

AS = c = [1, —3,8], 

a x b 1 . 

n = : — = —=13.5, -9, 18 , 

|axb| 2 v / 30 J 
r= [x,y,z], 
n • r = c, 

c=n- [1,3,0] = -^, 
2x - 10y - 4z = -28. 

31. A(l,2,i), £(4,2,-2), £7(0,8,4), 
B^ = a = [-4,6,6], 

CA = b = [1,-6,-3.75], 
AS* = c = [3,0,-2.25], 
a x b 2 , 

n = i — = — p=[13.5, -9, 18], 

|axb| 9v^9 J ' 
r = [x,y,z], 
n • r = c, 

e=n-[l,2, J] = 0, 
13.5a; - 9j/ + 18z = 0. 

32. A(1,1,0), B(-2,0,2), C(-2,0,-3), 
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Ul - a = [1,1,0], 0~& = b = [-2,0,2], 

Ud = c = [-2,0, -3], 

V = | (a b c)| = |a ■ (b x c| = 10. 

33. V=|([4,9,-l] [2,6,0] [5, -4,2]) | = 50. 

34. 4(1,3,6), £(3,7,12), C(8,8,9), D(2,2,8), 




B2 = a = [-1,1,-2], 
DB = b = [1,5,4], 
DC = c = [6,6,1], 
V= i|(a b c)| = 15. 
35. A(l,l,l), B(5,-7,3), C(7,4,8), D(10,7,4), 




dX = a = [-9, -6, -3], 
Di = h- [-5,-14,-1], 
S£ = c = [-3,-3,4], 
V=I|(a b c)| = 79. 

36. ([4,2,9] [3,2,1] [-4,6,9]) = 220 ji 0 °}B.3, 41 *] 
t]fe U^^M4- 

37. ([3,5,9] [73,-56,76] [-4,7, -1]) = 0 o|£i 4| *| 

3fe ti***°14- 



38. (a) |axb| 2 = |a| 2 |b| 2 sin 2 7 = |a| 2 |b| 2 (l - cos 2 7) 
= |a| 2 |b| 2 -|a| 2 |b| 2 cos 2 7 ) 
= (aa)(b-b) -(a-b ) 2 , 

|a x b| = y , (a-a)(b -b) -(a-b) 2 ; 

a • b = 0 °)<d |a x b| = V(a • a)(b - b) = |a||b|. 

(b) 7l£«|EH rfl^l ?n JL*. 
i x (i x j) = i x k = -j, 

i x (i x k) = i x (-j) = -k, 

1 x (j x k) = i x i = 0, 
j x (i x j) = j x k = i, 

j x (i x k) = j x (-j) = 0, 

j x (j x k) = j x i = -k, 

k x (i x j) = k x k = 0, 

k x (i x k) = k x (— j) = i, 

k x (j x k) = k x i = j, 

b = 6ii + &2j + &3k, 

c = cii + c 2 j + 03k, 

d = dii + d 2 j + 03k, 

a = b x (c x d) = oii + a 2 j + 03k, 

ai = 62(010*2 — C2<i\) + 63(010*3 — 030*1) 

= (b 2 d 2 + 630*3)01 — (62C2 + 6303)0*1 

= (b-d)ci-(b-c)di, 

02 = 61 (— Cld.2 + 020*1) + 63(020*3 — 030*2) 
= [bidi + 6303)02 - (61 ci + 6303)0*2 
= (b-d)c 2 -(b-c)d 2 , 

03 = bi(-ad 3 + c 3 di) + 1>2(-C2d3 + 030*2) 
= (bidi + 620*2)03 — (fcici 4- 6202)03 

= (b-d)C3-(b-c)d 3 , 

nj-eH b x (c x d) = (b • d)c -(b • c)d. 

(c) (a x b) x (c x d) = [(a x b) • d]c -[(a x b) ■ c]d 

= (a b d)c —(a b c)d. 

(d) (axb)-(cxd) = (cxd)-(axb) = ([cxd] a b) 

= (a b [cxd]) = a-[bx(cxd)] 

= a • [(b • d)c - (b • c)d] 

= (a-c)(b-d)-(a-d)(bc). 

(e) %%^s\ 4% f^H ^ HpF-'ti 3. 3M 
-1 -§- *lt»14- (d) 











Ol 


02 03 




bi 


t>2 


63 


(a 


b 


c) 




61 


62 63 




ai 


a 2 


03 










Cl 


C2 C 3 




Cl 


C2 


C3 










-(b 


a c), 


















Ol 


02 03 




Ol 


02 


03 


(a 


b 


c) 




61 


62 63 




Cl 


C2 


C3 










Cl 


C2 C 3 




61 


b 2 


b 3 










-(a 


C b), 










(a 


b 


c) 




-(b 


a c) = 


(b c 


a), 






(a 


b 


c) 




-(a 


c b) = 


(c a 


b). 







8.4. VECTOR AND SCALAR FUNCTIONS AND FIELDS. DERIVATIVES 



8.4. Vector and Scalar Functions and Fields. Derivatives 



1. /(2,4) = 100, /(0.5.-3.25) = 44.5, 
/(v^7,l/V6) = 4|i. 

2. -i-i-ii (isobars) : 9x 2 + 4y 2 = c, 

c = 26, 52, 78, 104, 130, 156, 182, . 




3- £ + £ = l*£ + £ = 14«|. 



4. f-fr-ti (isotherms) : ln(x 2 + y 2 ) = c, x 2 + y 2 = e c , 
c= -5,-4,-3,-2,-1,0,1,2,3, <J. 




5. -f-fr-Sj : arctan J = c, y = 2 tan c, 

c= -7r/3,-7r/4,-ir/6,0,7r/6,jr/4,ir/3,7r/2, ^-Jj. 




6. -f-gr-d : x 2 - y 2 = c, c = 0,5, 10, 15, *HMi. 




7. -f-S-ii : xy = c, c = 0,5, 10, 15, 



x 2 +y 2 V 2c/ " 



x 2 + y 2 
c = 0,±l, ±± ±1, ±1, «j. 



9- -f-^d 




x 2 + J/ 2 
c = 0,±|,±I,±i,±l, «J. 




10. (a) x 3 - 3xy 2 = c, c = 0, 50, 100. 




(b) 3x 2 y - y 3 = c, c = 0, 50, 100. 




(c) cos x cosh y = c, c = 0, ±10, ±20. 
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r 












































m 







(d) sin x cosh y — c, c = 0, ±10, ±20. 




(e) ln[(x - l) 2 + y 2 } = c, (x - l) 2 + y 2 = e<=, 
c = - In 2, 0, In 2, In 3, In 4, In 5. 




(f) cos 2 x + sinh 2 y — c, c = 0.5, 1, 1.5, 2. 




11. 4x + 3y - z = c, c = 0, Jg^. 




12. x 2 + 3y 2 = c, c = 3, 7]-f-. 




13. 4x 2 + y 2 + 9z 2 = c, c = 36, ellipsoid. 




14. x 2 + y 2 - z = c, c = 0, 513} i-f-^. 




15. z - Vx 2 + y 2 = c, c = 0, 




16. y 2 - z = c, c = 0, yz i-f-^oi 7 ]f-. 




17. v = i+j, ^go))^ ^ ^e). 

.//////// 
//////// 

,//////// 
//////// 

..///.///// 
.//////// 

/////// A 



8.4. VECTOR AND SCALAR FUNCTIONS AND FIELDS. DERIVATIVES 

18. v = xi + yj, m *H=]if 



AY.\ 






// 


,\\ A 


- 






, % \ 


... 








— 






V/ / 


... 




\\ 


'// / 


• 


1 





19. v = y 2 i + j. 



/_>..>... /„.j. 
■' J r : r i 

— l — 1_. l — t . 4 .-. I ,. 

~J ~i . t i ...... L..i 

.~f ...JL. /. — / If... I 



20. v = yi-xj, «)E14 ^2]°! 



.../^^ 

/ / , 






1 j ,. 




v N \ 


A A v... 




n 


A v.v.. 


V 


"1 7 ' 
~T7T 






'I/ 



21. v = -(x 2 +y 2 



22. v=Il+Ij. 









i i i ii i \\ 


//i i i i i 


i i 


i ; j i j j ;/ 


nj j 1 1 1 ; 


!! 







23. (a) v = [i,x 3 ]. 











. . -y ~ - - 






,j. 


y ' ' 






, i 

, t . 








< ! 








, t. 


j /■- — 
j * ' 




- 


. t 



(b)v = [1,1]. 







a 























(c) v = (x 2 +y2)-l[x,-y]. 



(d)v = e* 2 +» 2 [x,-y]. 



/ m i 


\ \ 


X 


/ y < i 


\ \ 


> 


✓ \* { » | 


















x Kin - 


t / 

ft 


> 



(e) v = [cos x, sin x]. 



..\ 

:< i n 
' ' i s 
/ i v 

■ / — 1 -V 

. < I > 

' I \ 



_ > 




\_ 
\ 4 




i 




i 


z 




i 
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„ / 
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\ _ 


'_ > 
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\ _ 
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i 





24. *l-g-°M <>M*]^. 'Ml-olcf; 

u = [t,0,i 2 ],v = [0,f,0], w = [-l,0,(], 
u' = [1,0, 2t], v' = [0,1,0], w' = [0,0,1], 
u • v = 0, u' • v = 0, u • v' = 0, (u • v)' = 0, 
u x v = [-t 3 ,0,t 2 ], u' x v = [~2t 2 ,0,t], 
u x v' = [-t 2 ,0,t], (u x v)' = [-3t 2 ,0,2t], 
(u v w) = 2t 3 , (u' v w) = 3t 2 , 
(u v' w) = 2t 2 ,(u v w') = t 2 , 
(u v w)' = 6t 2 . 



8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL 



25. u = [y 2 ,z 2 ,x 2 ], |^ = [0,0,2x], 

|^ = [2y,0,0], ~ = [0,22,0]. 

26 . u = [cos xy 2 , cos xy z] , 

du ■ . 

— — — [— yzsmxyz,— yzsmxyzl, 

ox 

du . . 

— = [— xz sin xyz,—xz sin xyzj, 
0y 

— — = I— xy sin xyz,—xy sin xyzl. 
9z 

27. u = [xy,yz,zx], — = [y,0,z], 

du . „, du 
-=[x,2,0],- = [0,y,x]. 



28. u = [e 1 cos y, e z siny, 0], 
du 

— — = [e 1 cos y, e x sin y , 0] , 

— - [— e x siny, e x cosy, 01. 
ay 

29. u = [cos x cosh y , — sin x sinh y] , 

— = [— sin x cosh y, — cos x sinh y], 

— = [cos x sinh y , — sin x cosh y] . 
oy 

30. u= ^ln(x 2 +y 2 ),arctan £,oj, 



du 

dx 
du 

dy 



x 2 + y 2 ' x 2 + y 2 ' 



.x 2 +y 2 ' x 2 + y 2 ' 
8.5. Curves. Tangents. Arc Length 



1. A : (4,2,0), a = (4,2,0), b = i+j = [1,1,0], 
r(t) = a + tb = [4 + t,2 + t,0]. 





4. A : (1,1,1), a = (1,1,1), b = [-1,1, 
r(t) = a + tb = [l-t,l + t,l-t]. 



2. A : (-1,3,8), a = (-1,3,8), b = [3, 1,0], 
r(t) = a + tb = [-1 + 3t, 3 + 1, 8]. 




3. A : (3, 1,5), a = (3, 1, 5), b = [4, 7, -1], 
r(t) = a + tb = [3 + it, 1 + It, 5 - t]. 




5. A : (2,3,0), a = (2,3,0), 
B: (5,-1,0), b = (5,-1,0), 
c = b - a= [3,-4,0], 
r(i) = a + tc = [2 + 3t, 3 - 4t, 0]. 



8.5. CURVES. TANGENTS. ARC LENGTH 
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6. A: (0,0,0), a =(0,0,0), 
B:(4,4,l), b = (4,4,l), 
c=b-a= [4,4,1], 
r(t) = a + tc = [4t,4t,t]. 




7. A : (1,2,3), a =(1,2, 3), 
B ■ (3,2,0), b = (3,2,0), 
c = b-a= [2,0,-3], 
r(t) = a + tc = [1 + 2t, 2, 3 - 3t]. 




8. A : (a,6,c), a = (a,6,c), 

J3 : (a + 4, 2 — 6, c — 1), b = (a + 4, 2 — 6, c — 1), 

c = b-a = [4,2-26,-1], 

r(t) = a + tc = [a + 4t, 6 + (2 - 26)t, c-t]. 

9. r(t) = [t,t 3 + 2,0], x = t,y = t 3 + 2,z = 0, 
y = i 3 + 2,z = 0, xy ig^of) #4 ^tf. 




10. r(t) = [3 cost, 4 sin t,t], 

x = 3 cos t , y = 4 sin t , z = t, 
§£ + ^ = l,z = arctan§*, 




11. r(t) = [0,5cost,5sint], 

x = 0, y = 5 cos t , z = 5 sin t, 

x = 0,y 2 + z 2 - 5 2 , 

3/z Sit 5°J 




12. r(f) = [a + 2cos2t,6-2sin2t,0], 

x = o + 2 cos 2t, y = 6 - 2 sin 2t , z = 0, 
(x-a) 2 + (y-6) 2 = 2 2 ,z = 0, 

sg'dHI (a, 6,0), #*lf- 2°] 

13. r(t) = [cosh t, sinh t, 0] , 

x = cosh t, y = sinh t, z = 0, 
x 2 - y 2 = l,z = 0, 
xy ^g^<Hl Slfe ^-d. 
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14. r(t) = [3 + 6cost,-2 + sint,4], 

i = 3 + 6 cos t, y = — 2 + sin t , z = 4, 
*=^£ + (a + 2) 2 = M = 4, 




15. sJ^Td »g-«; t = -t"l Hhtf") «cf- 

16. t = e* > 0 o|H.S. x > 0 Hi -f 

17. r(t) = [0,3cost,3 + 3sint], C 




18. r(t) = [iv^cosht^sinht,!], 




19. r(t) = [cost, sin t, sin t), 




20. r(t) = [3cost,3sint,5t], 




21. (a)r(t) = [t ( t 3 ,0],r'(t) = [l,3t 2 ,0], 

u w = 7ii^ [1 ' 3t2 ' 0]i 

(b) t=l,r(l) = [l J l,0] = P 1 

r'(l) = [1,3,0], u(l) = ^-[1,3,0], 

(c) q(u;) = r(l) + W(1) = [1 + w,l + 3iu,0]. 




22. (a) r(t) = [2 cost, 2 sin t,0], 

r'(t) = [-2sint,2cost,0], 
u(t) = [-sint,cost,0], 

(b) t=f,r(f) = [v5 ) V2,0] = P 1 

r'(f) = [-AV2.0], u(f ) = [-^, ^,0], 

(c) q(to) = r(f) + lur '(f) 

= [v^- W2,\/2 + W2,0]. 



8.5. CURVES. TANGENTS. ARC LENGTH 



147 




23. (a) r(t) = [cost,2sin*,0], 



r'(i) = [-sint,2cost,0], 




24. (a) r(t) = [2 cos t, 2 sin t,t], 

r'(t) = [-2 sin t, 2 cost, 1], 
u(t) - [-2 sin t, 2 cos*, 1], 

(b) t = 0, r(0) = [2,0,0] = P, 

r'(0) = [0,2,1], u(0) = [0,^,^], 

(c) q(w) = r(0) + wr'(Q) = [2,2w,w]. 




25. (a) r(t) = [cosht,sinht,0], 
r'(t) = [sinh*,cosh*,0], 

U W = ^bt[ sinht ' cosht '°]. 

(b) * = ln3, r(ln3) = [|,|,0] = P, 

r'(ln3) = [|,f,0],u(ln3) = [^,^-,0], 

(c) q(w) = r(ln3)+u;r'(ln3) = [§ + §tu, f + ftu.O]. 




26. (a) r(t) = [t,* 2 ,* 3 ], r'(t) = [l,2t,3t 2 ], 

"(0= 1+4t a+fl t 4 [1.2t.3« a ]. 

(b) t = l, r(l) = [1,1,1] = P, 

r'(l) = [1,2,3], u(l) = [^,^ > -^], 

(c) q(tu) = r(l) + ior'(l) = [1 + w, 1 +2w, 1 + 3w]. 




27. r(*) = [t,cosht], r'(t) = [l.sinht], 
r' • r' = 1 + sinh 2 t - cosh 2 t, 
( = /q vV -r'd* = /q 1 coshtdt = sinhl. 




28. r(t) = [o cos t, a sin t, ct] , 
r'(t) = [— asint, a cos t, c], 
r'r'=o 2 +c 2 , 

r(0) = [o, 0,0],r (27r) = [0, 0,2ttc], 
2 = /** V?~^dt = J 2 ' v/a^Tc 2 dt 
= 27rv / a 5 Tc 2 ". 

29. r(t) = [t,*§,0], r'(t) = [1,1*2,0], 

r' V = 1 + ft, r(0) = [0,0,0],r(4) = [4,8,0], 

/ = / 0 4 v?^dt = j* yr+|td* 

= i(10v/l0-l). 
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30. r(t) = [a cos 3 1, a sin 3 1], 

r'(t) = [3a sin t cos 2 1, 3a cos t sin 2 t] , 
r' • r' = 9a 2 sin 2 tcos 2 1 = fa 2 sin 2 2t, 

I = 4 /J^ 2 v / F i_ 7 dt = 4 J"^ 2 § |a| sin 2t dt = 6a. 




31. r(t) = [t,/(i)], r'(t) = [l,/'(t)], 
r'.r' = l + /' 2 , 

J = ^ v9^7 7 dt = J y/l + f' 2 

32. r(t) = [p(t) cos t, p(t) sin i], 



dt 



■"'(*) = [p'W cos t -p(i) sin t,p'(i) sin t + p(t) cost], 

1= / v / P _ r 7 dt = / sjp?+p> 2 dt 

= f yjp 2 + p' 2 d9; 

« = y yJ P 2 + P l2 d9, 
ds = ^p 2 +p' 2 d9, 

ds 2 = (p 2 + p' 2 )d9 2 = P 2 d0 2 + p' 2 d6 2 

= p 2 d6 2 + (j%) 2 d9 2 = p 2 d9 2 + dp 2 ; 
p' = a sin 9, 

p 2 + p' 2 = 2a 2 (l - cos0) = 4a 2 sin 2 f , 



1 = y/p*+p> 2 d9= J 2a 



e 

sin - 

2 



d0 = 8a. 




33. r = a0, a = 1, 0 < 9 < 4tt. 




r = a/9, a = 1, f < fi < 4ir. 




r = ae w ,a=l, 6=1, 0 < 0 < 



x = 4cos 3 t, y = 4 sin 3 t. 



8.5. CURVES. TANGENTS. ARC LENGTH 



149 




I t 1 4 



r = a(l - cos 9), a — 1. 




3a sin 20 . ,, 



cos 3 0 + sin 3 0 ' 




2a sin 2 0 „ . 
— , a = 1, -f <6< \, ^ <e< 4f. 

COS 0 3 ' 3 — — 3 




x^+y* = 1. 



-*J -<l» JUL Jtl a <L2 CM U <U 



rt sin 30 

r = 2a sl^' a = 1 '- 1750 ^- 950 ' 

-85° < 0 < -5°, 5° < 0 < 85°, 95° < 6 < 175°. 




r = — + b, a = 1, 6= 1, 

COS0 




t = 2a cosS + 6, a = 1, b = 1. 




x = 2 cost + cos2t, y = 2sint - sin2i. 
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8.6. Curves in Mechanics, Velocity and Acceleration 



1. r(t) = [3t,-3t,2t], 
v(t)=r'(t) = [3,-3,2], 
a(t) = v'(t) = [0,0,0], 

a «»»(0 = ^v(t) = [0,0,0], 
a norm (t) = V a(t) - a t „(t) = [0,0,0]. 




2. r(t) = [sin t, 0,0], 

v(t) = r'(t) = [cost, 0,0], 
a(t) = v'(t) = [-sin t, 0,0], 

a t .„(t) = — v(t) = [-sint,0,0], 

a norm (t) = V a(t) - a t . n (t) = [0,0,0]. 



4. r(t) = [2cos2t,-2sin2t,0], 

v(t) = r'(t) = [-4sin2t, -4cos2t,0], 

a(t) = v'(t) = [-8cos2t,8sin2t,0], 

«,„„(<) = J^v(t) = [0,0,0], 

a„orm(t) = V a(t) -a tl „(t) = [-8cos2t,8sin2t,0]. 




3. r(t) = [0,0,5i 2 ], 

v(t) = r'(t) = [0,0,10t], 
a(t) = v'(t) = [0,0,10], 
a ts „(t) = ^v(t) = [0,0,10], 
a„oro>(t) = V a(t) - a,„(t) = [0,0,0]. 



5. r(t) = [tcost, 6 sin t,c], 

v(t) = r'(t) = [-6sini,6cost,0], 
a(t) = v'(t) = [-6 cost, -6sint,0], 

a t „(t) = — v(t) = [0,0,0], 
v • v 

a„„ rm (t) = a(t) - a,„(t) = [-6 cos t, -6 sin t, 0]. 
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151 




r(t) = [cost, sin 2t], 

v(t) = r'(t) = [-sint,2cos2t], 

a(t) = v'(t) = [-cost,-4sin2t,0], 



a t .„(t) 



-v(t) = 



sin 2t - 4 sin 4t 



;v(t), 



a„orm(«) = a(t) - a,„(t). 




•U 4.1 41 « fi o; 



r(t) = [e t ,e-'], 

v(t) = r'(t) = {e t ,-e-% 

«(*) = V(t) = [««,«-*], 

a«»„(i) 



+ e 



-2t ' -2t 



a • v . , r 



e« + e- 




(a) r(f ) = [2 cos t + cos 2t, 2 sin t - sin 2t], 
v(t) = r'(t) = [-2sint-2sin2t,2cost-2cos2t], 
a(t) = v'(t) = [-2cost-4cos2t,-2sint+4sin2t], 
v v = (-2sint- 2sin2t) 2 + (2 cost - 2cos2t) 2 

= 8(1 + sin t sin 2t — cos t cos 2t) 

= 8(l-cos3t) = 16sin 2 ^, 
a • v = 12(cos t sin 2t + sin t cos 2t) = 12 sin 3t 

= 24sinf-cos^, 

a,.„(t) = ^-^ v (0 = fcot f v(t), 
a„o,m(i) = a(t) - a tan (t). 




(b) r(t) = [cos t + cos 2t, sin t - sin 2t], 
v(t) = r'(t) = [- sin t-2sin2t, cost -2cos2t], 
a(t) = v'(t) = [- cost - 4 cos 2f, - sin t + 4 sin 2t], 
v • v = (- sin t - 2 sin 2t) 2 + (cos t - 2 cos 2i) 2 
= 5 + 4 sin t sin 2i - 4 cos t cos 2t 
= 5 — 4 cos 3t, 
a • v = 6(costsin2t + sintcos2t) = 6sin3t, 
av 6sin3t 

W = :r^: v W = -, — — — v(t), 



v v ' ' 5 - 4 cos 3t 
a„orm(«) = a(t) - a t „„(t). 



\ 












/ 







(c) r(t) = [cost,sin2t,cos2t], 
v(t) = r'(t) = [-sint,2cos2t, -2sin2t], 
a(t) = v'(t) = [- cos t, -4 sin 2t, -4 cos 2t], 
v • v = 4 + sin 2 t, 



a • v = sin t cos t = ± sin 2t, 
a„ orm (t) = a(t) - a ta „(i). 



v(t), 




(d) r(t) = [ct cos t,ct sin t,ct], 
v(t) = r' = [ccost - ct sint,csint + ct cos t,c], 
a(t) = v' = [-2csint-ctcost,2ccost-ctsint,0], 
v • v = (ccost - cisint) 2 + (c sin t + ct cost) 2 + c 2 
:c 2 (t 2 + 2), 



a ■ 

atan 



v = cH, 



(t) = — v(t) = - 

v • v w t 2 4- 2 



v(t), 



a„orm(t) = a(t) - at„(t). 
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9. r(t) = [Rsinwt + wRt, Rcoswt + R], 

v(t) = r'(t) = [ajRcosuit + uR, — cj.Rsinuit], 
a(t) = v'(t) = [—w 2 Rsinut, -w 2 RcosuJt], 

t = ,n=$^ : y # *U, 

r{^) = [2nuwR ! 2R], 
v(^) = [2^,0], 
a(^) = [0,-^ 2 K], 

r(i 2n±l] 2 r )=[(2n + 1)(j;7ri j !0]! 

v(^±^) = [0,0], 

a( an±ii» ) = [0i0]- 



10. r(t) = [cos t, 2 sin t], 

v(t) = r'(t) = [-sint,2cost], 



a(t) = v' (t) = [- cos t , -2 sin t] , 
v • v = sin 2 t + 4 cos 2 t — 1 + 3 cos 2 t, 
a • a = cos 2 1 + 4 sin 2 1 = 1 + 3 sin 2 t, 
|v|fe 0,7r<a «H ±f -y ->H Sliolci; 

a • v := 3 sin t sin i, 

a • v . , 3 sin t cos t 
a t .„ t = v t) = . 2 j-v t , 

v ■ v sin"* t + 4 cos 2 t 

a„ orm (t) = a(t)-a ta „(t). 

11. r(t) = [Kcosut, J?sinwt,0], 
w = [0,0, w], 

v = w x r = [— Rwsinwt, Rui coswt, 0] = r', 

a = v'=w'xr-t-wxr' = wxv 
= w x (w x r) = (w ■ r)w — (w • w)r 
= -u 2 r = [—Rw 2 cosut, — iJu> 2 sin c<jt,0]. 

12. r(t) = t 2 b, b(f) = [cost, sin t],v = r' = 2tb + t 2 b' , 
b'(t) = [-sin t, cost], b ■ b' = 0, |b| = |b'| = 1, 

a = v' = 2b + 4tb'+t 2 b", 
b"(t) = [- cos t, - sin t] = -b, 
a= (2-i 2 )b + 4tb', 
Coriolis acceleration= 4tb' . 

13. »J*l-f-= R, 

it^A 7 ^S-= oj = 27ryear _1 = 1.9924X10 -7 sec -1 , 

-^^-5.= |v| = Ru> = 30 km/sec, 
^ 7l-4ri= |a| = Roj 2 = 5.9772 x~ 6 km/sec 2 . 

14. R = 3.85x 10 s m, 

u = 2tt/(2.36 x 10 6 ) sec"^ 2.6624 x 10" 6 sec -1 , 
|v| = Rw = 1.0250 x 10 3 m/sec, 
|a| = Rw 2 = 2.7290 x 10~ 3 m/sec 2 . 

15. R = (3960 + 80) mi = 4040 mi = 21331200 ft, 
g = |a| = Rw 2 = 31 ft/sec 2 , 

v = |v| = Rw = </R~g = 2.5715 x 10 4 ft/sec. 

16. R = (3960 + 450) mi = 4410 mi, 

w = rad/min = — rad/min, 

100 50 
v = |v| = Rw = 277.1 mi/min, 

p = |a| = Rw 2 = 17.41 ft/sec 2 . 



8.7. Curvature and Torsion of a Curve. Optional 



1. r(t) = [a cost, a sin t], r'(t) = [— a sin t, a cost], 
r' • r' = a 2 , s(t) = /„' V^~P dt = at, t = f , 
r(s) = [acosf ,asinf], r'(s) = [- sin J, cos f ], 
r"(s) = [-A cos £ , -isin f ], k(s) = |r»(.)| = 1. 

2. «(*) 



dr 

ds 



, dt 



ds ' 



dr ds 



du ,,(dtY ,d 2 t ... , , ,d 2 t 

dH _ d_ /dt \ dt 
dt Vds/ 



ds 2 dt \c 

= -i(r' r')"^2(r' -r")(r' -r') - ^ 
= ~(r' -r")(r' r') -2 , 

^ = r"(r' • r')" 1 - r'(r' • r")(r' • r')" 2 , 
as 

du du „ „ . , , , 



-2(r' • r")(r' • r')" 3 + (r' - r')- 3 (r' • r") 2 



= (r" r")(r , T')- 2 -(r'-r ") 2 (r' • r') -3 , 
= V(r'-r')(r"-r")-(r'-r") 2 

(r'-r')2 

3. r(t) = [t,y(t)],r' = [l,j/],r" = [0,y"], 



1 _L ».' 2 w" 

1 + V , r • r 



„" 2 



y/(i + y ,2 )(i/" 2 )-(v'v") 2 \y"\ 

(l+y' 2 )l ~(l+y' 2 )i 
x 2 y 2 

4. x = acost, y = 6sint, — + — = 1, e}$J, 

a 2 b 2 

t' = [— asint,6cost], r" = [— acost, —6 sin t], 
r' • r' = a 2 sin 2 t + 6 2 cos 2 1, 
r' • r" = (a 2 — b 2 ) sin t cost, 
r" • r" = a 2 cos 2 1 + b 2 sin 2 t, 
k = ab(a 2 sin 2 1 + 6 2 cos 2 1)~ f . 

5. if-ti, J/' = 2i, y" = 2, k = 2(1+ 4z 2 ) - § . 

6. y = ci- 1 , y' = -ex" 2 , y" = 2ci- 3 , 
K = 2|cx|x 2 (c 2 + x 4 )-f . 



8.8. REVIEW FROM CALCULUS IN SEVERAL VARIABLES. OPTIONAL 
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x = a cos t, y = b sin t , z — ct, 
x 2 +y 2 = a 2 ,z = c arctan x , 

r' = [-a sin t, a cost, c], r" = [-a cost, -asint, 01, 



- r" = 0, r" • r" 



k= \a\(a 2 +c 2 )~ l . 
x = cosh t, y = sinht, x 2 - y 2 = 1, ^-■^-'tf, 
r' = [sinht, cosh i], r" = [cosh t, sinht], 
r' • r' = cosh 2t, r' • r" = sinh 2t, r" • r" = cosh 2t, 
k = cosh -3 2t. 
x 
r' 



16 C 



*>y = * 2 > y 2 = z 3 , semicubical parabola, 

■[i,fti],r" = [o,ft-i], 

r'T' = l+|t, r'r" = |, r" 

K=ft-l(i + Jt)-i. 

r = -pb' = -p.^(uxp) 
= -p-(£uxp + ux £ p) 
= 0-(p u £p) = (u p £p) 

T = (u - A-i - '•• 1 d 



p &p) = (- 37(^37")) 



_ 1 



1 

77 



d 2 



_ d__dt _ _/ dt 

ds 1 — dt 1 ds ~ r ds ' 

dJ* r ds^ds r > ~ dt^ r ds> ds 

— i-"fii'l2 i _( d / dt \ dt 

— r \ds> r dtV3«'3*' 



= r «'(g)3 + 3 r »d ( di )( di )2 



l 



-i-r' f f i it \ dt 

T dt v dt ^ da / ds > ds ' 
(r'-r')3 
(r'-r')(r".r")-(r'T")2 ' 



= (r' r" r'") 

(r , T')(r"-r")-(r'r") 2 ' 

13. r(t) = [i(t),y(t), c ],r' = [x',y',0], 
r" = [«",»" f 0],r"' = [i"' 1 y»',0], 
(r' r" r"') = 0,T = 0. 

14. r(t) = [acost, asint, cf], 
r' = [-a sin t, a cos f, c], 
r" = [-acost, —asint, 0], 
r'" = [asint, -a cost, 0], 
(r' r" r'") = a 2 c, 

r' • r' = a 2 + c 2 , r' ■ r" = 0, r" • r" = a 2 , 
r = c(a 2 + c 2 ) -1 . 

15. r(t) = (t,t 2 ,t 3 ],r' = [l,2t,3t 2 ], 
r" = [0,2,6t],r"' = [0,0,6], 

(r' r" r"') = 12, r'-r' = l+4t 2 + 9t 4 , 
r' • r" = 4t + 18t 3 , r" • r" = 4 + 36f 2 , 
T = 3(l+9t 2 +9t 4 )- 1 . 

16. p = bxu, £p = £bxu+bx ±u 

= -rp x u + b x Kp = -r(-b) + k(-u) 
= -ku + rb. 



8.8. Review from Calculus in Several Variables. Optional 



w = y/x 2 + y 2 , x = e 4t , y = e~ 4t , 

dw dw dx _t_ dw dy 

dt ~ ~5x dt 5y dt 

= x(x 2 + y 2 )- 54e 4t + y(x 2 + y 2 )~ * (-4)e~ 4t 



= 4(e 8i + e- 



w = x/y, i = ff(t), y = h(t), 

dw 8w dx , 8w dy_ 

dt dx dt ^ dy dt 

= IT V(t) - xy~ 2 h'(t) = g'/h - gh'/h 2 . 
w = xf , x = cost, y = sint, 

diy 5t£ dx _i_ dw_ d^ 

dt 8x dt " f " 9y dt 

= yx" _1 (-sint) + x 3 * In x cost 
= (cos t) sin * (cos t In cos t - cot t) . 
w = xy + yz + zx, x = t, y = cos t, z = sin t, 

dui dm dx i dm dy , flu; <£z 

dt dx dt ^ dy dt ^ dz dt 

- (y + z) + (x + z)(- sin t) + (y + x) cos t 
= 2 cos 2 t + 2 cost - 1. 
w = (x 2 + y 2 + z 2 )~ 2 , x = cos t, y = sin t, z : 

du; dx _i_ 9tjj dy . dw dz 

dt dx dt 8y dt ■*■ 8z dt 
.2 



t, 



= -x(x 2 +y 2 +z 2 )~2(-sint) 
-y(x 2 + y 2 + z 2 )- 1 cos t - z(x 2 + y 2 + Z 2 )-f 
= -t(l + t 2 )-f. 

u + v, y — u - v, 



x 2 + y 2 , 



x 



w 

duj dw_ 3x _i_ a_tu dy <j i *x 

au — ax a« + air an — •» + ^2/ 
aj£ — a^j ax , dwdy 0w 0 _ 

d^-d^dZ + dy-dZ- 2x - 2 y = ^ v 

w = xy, x = e u cos v, y = e u sin t>, 
aw _ dw dx | am 8y 

a« ax au " r ay du 



dw 

dt 



ye u cos v + xe u sin t; = e 2u sin 2v, 



dw dx_ i a^; ay 

: dv "*■ ay 



ax ; 



8. tu = 
aiu 

du 



dw 
dv 



y(-e u sin u) + fe" cos v = e 2u cos 2t>. 
x 4 - 4x 2 y 2 + y", x = uv, y = u/v, 

aw ax _i_ aw ay 

9x du ay au 

= (4x 3 - 8xy 2 )u + (-8x 2 y + 4y 3 )/v 
= 4u 3 {v* -4 + TJ-"), 
dw dx . djv dy_ 
dx dv 8y av 

(4x 3 - 8xy 2 )u + (-8x 2 y + 4y 3 )(-u/t> 2 ) 



= 4u 4 (i> 



5 ). 



9. w= |(x 2 +y 2 + z 2 )- 1 , 



x = 

aw 



aw 
■§17 



— v 2 , z — 2uv, 



10. 



dw 
dx 
dw 

f = 

dw 
dx 
dw 
dy 



u 2 +v 2 ,y 

_ djv ax _j_ aw dy , aw a_z 
ax eu ay au dz du 

= -x(x 2 + y 2 +z 2 )- 2 2u - y(x 2 +y 2 + * 2 )- 2 2u 

-*(x 2 + y 2 + z 2 )- 2 2u = - u (u 2 + „ 2 )- 3 , 

aw §x_ , aw §x i aw az 
ex e« T 9j 8» t ez au 

= -x(x 2 + y 2 + 2 2 ) _2 2u 

-3/(x 2 + y 2 + 2 2 )- 2 (-2i;)-z(x 2 +y 2 +2 2 )- 2 2 U 
= — v(u 2 + u 2 ) -3 . 

_e2a^,aj;aj,,e2ez_ej;,a£a£ 

9i 8i T «, 8i T Sz Si — dx ST ax ' 

— etex.e^aji.e^ez _W,a/ao 
ax ay ay ay ^ 5T ay — By 8z 57' 



x 2 +!/ 2 . 



x 3 + y 3 +z 2 , z = g = 
= 3x 2 + 2z • 2x = x(3x + 4x 2 + 4y 2 ), 
= 3y 2 + 2z • 2y = y(3y + 4x 2 + 4y 2 ). 
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8.9. Gradient of a Scalar Field. Directional Derivative 



1. / = x 2 - y 2 , V/ = 
V/(-l,3) = [-2, 



■ [2x,-2y], 
-6]. 



nlrriTtrT! 

/ /:/ l | \\ \ \ 

/ hi j i i 1. 1 \ 
/ iit i i i \\\ \ 

nil ri rxv\1 



f = xy, V/ = [y,x], 
V/(l,l) = [l,l]. 



•• \\\-»- 

- \ \ \ s " 

•' J j ; V - 

, j-, ; .,. 


. ; t f / 

.. i ! t t 


~ Tl - r , r - 

'///■' — 





/ = ln(x 2 + y 2 ), V/ = [2x, -2y]/(x 2 + y 2 ), 
V/(2,0) = [l,0]. 




4. / = x 2 +9y 2 , V/ = [2x,18y], 
V/(-2,2) = [-4,36]. 

WWW 



li V I T I f I I T 
ni-n tt trrnT 



,i.a s_L.ia. 
JiU i_L ilu .1. 

til mm 



5. f = (x 2 +y 2 +z 2 )-i, 

V/ = (x 2 + y 2 + z 2 )- § [-x, -y, -z], 
V/(2,l,3) = [-2,-1,-31/14^. 




6. / = e x sin y, V/ = [e x siny, e x cos y], 
V/(ln2,i7r) = [v^,v / 2]. 















,., , / / /// 




.-,.-/ A / A /,... 




j. /. i / /.J / ( 


1 J. 


< i. j i. iJ LI, 

, , i i t,t ft 



7. T = z/(x 2 + y 2 ), 

-VT = [2xz,2yz,-x 2 - y 2 ]/(x 2 + y 2 ) 2 , 
-VT(0,1,2) = [0,4/25,-1/5]. 

8. T = sin(x + z), 

-VT = [- cos(x + z),0, - cos(x + «)], 
-VT(f,l,f) = [-l/v^,0,-l/v^]. 

9. T = cos x cosh y, 

— VT = [sin x cosh y, — cos xsinhy], 
-VT(|,1) = [cosh 1,0]. 
T = arctan 2 , 
-VT=[y,-x]/(x 2 +y 2 ), 
-VT(3,4) = [4/25,-3/25]. 
T = x/y, 

-VT=[-l/y,x/y 2 ], 
-Vr(8,-l) = [l,8]. 
T = e x2 -y 2 sin2xy, 

-VT= -2e l2- f 2 [xsin2xy + ycos2xy, . 

x cos 2xy - y sin 2xy] , 
-VT(1,1) = [-2(sin2 + cos2), -2(cos2 - sin 2)]. 
13. % P <HH3 «J)e1 =L7]7\ q Q °)H<>1 3.7) icf 

3.4- 4eM 3.715. 3 F «il *\ x.\ atf. 
z = 1500 - 3x 2 - 5y 2 , Vz = [-6x, -lOy], 
Vz(-0.2,0.1) = [1-2,-1]. 



10. 



11 



12 



14 



15. /: 



•v- 



|,V/ = [|,-l],V/(2,2) = [f,-l], 



16. / = x 2 + y - 1, V/ = [2x, 1], V/(1,0) = [2, 1], 
n = [2, 1]/VE. 



17. 



/ = x 2 + y 2 - 25, V/ = [2x,2y], V/(3,4) = [6,8], 

« = [!-$]■ 

18. / = ax + by + xz + d, V/ = [a, b, c], 
n = [g b,c]/Va 2 + b 2 + c 2 . 

19. / = y/x 2 + y 2 - z, 

V/ = [x/ y/x 2 +y 2 , yj y/x 2 + y 2 , - 1] , 
V/(6, 8, 10) = [f , 4,_i], n = [f , 1-1}/V2. 

20. / = x 2 +y 2 + 2z 2 - 26, V/ = [2x,2y,4z], 
V/(2,2,3) = [4,4,12], n = [1, l,3]/v / IT. 

21. v = [2x,4y,8z] = V/, / = x 2 + 2y 2 +4z 2 . 

22. v = [yz,xz,xy] = V/, / = xyz. 

23. v = [xy,2xy,0] 7\x)x\ 

24. v = [ye x ,e x ,l] = V/, / = e x y + z. 

25. v = [*,f,-ff] = V/,/ = xy/z. 

26. v = (x 2 +y 2 )- 1 [x,y] = V/, / = |ln(x 2 +y 2 ). 

27. (a) T(x, y) = x 3 - 3xy 2 = c, c = 0, ±5, ±10, ±15. 



8.10. DIVERGENCE OF A VECTOR FIELD 




(b) T(x,y) = sinxsinhy = c , c = 0,±0.5,±1. 



(c) T(x, y) = e x cos y = c, c = 0, ±1, ±2. 



N3 



28. V{f9) = Kf9)z,(f9)y,(fg)z] 

= [fx9,f v 9,fzg] +[f9T,fg y ,f9z] 

vcr) = [(/")*,(/»)„,(/»)*] 

-[n/"- 1 /-,n/»- 1 /»,n/»- 1 /.] 
= n/ n ~ 1 V/; 

V{fl9) = [Ul9)x,U/g)v,Ul9)z] 
= [fx/g,f v /9,fz/9] 
-lf9*/9 2 ,f9y/g 2 ,f9*/9 2 ] 



= (1/9 2 )(9V/-/V fl ); 
V 2 (/g) = (/<?)*x + (/<?),,,, + (/<?),* 

= (/*ff+/<fe)s+(/v0+/0y)y+(/zS+/S;r);r 
= /nS + 2/ lfl3; + /Su +/ y! ,9 + 2f y g y 
+fg V y + fzz9 + Vz9z + fg Z z 
= </V 2 / + 2V/ ■ Vg + fV 2 g. 
29. / = x 2 + y 2 , V/ = [2x,2y], V/(l,l) = [2,2], 
a = [2,-4], |a| = 2V5, 

^/(l > l) = 1 la.V/(l,l) = -^. 

SO. / = *-», V/ = [1,-1], V/(4,5) = [1,-1], 
a =[2,1], |a| = v/5, 

D a /(4,5)=i T a-V/(4,5) = i=. 
/ = 



31 



v/x 2 + J/ 2 + z 2 ' 
V/ = (x 2 +y 2 +z 2 )-3/ 2 [-x,-y,-z], 

V/(3 > 0 > 4)=[- I L ) 0 > - I l g - 1 

a =[1,1,1], |a| = V5, 

D a /(3, 0, 4) = —a. ■ V/(3, 0, 4) = 



|a| 125VS 

32. / = ln(x 2 + y 2 ), V/ = [2x, 2y]/(x 2 + y 2 ), 
V/(4,0) = [1/2,0], a = [1,-1], |a| = Vf, 

£>a/(4,0) = -i-a • V/(4, 0) = J_. 

M 2v/2 

33. / = xyz, V/ = [yz,xz,xy], 

V/(-l,l,3) = [3,-3,-1], a = [1,-2,2], |a 
n»/(-l,l,3)=ia-V/(-l,l,3)=I. 

34. / = x 2 + 3y 2 + 4z 2 , V/ = [2x,6y,8z], 
V/(1,0,1) = [2,0,8], 
a=[-l,-l,l], W = VS, 

D a /(1,0,1)= i T a-V/(l,0,l)=2v / 3. 
I a l 

35. / = e x cosy, V/ = [e 1 cosy, -e 1 sin y, 0], 
V/(2,tt,0) = [-e 2 , 0,0], a = [2,3,0], |a| = VU, 

1 Op 2 

£>a/(2,7r,0) = — a- V/(2,tt,0) = -^=. 

I a l V13 



3, 



8.10. Divergence of a Vector Field 



1. v = [x,y,z], divv = 1 + 1 + 1 = 3. 

2- v = [x 2 ,y 2 ,z 2 ], divv = 2x+2y+2z = 2(x+y+z). 

3. v = e x [cosy, sin y], 

div v = e x cos y + e 1 cos y - 2c 1 cos y. 

4. v = [ui(y,z),t)2(z,a:),t;3(a:,y)], 



divv = 



dx 



+ 



aj2 



: 0. 



5. v = (x 2 +y 2 )-l[-y,x], 
div v = (x 2 + y 2 )- 2 2xy - (x 2 + y 2 )~ 2 2xy = 0. 

6. v = (x 2 + y 2 + z 2 )-3/ 2 [x,y,z], 

div v = (x 2 + y 2 + z 2 )- 5 / 2 (y 2 + z 2 - 2x 2 ) 
+(i 2 + y 2 + z 2 )- 5 / 2 (x 2 + z 2 - 2y 2 ) 
+(x 2 + y 2 + z 2 )- 5 /2 (a .2 + y2 _ 2z 2) = o 

7. v = [e*,jje~",2*siiiha:], 

divv = e z + e~ x +2sinhx = 2e x . 

8. v = xyz[x,y,z], 

div v = 2xyz + 2xyz + 2xyz = 6xyz. 



9. (a) v = [1,0], divv = 0. 



(b) v = [x,0], divv = 1. 
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(c) v = [xy—y], divv = 0. 



/ / 

'V / > 



\ \ \ \ \ \ 

t i i \ \ V > 



S v x \ . 1 I . f ... 

V \ \ \ t (_!-- 

\ \ \ \ \ 1 t 



(d) v = [x,y], divv = 2. 



rTTTTTTTTT 

>. \ \ \ i l .it-/ j! 
» s. \ \ x l . | — » . ,if_. 
v . 4 i- > >... 



(e) v = [-x, -y], divv = —2. 



" v \ V V l 1 1 V / / 

<. \ \ \ \ i i i /. /. s 



f f t t \ 



(f) v = (x 2 +y 2 )- 1 [-y,x], 
divv = 0, (x,y)#(0,0). 



10. 



11. 



- cj 3 y,w 3 x - u\z,uiy - w 2 x], 



v = w x r = [w2Z - 
div v = 0. 

v = [y,0,0], divv = |^ = 0, incompressible, 
dt J 



_ rdx d^ dzi 
v — l dt > dt ' " 



dx _ 
dt 



dj, 
dt 



n — — o 
u > dt _ u > 



x = ty + a,y = C2,z = c 3 , 
r(t) = [c 2 i + ci,C2,c 3 ], 
r(0) = [ci,C2,C3], 



*fl3 1°J 



r(l) = [Cl +C2,C2,C 3 ], 

1°J ^^l^r '3'SH 
7l-f-«.5. 

12. v = [s,0,0], divv = |f = 1, 

_ fd* dj, dzl 
v — Ldt ' dt' dfJ' 

dt - S ' dt - U ' dt - 

x = c\e*,y = C2,z = c 3 , 
r(t) = [cie t ,C2,c 3 ], 
r(0) = [ci,c 2 ,c 3 ], 

rfl) — - [016)02)03]) 

1«U ^'S^r 4^ e°J s^^S. 7jcf. 

13. (a) div(fcv) = (kvi) x + (kv 2 ) y + (fcu 3 ) z 

= kvi x + fci)2 y + kV3 z = fcdivv. 

(b) diV (/V) = (fvi) x + (fv 2 )y + (fv 3 )z 

= fx"! + fyV 2 + fzV3 

+fvi x +fv 2 y+fv 3z = /divv+v-V/. 

(c) div(/V<?) = {fg x ) x + (fg v )y + Ug z ) z 

= fx9x + fy9y + fz9z 
+fg xx + f9yy + f9 zz 
= fV 2 g + V/ • V ff . 

(d) div( fl V/) = S V 2 / + V ff • V/, 

div (/V 9 ) - div (gVf) = fV 2 g - 9 V 2 /- 

^]» f-tr ^°J- 

/ = e xyz , v = [ax,by,cz], 

fv = [axe x v z ,bye x y z , cze x »*], 

div (/v) = a(l + iy2)e 1 !' 2 + 6(1 + xj/z)e*v* 
+ c(l + iyz)e 1 " 1 
= (o + 6 + c)(l + iyz)e a; ^, 

div v = a + 6 + c, 

V/ = [yze I f z ,ize I i' z ,xye :r !' 2 ], 

/divv = {a + b + c)e*v z , 

v • V/ = (a + 6 + c)xyze x f 2 , 

div (/v) = /div v + v • V/; 

/ = (x 2 +y 2 +z 2 )- 3 / 2 ,v = [x,y )Z ], 

V/ = -3(x 2 + y 2 +z 2 )- 5 / 2 [x,y,z], divv = 3, 

div (/v) = /div v + v • V/ = 0; 



/ = x 2 -y 2 , 



14. 



15. 



16. 



17. 



V/ = [2x,-2y], V 9 = [e*+»,e«+»], 
/V S = (x 2 -y 2 )e" : +f[l > l] ) 
div (/Vfl) = (2x + x 2 - y 2 )e I +i' 
+ (-2y + x 2 - y 2 )e x +v 
= 2(x 2 -y 2 + x-y)e x +v, 
V 2 g = 2e z +v, 
/V 2 g = 2(x 2 -y 2 )e*+v, 
Vf Vg=(2x-2y)e x +v, 
div (/Vg) = /V 2 p + V/ • V S ; 
/ = (x-y)/(x + y), 
V/ = [1 - x + y, -1 - x + y]/(x + y) 2 , 
V 2 / = (x - 3y - 2 + 3x - y + 2)/(x + y) 3 

= 4(x-y)/(x + y) 3 . 
/ = 4x 2 +9y 2 +z 2 , 
V/ = [8x,18y,2z], 
V 2 / = 8 + 18 + 2 = 28. 
/ = e 2x sin 2y, 

V/ = [2e 21 sin2y,2e 21 cos2y], 
V 2 / = 4e 2x sin 2y - 4e 21 sin 2y = 0. 
/ = xy/z, 

V/ = [y/z,x/z,-xy/z 2 ], 
V 2 }~ 2xy/z 3 . 



8.11. CURI. OF A VECTOR FIELD 
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18. / = cosh 2 x — sinh 2 y, 
V/ = [sinh 2x, — sinh 2y], 
V 2 / = 2 cosh 2x - 2 cosh 2y . 

19. / = arctan(y/x), 

V/ = [-y,x]/(x 2 +y2), 

V 2 / = (2*2, - 2xy)/(x 2 + j,2)2 = 0 



20. f-z- ^/x 2 +2,2, 

V/ = [-X(x2 + j / 2 ) -l/2_ 2/(a .2 +3/ 2 r i/ 2l]) 

V 2 /=(-x2-j,2 +a .2_ x 2_ y 2 +y 2 )(:E2+!/ 2 ) -3/2 
= ( I 2 +y2)-l/2 



8.11. Curl of a Vector Field 



V/ = [fx,fy,f z ], 

divv = vi x +v 2 y+v 3z , 

curlv = [u 3y - v 2z ,v lz - v 3x ,v 2x -v ly ], 

V 2 f = f XX +fyy+f zz , 

V/(P) ? 0 q p W ^#o| 7 |.^ a7t | 

curlv ^ *|b]# v £| S]*l^-£- 
V 2 / = div (V/). 
v = [2y,5x,0], curlv = [0,0,3]. 



3. v=i(x 2 +j, 2 + z 2 )[l,l' ) i], 
curlv -[y~ z ,z- x,x- y] 

4. v = [«i(x^ 2 (v),u 3 (^)], 
curlv 



dz dx 



dx 



dy J 



■ dy dz 

= [0,0,0]. 

5. v = (x 2 + y 2 + zl)-W[x,y ,,], 
curlv 

= -3(x 2 + y 2 + z 2 )- V2 [ yz -yz,xz-xz,xy- xy] 
= [0,0,0]. 

6. v = [siny,cosz,0], curlv = [sin 2,0, -cosy]. 

7. v = xyz[x,y,z], 

curlv = [xz 2 - xy 2 ,xy 2 -yz 2 ,y 2 z- x 2 z]. 

8. v = [2y 2 ,0,0] = [x',y',z'], 
curlv = [0,0,-4y], 

div v = 0, incompressible, 
x' =2y 2 ,y' = 0,z' =0, 
x = 2c^t + ci,y = C2 ,z = c 3 , 
r(t) = [2c 2 t + ci,C2,c 3 ]. 

9. v = [0,0,x 3 ]=r[x',y', Z '], 
curlv = [0,-3x 2 ,0], 

div v = 0, incompressible, 
x' =0,y' =0,z' =x 3 , 
x = ci,y = c 2 ,z = eft + c 3 , 
r(t) = [ci,c 2 ,cft + c 3 ]. 

10. v = [secx,cscx,0] = [x',y',z'], 
curl v = [0, 0, - esc x cot x], 
divv = sec x tan x, 

x' = secx.y' = cscx.z' = 0, 

cos x dx = dt, sin x - t + c\ , x = arcsin(t + ci), 

y' = cscx = — — , y = ln(t + ci) + c 2 , z = c 3 , 

r(t) = [arcsin(t + ci),ln(t + ci) +c 2 ,c 3 ]. 

11. v = [y,-x,0] = [x',y',z'], 
curlv = [0,0,-2], 

div v = 0, incompressible, 

x' =y,y' = -x,z' = 0, 

x" =y' = -x,x = ci cost + c 2 sint, 

y = x' = -ci sin < + c 2 cos t, z = c 3 , 

r(t) = [ci cos t + c 2 sin i, -ci sin t + c 2 cos t, c 3 ]. 

12. v = [-ly,4x,0] = [x',y',z'], 
curlv = [0,0,17/4], 



divv = 0, incompressible, 

x ' = ~zy,y' = 4x,z' = 0, 

x " = ~\y' = -x,x = ci cost + c 2 sinr, 
y = -4x' = 4ci sini - 4c 2 cosi,z = c 3 , 
r(t) = [ci cos i. + c 2 sin t, 4ci sin t - 4c 2 cos t, c 3 ]. 

13. v = [x,y,-z] = [x',y',z'], 
curlv = [0,0,0], irrotational, 
divv = 1, 

x' =x,y' =y,z' = -z, 

x = cie*,y = c 2 e l ,z = c 3 e-«, 

r(t) = [cie',c 2 e t ,c 3 e-i]. 

14. (a) w = u + v, Wj = U j + Vj ,j = 1,2,3, 
curlw = [wsy - w 2z ,wi z -w 3x ,w 2x -wiy] 

~ [ U 3y + V 3y - U 2z - V 2z , 

"I* - u 3l - v 3x , 

«2i + « 2l - Ul y - 1/ ls ,] 
= [ u 3y - "2 2 ,«lz - U3x>"2r - Uij,] 
+ Ny - V2j,Vl z -USr,«2i - Vly] 

= curl u + curl v. 

(b) div curl v = div [k 3! ,-V2 2 , vi z -v 3x ,v 2x -viy] 

= (V 3 y ~ V 2z ) X + (V lz - V 3x )y 

+ (v 2x ~ Vly)z 

= V 3xy - V 2xZ + Vly Z ~ V 3xy - 

+ *ixz ~vi yz = 0. 

(c) curl(/v) = [{Jv 3 ) v - Uv 2 )z,{fvi)z - {fv 3 ) x , 

= [fv v 3 + fv 3y - f z V 2 - fv 2z , 
JzVl + fv lz - f x v 3 - fv 3x , 

f X V 2 + fV 2x - fyVl - fV ly ] 

= V/ x v + /curlv. 

(d) curl V/ = curl [/„ f y ,f z ] 

~ W Z V ~ fv z 'f*z - fz x ,fy x - fx y ] 

(e) div(u x v) =div[u 2 i; 3 ~u 3 v 2 ,u 3 vi -uiv 3 , 

U1V 2 — U 2 Vl] 
= (u 2 v 3 - u 3 v 2 ) x + (u 3 vi - UlV 3 )y 
+ {U\V2 — U2Vl) z 

= U 2x V 3 + U 2 V 3x - U 3x V 2 - U 3 V 2x 

+ "3yUl +U 3 Vly ~UlyV 3 ~UlV 3 y 

+ U iz V 2 +U\V 2z -U 2z Vl -U 2 Vl z 
= (U 3y - U 2Z )V! + (ll l2 - U 3l )u 2 
+ (u 2x -ui y )v 3 -«i(vs y -v 2z ) 
-u 2 (v lz - v 3x ) - u 3 (v 2x - Vly) 
= v • curl u — u • curl v. 

15. curl(/u) = curl [xy 2 z,xyz 2 ,x 2 yz] 

= [x 2 z - 2xyz, xy 2 - 2xyz, yz 2 - 2xyz]. 

16. curl v= [0,0,0], 

curl(/v) = curl [xy 2 z 2 ,x 2 yz 2 ,x 2 y 2 z] 
= [0,0,0]. 
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17. 



18. 



u x (curlv) = u x 0 = 0, 

v x (curl u) = v x [-1, -1, -1] 

= [xy - zx, xy-yz, -yz + zx]. 

u x v = [xyz — x 2 z,xyz — xy 2 ,xyz — yz 2 }, 

curl(uxv) = [iz— z 2 — xy,xy-x 2 — yz, yz— y 2 — xz]. 



19. v • (curl u) = — yz — zx — xy, 
u ■ (curl v) = 0. 

20. u ■ (curl u) = — y — z — x, 

u x (curlu) = [x — z,y — x,z — y\. 



Chapter 8. Review 



1. AA5= a.44 Hh^-tr 444r °<M4; 3.7\s, 
4; «I4 <H^ <S«W $m *N ^Hr°l4; ± 

#4 ^4°a ^Hr°i4; ^4 

M^^^H^^ =^£4 ^t°14; 

a= [2,-1,0], c = \/5, v(i,j/,z) = [x,y,z], 
f(x,y,z) =x 2 + y 2 + z 2 . 

2. a • b = |a||b|cos7 = aibi + a 2 b 2 + 0363; ^WSH 
-H B I^34; Mi 4, dot product. 

3. a x b =,[i2&3 — 0362,0361 — 0163, 01&2 — 0261], 
|ax b| = |a||b|sin 7 ; 443 HJ-^-i: 4*1 
3L 3.7]^ «N3. °|-rH*|*r $34333 3*)°J 

3-&4. 

4. Jf- «]Ei7 r 90° o]ig ^°|4 44; °l-§-43 

44M4 ^.gs] 44MM 44. 

5. i, j, k 7\ _2-E- 1442] 313 «y*-i" ^3 -2.€-^.?-3. 3 
3=3 Sri?ilo|ji, ufAf£) BJ-^ 

s. 33=3 4&?i! £> 14; 

6. b x a = -(a x b), a x (b x c) 5* (a x b) x c, # 
a* U*l tfl-iH BjjiL^ sj*|o| 434:* bj«]a 
•M ^44 ttte-4- 

7. ^- «14 f- <HH 444 3*)eH44 ^s, ^"i «H 

0 o)4; JjL «)6i ? *\± 444 °J>»leH?i4 
45. 33 «ti 3*H 0 014. 

8. axbxcfe <H-^ ^"§r Hi 4 « ^1 t t S^S-S. *J 
43<r &4;a-b cfe<Hi^-§r3*i ^ii^sfsV 
*|fH3 ifl^-ir^ot : 4s.5.xjo)^^^4; (a b)xc 

^£44 *lel3 34-i- *I)44.h.£. 333 ^ tt4 



9. v'(t) 



lim 
At-K) 



v(t + At) - v(t) 
At 



; **4fe 333 ^ 



*»ir 31 i°J4- 

10. r(t) = [cost, sin t] o]ig, r '(t) = [- sin t, cost] °]5- 
S. 34 344*r ^£.1- 4*1*13, |r'(f)| = 1 

3. 3344- 

11. JD./= r^a-V/. 

12. V/ = [/*,/„,/*], 

dlVV = Ui x + V2y +V3 Z , 

CUrlv = [«3„ - «2 2 ,flz - V 3x ,V2 x - Vl y ], 
V 2 f = fxx+fy V +fzz, 

V/(P) ^ 0 01^ ^ p ^ tf^sH 7^ a.7| 
^44-fc- 33°1 34; diw 4^741 si ^«iH! ^r- 
344; curlv ^ «)6i^ v £j si^J^-i- ^^^4; 
V 2 / = div(V/). 

13. /curlv, fv, v x v, v x V/, v x (curlv), div(/v), 
curl(/v). 

14. (4a+5b)-6c = [-13, 39, -8] • [24, -36,0] = -1716. 

15. 3b x 6c = [-15,21,0] x [24,-36,0] - [0,0,36], 
18c x b = [72,-108,0] x b = [0,0,-36]. 



16. ax d = [16,-60,-6], 
ad = 0. 

17. (2a b 3c) = -24, 
6(b a c) = 24. 

18. (a x b) x c = [14, 10, 26] x c = [156, 104, -124], 
a x (b x c) = a x [0,0,2] = [2,-6,0]. 

19. (b-2c) x d = [-13,19,0] x d = [266,182,-184], 
d x (2c-b) = d x [13,-19,0] = [266,182,-184]. 

20. (l/|a|)a= l/Vlip, 1, -2], 
(l/|c|)c = l/v/52[4,-6,0]. 

21. (d 4a c) = -1696, 
(c 4d -a) = -1696. 

22. a x a = [0,0,0], 

(a x b) x a = [-46, 106, -16]. 

23. (c • d)(c x d - d x c) = 30([-84, -56, 58] - 
[84, 56, -58]) = [-5040, -3360, 3480]. 

24. |a+b| = |[-2,8, -2]| = &V2, |a| + |b| = v / 14+v / 74. 

25. |c - d| = |[-5,-7,-14]| = .V30, ||c| - |d|| = 

- 2y/l3. 

26. COS 7 = i.nv,! = — ./TJ./tJ = "^59- 
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|a||b| •v/l4v / 74 

7 = 104.3916°. 

27. C0 S7= 1 ^ = - 7 ^ 7II = 

7 = 178.1524°. 

28. p + q + u = 0,p = -q-u = [l,2,-7]. • 

29. d = [2,8,0], W = q-d = -12. 

30. cos 7 = T f^ r = ^7* = 
p = |a|cos7 = 2\/2. 

31. cos 7 = jfj^.Pi =|a|cos 7 = 

p 2 = |b|cos7= ^,Pi =P2, H = |b|, 

* «i44 3.714 G£ Ti*. 

32. r =[-1,2,0],? = [3,8,0], 
m = r X p = [0,0,-14]. 

33. m = r x p = 0, |m| = |r x p| = |r||pj sin-y = 0, 
|r|=0, |p| = 0, sin 7 = 0, 

|r| = 0, |p| = 0,7 = ^/2,3^/2; 

7je]4 0 o1tH4 %o] 0 »]7i4 ^4 t^e|4 ^ °4 4. 

34. A(2,l,8), B(3,2,9), C(2,l,4), D(3,3,10), 
DA = a= [-1,-2,-2], 

D$ = b = [0,-1,-1], 
5^ = c = [-1,-2,-6], 
V=i|(a b c)| = |. 

35. 4(1,1,1), B(5, 0,-5), C(3, 2,0), 
BC- a= [-2,2,5], 

o4 = b = [-2,-1,1], 
A^-c= [4,-1,-6], 

n = |tfET = 711ft 7 '- 8 ' 6 ]' 
r = {x,y,z], n r-c, 

c = n • [1, 1, 1] = 5/V/149, 
7x - Sy + 6z = 5. 
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36. r(t) = [3 cos t, -2 sin t, |t], 

v(t) = r'(t) = [-3 sin t, -2 cost, \], 

a(t) = v'(t) = [-3cost,2sint,0], 

v • v = 9 sin 2 t + 4cos 2 i + 1/4, 

t = tt/4, r(7r/4) = [3/v^,-2/v/2,ir/8], 

v(tt/4) = [-3/^,-2/^,1/2], |v| = 3v/3/2, 

a(ir/4) = [-3/ v / 2,2/v / 2,0]. 

37. V/ = [y,x - z, -y], V/(2,0, 7) = [0, -5,0]. 

38. V/ 2 = 2/[y,*-z,-y] 

= [2y 2 (x - z),2y(x - *) 2 , -2y 2 (x - z)], 
(V/) x (V/) = 0. 

39. divv = 1, divw = -2y. 

40. curlv = [-2,-4,-2], curlw = [2y,6z,4x]. 

41. div(V/) = 0. 

42. div ( V(i 2 /)) = div [3x 2 y - 2xyz, x 3 - x 2 z, -x 2 y) 
= 6xy - 2yz. 

43. V(divw) = [0,-2,0]. 

44. (V/) ■ v = -4xy + 2y 2 + 2xz - yz - 2z 2 . 



45. 



Z? v /(2, 3, 1) = — v(2, 3, 1) • V/(2, 3,1) 



46. Dw/(1,1,0) = 



^[6,2,9]. [3,1,-3] = -!. 

rw(l,l,0)-V/(l,l,0) 



|w(l, 1,0)1 

[0,1,1].[1,1,-1] = 0. 



47. 

48. 
49. 



50. 



|[o,i,i]| l 

curl(V(/ 2 )) 

= curl [2y 2 (x - z), 2y(x - z) 2 , -2y 2 (x - z)\ = 0. 
div (curlv) = 0, div (curlw) = 0. 
[(curl v) x w] • w 

= [4i 2 - 6y 2 , 2y 2 - 6z 2 , 2y 2 + 4z 2 - 4x 2 ] ■ w 
= \2x 2 z 2 - 18y 2 z 2 - 12x 2 z 2 + 4x 2 y 2 + 6y 2 z 2 
-2y 4 + 2y 2 + 4y 2 z 2 - 4x 2 y 2 = 2y 2 - 2y 4 - 8y 2 z 2 . 
[(V/) x v] • v 

= [4x 2 -z 2 -3xz+2yz, -2y 2 -4xy-yz,4yz-2xy]-v 
= 0. 



Chapter 9 



Vector Integral Calculus 
Integral Theorems 



In this chapter we shall define line integrals and surface integrals and consider some 
of their basic engineering applications in solid mechanics, fluid flow, and heat problems. 
We shall see that a line integral is a natural generalization of a definite integral, and a 
surface integral is a generalization of a double integral. 

Line integrals can be transformed into double integrals (Sec. 9.4) or into surface 
integrals (Sec. 9.9), and conversely. Triple integrals can be transformed into surface 
integrals (Sec. 9.7), and vice versa. These transformations are of great practical 
importance. The corresponding formulas of Green, Gauss, and Stokes (Sees. 9.4, 9.7, 
9.9) serve as powerful tools in many applications as well as in theoretical problems 
(for instance, in potential theory; see Sec. 9.8). We shall see that they also lead to a 
better understanding of the physical meaning of the divergence and the curl of a vector 
function. 

Prerequisites for this chapter: elementary integral calculus and Chap. 8. 
Sections that may be omitted in a shorter course: 9.3, 9.5, 9.8. 
References: Appendix 1, Part B. 
Answers to problems: Appendix 2. 
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9. VECTOR INTEGRAL CALCULUS, INTEGRAL THEOREMS 



9.1. Line Integrals 



1. r(t) = [t,4t], 0 < t < 1, r' = [1,4], 
F(r(t)) = [16f 2 ,-t 2 ], 

f F(r)-dr = / 1 F(r(t)).r'(t) £ tt 
= / (16t 2 -4t 2 )dt = 4. 

J 0 

2. r(t) = [i,4t 2 ], 0 < t < 1, r' = [l,8t], 
F(r(t)) = |16t*,-t a ], 

/ F(r)-dr= / 1 F(r(t)) r'(t)dt 
J c Jo 

= f (16i 4 -8t 3 )dt = 6/5. 
J 0 

3. r(t) = [2 cos t, 2 sin t], 0 < t < ir/2, 
r' = [-2 sin t, 2 cost], 

F(r(t)) = [4sintcost, 16 sin 2 tcos 2 t], 

/ F(r).dr= r /2 F(r(t)).r'(£)dt 
J C JO 
/•t/2 

= / (-8 sin 2 t cos t + 32 sin 2 t cos 3 t) dt 
1 

= y [-8s 2 + 32s 2 (l-s 2 )]ds = 8/5. 

4. r(t) = [2-t,t],0<i<2,r' = [-l,l], 
F(r<t)) = [(2-t)i,(2-t) 2 t 2 ], 

/ F(r)-<ir= /* 2 F(r(t)) r'(£)dt 
J c Jo 

= f [-(2-t)t + (2-t) 2 t 2 )dt 
? 

= y [-8s 2 + 32s 2 (l-s 2 )] ds = -4/15. 

5. r(t) = [t, 1/t], 1 < t < 4, = [1, -1/t 2 ], 
F(r(t)) = [(i-l/t)2,(l/t-t)2], 

y c F(r)-dr= y FMW-r'p)* 
= J\t- 1/^(1- 1/t 2 ) dt 

A 

= / (i 2 -3-3/£ 2 - l/f)dt = 2671/192. 

6. r(t) = [f 2 ,t 3 ], 0 < t < 1, r' = [2t,3t 2 ], 
F(r(t)) = [e t2 ,-e' i 3 ], 

/ F(r)-dr = /^{rWJ r'Wdt 
J C JO 

= [\2te t2 -3t 2 e t3 )dt = 0. 
J o 

7. r(£) = [cost, sin t,2t], 0 < t < 2tt, 

r 7 = [-sint,cost,2], F(r(£)) = [4t, cos t, - sint], 

/ F(r) *■ = / 2 "F(r(t)).r'(t)dt 
J C JO 

/2x 
(-4t sin t + cos 2 t - 2 sin t) dt = 9?r. 
0 

8. r(t) = [2 cos t,t, 2 sint], 0 < t < 2tt, 
r' = [-2 sint, 1,2 cost], 

F(r(t)) = [2 cos t - t, t - 2 sin t, 2 sin t - 2 cos t], 

/ F(r)-dr= f 2 "F(r{t))T'(t)dt 
J c Jo 



-f 

J 0 



(-4 sin t cos t + 2t sin t + t — 2 sin t 



+4sintcos£ - 4cos 2 t) dt = 2tt 2 - Sir. 
9. r(t) = [t,t 2 ,t], 0 < t < 1, r' = [l,2t,l], 
F(r(«)) = V], 

f F(r)-dr= / F(r(t))r'(t)dt 
J c Jo 

= / (e t +2te- t +e t )dt = 2c-e- 1 - 1. 
J o 

10. r(t) = [t,t 2 ,t 3 ], 0 < t < 2, r' = [l,2t,3t 2 ], 
F(r(t)) = [cosh t, sinh t 2 ,e' 3 ], 

f F(r) dr= / 2 F(r(t)) r'(t)dt 
J c Jo 

/2 
(cosh f + 2t sinh t 2 + 3t 2 e (3 ) dt 
o 

= sinh 2 + cosh 4 + e 8 - 2. 

12. (a) r(t) = [cost, sint], 0 < t < tt, 
r' = [—sint, cost], 
F(r(t)) - [- cos 2 1, cos t sin t] , 

/ F(r)-dr= rF(r(t)) r'(t)dt 

J C JO 

/* 4 
2cos 2 tsintdt - -; 
o 3 
r(p) = [cosp,-sinp], -ir < p < 0, 
r 7 = [— sin p, — cos p], 
F( r (p)) = [- cos 2 p, — cospsinp], 

/ F(r) • dr = /'" r F(r(p)) • r'(p) dp 

j c y o 



osinpdp — -; 



= / 2cos 2 ps 
J 0 

r(p) = [cos p 2 , sin p 2 ], 0 < p < y/w, 
r 1 = [-2psinp z ,2pcosp 2 ], 
F ( r (?)) = [-cos 2 p 2 ,cosp 2 sinp 2 ], 

/ F(r) • dr = f^F(r(p)) ■ r'(p) dp 

= / 4p cos 2 p 2 sin p 2 dp = - . 
Jo 3 

(b) r(t) = [t,t"], 0 < t < 1, t> = [l.nt*- 1 ], 
F(r(t)) = [-t 2 ,t"+ 1 ], 

f F(r)-dr= r^rim-r' ^t) dt 
J c Jo 

= [\-t 2 + nt 2 ")dt = n ~ l . 
/o 3(2n+l) 

(c) n-^oo °|^, / F(r)-dr-> ^; 

J C 6 
r(t) = [t,0], 0<t<l, r' = [l,0], 
F(r(t)) = [-t 2 ,0], i 

/" F(r)-dr= f F(r(t))-r'(t)dt 
J c Jo 

J o 3 

(d) F= [j/,0], r(t) = [t,t"], 0 < t < 1, 
r' = [l,nt"- 1 ], F(r(t)) = [t»,0], 
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f F(r)dr = / l F(r(«))-r'(t)<it 
J c Jo 



t n dt = 

0 n + 1 



• 0, n ■ 



13. r(t) = [t,3t], 0 < t < 2, r' = [1,3], r- • r' = 10, 
ds/dt = Vr' r' = •/lO, /(r(t)) = t 2 + 9t 2 = 10t 2 , 

/ /(r)ds = f f(r(t))(ds/dt)dt 

a 

= / lOv'IOt 2 dt= 80V10/3. 
* o 

14. r(t) = [2 cos t, 2 sin t], 0 < t < tt/2, 
r> = [-2 s in t, 2 c os t], r 1 - r' = 4, 

ds/d« = v'r'-r' = 2, /(r(i)) = 16 cos 3 t sin t, 

/ f{r)ds= f f(r(t)){ds/dt)dt 
J c Jo 

= / 32cos 3 tsintdt = 8. 
J o 

15. r(f) = [cost,sint,2t], 0 < t < 4tt, 
r' = [- sin t, cos t, 2], r' ■ r' = 5, 
tis/di = i/r' ■ r' = -jb, 

/(r(t)) = cos 2 t + sin 2 t + 4t 2 = 1 + 4t 2 , 

/ /(r)ds = [ " f(r(t))(ds/dt)dt 
J c Jo 

/iir 
VE(1 + 4t 2 ) dt = VE(4ir + 256tt 3 /3). 
0 

16. r(t) = [t,t,t 2 ], 0 < t < 3, r ' = [1 ,1, 2r], 

r' ■ r' = 2 + 4t 2 ,tfa/<ft= : >/ P~F = V 2 + 4t 2 , 
/(r(t)) = V2 + t 2 +3t 2 = V2 + W, 



f f{r)ds= f 3 f{ T (t))(ds/dt)dt 

3 

= /" (2 + 4t 2 ) dt= 42. 
/ o 



17. r(t) = [t, cost, sin t], 0 < t < jr, 
r' = [1, - sin t, cost], r' • r' = 2, 
ds/dt = W^r 7 _ ^ 
/(r(t)) = l+cos 2 t + sin 2 t = 2, 
/ /(r)<fe = f f{T{t))(ds/dt)dt 

J C Jo 

= / 2V2 dt = 2V2ir. 
J 0 

18. r(t) = [t.cosht], 0 < t < 2, r' = [l.sinht], 
r' • r 7 = 1 + sinh 2 J = cosh 2 t, 

di/dt = Vr' • r' = cosht, /(r(t)) = 1 _ sinh 2 t, 

f /(r)ds = /" }{j{t)){ds/dt)dt 
J c Jo 

f 2 1 

= / (1 - sinh 2 t) cosh t dt= sinh 2 - - sinh 3 2. 
7 0 3 

19. r(t) = [cos 3 t,sin 3 1], 0 < t < jr, 
r' = [-3 cos 2 i sin t, 3 sin 2 t cos t] , 
r' • r' = 9 sin 2 t c os 2 t, 

ds/dt = Vr' ■ r' = 3 sin f cos t, 
/( r M) = cos 6 t + sin t cost, 

f f(r)ds= f f(r(t))(ds/dt)dt 
J c Jo 

= J (cos 6 t + sin t cos t)3 sin t cost dt = 3tt/8. 

20. r(t) = [3 cos t, 2 sin t], 0 < t < jr, 

r' = [-3s int,2c ost], r' ■ r' = 9sin 2 t - f 4 cos 2 t, 
ds/dt = vV ■ r 1 = V9sin 2 t + 4co s 2 t, 
/(r(t )) = A/l44cos 2 t + 324sin 2 t 
= 6\/9sin 2 t + 4cos 2 t, 

/ /(r)<fe = f }{t{t)){ds/dt)dt 
J c Jo 

= I 6(9sin 2 t + 4cos 2 t)dt = 397r. 
Jo 



4 ^3)-7|- 4=4 (BlOL#, ^ifl). 

2. P = [e 1 cos y, -e x sin j/, 0] , curl F = 0, 
/ = e*cosy =3- V/ = F, 

/•(3,ir/2,0) 

/ F(r)-dr = /(3,7r/2,0)-/(0,7r,0) = l. 

» (0,7T,0) 

3. F = [3z 2 ,0,6xz], curlF = 0, 
/ = 3iz 2 =*■ V/ = F, 

/•(4,0,3) 

/ F(r) • dr = /(4, 0, 3) - /(-l, 0, 5) = 183. 

J (-1,0,5) 

4. F = [cos 1 cos 2y, -2 sin x sin 2y, 0], curl F = O, 
/ = sinicos2j/ =>■ V/ = F, 

/ F(r) • dr 

J (t/2,-«-,0) 

= /(*/4, 0, 0) - /(w/2, -tt,0) = 1/V^ - 1. 

5. F = [2xsinir2/,7rx 2 cos7ry,0], curlF = O, 
/ = x 2 sin Try =>• V/ = F, 
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(4,1/2,0) 



/ F(r) ■ dr 

J (3,3/2,0) 

= /(4, 1/2, 0) - /(3, 3/2, 0) = 25. 

6. F = [3jf, 3x, 2z], curl F = 0, 
/ = 3xy + z 2 =*• V/ = F, 

/•(4,l,2) 

/ F(r) • dr 
■* (0,0,0) 

= /(4,l,2)-/(0,0,0) = 16. 

7. F = e I -y+^[l,-l,2 z ],curlF = 0, 
/ = eI - v+ z 2 ^ V / = F, 

/•(2,4,0) 

/ F(r) ■ dr 

J (0,-1,1) 

= /(2,4,0) - /(0, -1, 1) = e~ 2 - e 2 = -2sinh 2. 

8. F = [— z sin xz, cosy, — x sin xz], curlF = 0, 

/ = cos xz + sin y => Vf = F, 
/•(o.t.i) 

/ F(r) • dr 

J (7T,7r/2,2) 

= /(0,7T,l) -/(7r,7r/2,2) = 1. 

9. F = [yz sinh xz, cosh xz.xy sinh xz], curlF = 0, 
/ = y cosh xz => V/ = F, 
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/: 



F(r) • dr 

(0,2,3) 

= /(l, 1,1)- /(0, 2, 3) = cosh 1 - 2. 

10. (a)F = [x 2 y,2xy 2 ], 

r(t) = [t,t»], 0 < t < 1, r' = [l.nt"" 1 ], 
F(r(t)) = [t»+2,2T 2 »+ 1 ], 

J Vb)-dr = J l F(r(t))T>(t)dt 

= ?V»+2nA) < t t = / 2n ' + 9B + \ . 
Jo (n + 3)(3n + 1) 

■(b) r(t) = [t,bt],0<t<l, r' = [l,b], 

r(t) = [l,(l_b)t-l+2b], 1 < t < 2, r' = [0,1-b], 

F(r(t)) = [bt 3 ,2b 2 t 3 ], 0<t<l, 

= [(1 - «>)(« - 1} + M((l - b)t - 1 + 26) 2 ], 
1 < t < 2, 

/ F(r)-dr = / F(r(t))-r'(t)dt 
J a Jo 

= f (bt 3 +26 3 t 3 )dt 

2° 

+y 2(1 - b)((l - b)t - 1 + 2b) 2 (ft 

(c) r(t) = [t, it], 0 < t < c, r' = (l,i], 
r(t) = [t,l],c<t<l,r' = [l,0], 

= [J*, £t»],0<t<e, 
F(r(t)) = [t 2 ,2t],c<t<l, 

y P(r)-dr» y 1 F(r(t))-r'(t)dt 

-/ e .6 + ?)'* + / 1 /* 
i.i i 

;c 3 + -c+-,0<c<i, 

11. F = [2xy 2 ,2x 2 y,l],curlF = 0, 



12 
•I «<r^ 



/ = x 2 y 2 + z V/ = F, 



/(<• 
(o 



0,0) 



F(r) • dr 



= /(a,6,c)-/(0,0,0) = a 2 & 2 + c. 

12. F = [y,-*x,z], curlF = [x,0, -z - 1] # 0, 

C : r(t) = [at,bt,ct], 0 < t < 1, r' = [a,b,c], 
F(r(t)) = [bt,-act 2 ,ct], 

J c ¥(r)dT = J 1 ¥{r(t)). r >dt 

= / (abt - oficf 2 + c 2 t) dt = ab/2 - abc/3 + c 2 /2, 
J o 

C : f(t) = [at,bt 2 ,ct], 0 < t < 1, f = [a,2bt,c], 
F(r(t)) = [bt 2 ,- aC t 2 ,ct], 

/ F(f) dr= / F(r(t))r'dt 

= / (abt 2 -2abct 3 + c 2 t)dt = ab/Z-abc/2+c 2 /2. 
J o 

13. F = sinhxz[z,0, -x], 

curl F = [0, 2 sinh xz + 2xz cosh xz, 0] jt 0, 



C : r(t) = [at, W, ct], 0 < t < 1, r' = [a, 6, c], 
F(r(t)) = sinh act 2 [ct,0, -at], 

I F(r)-dr = /" 1 p(r(t)).r'«K = 0, 

C : f (t) = [at 2 , bt, ct], 0 < t < 1, f = [2ot, 6, c], 
F(f(t)) = sinhact 3 [ct,0, -at 2 ], 

/" F(f ) dr= [ F(f(t)) • r' dt 

=/* 

J 0 



1 . 



act 2 sinh act 3 dt = -(cosh ac — 1) 
o 3 

14. F = [yz,xz, xy], curl F = 0, 

f = xyz =>Vf = F, 
F(r) • dr 

(0,0,0) 

= /(a,b, c)-/(0,0,0) = o6c. 

15. F = {0,ye 2 *,-zeV], 

curl F = [-ze» - 2ye 2z ,0,0]^ 0, 

C : r(t) = [at, bt, ct], 0 < t < 1, r' = [a, 6, c], 
F(r(t)) = [0 ) bte 2c ',-cte i > t ], 

f F(r) ■ dr = / F(r(t)) ■ r' dt 
j c j J o 

= f (b 2 te 2ct -c 2 te bt )dt 
J o 

= b 2 (2ce 2c - e 2<: + l)/(4c 2 ) - c 2 (be b - e b + l)/i> 2 , 
C : f(t) = [at,bt 2 ,ct}, 0 < t < 1, f = [o,26t,c], 
F(r(f)) = [0,f>t 2 e 2ct ,-cte i * 2 ], 

f _F(r)-dr = [ 1 F(i(t)) r'dt 
J C Jo 

= /" (2b 2 tV ct -c 2 te M2 )dt 
J o 

= b 2 (4c 3 e 2c - 6c 2 e 2c + 6ce 2c - 3e 2c + 3)/(4c 4 ) 
-c 2 (e b - l)/(2b). 

16. F = [3(x + y) 2 ,6(x + y) 2 ,l], 
curlF = [0,0,6(x + y)] y£ 0, 
3-S-°l 7j5.«fl 5)^, 

C : r(t) = [at, bt, ct], 0 < t < 1, r' = [o, b, c], 
F(r(t)) = [3(a + b) 2 t 2 ,6(a + b) 2 t 2 ,l], 

/ F(r) dr = f F(r(t))-r'dt 
= / [3(a + 6) 2 (a + 2b)t 2 + c] dt 

y o 

= (a + 6) 2 (a + 2b)+c, 

C : f(t) = [at,bt,ct% 0 < t < 1, r' = [a,b,2ct], 
F(f(t)) = [3(a + 6) 2 t 2 ,6(a + b) 2 t 2 ,l], 

/.F(f)-dr= Print)).* dt 

Jc [ V 0 

= y [3(a + b) 2 (a + 2b)t 2 +2ct]dt 

= (a°+b) 2 (a + 2b) + c 2 . 

17. F = cos(x + yz)[l,z,y], curlF = 0, 

/ = sin(x + yz) =t- V/ = F, 

/ F(r) ■ dr 

J (0,0,0) 

= /(a, b, c) - /(0, 0, 0) = sin(a + be). 



9.3- FROM CALCULUS: DOUBLE INTEGRALS. 



18. F = [ S ,e z y,2xe x y,e 2z ], 

curl F = [0,0,(1 + xy)e*y] jt 0, 
3&°1 3.M 

C : r(t) = [at, 6t, ct], 0 < t < 1, x> = [a, 6, cj, 
F(r(t)) = [6te ai>t2 ,2ai e ° , " 2 ) e :!ct ] 1 
f c F(r)-dr = y F(r(t)).r'dt 

= f l (Zabte abt2 +ce 2ct )dt 
= (3e oi> + e 2c )/2 - 2, 

C : f(0 = [ot,W 2 ,ct], 0 < t < 1, F = [a,26t,c], 
F(f(i)) = [MV> t3 ,2ate< > »* a ,e 2 <*], 
f_F(r)-dr = jF(r(t))-r'dt 



= f (5o6t 2 e ai " 3 +ce 2ct )dt 
J o 

= 5e a *>/3 + e 2c /2 - 13/6. 

19. F = [e I ,2s/,ie I ], curlF = 0, 
3&°1 33.<4| -T^S, 

/ = xe* + y 2 V/ = F, 

/ F(r) • dr 

J (0,0,0) 

= /(a, b, c) - /(0, 0, 0) = oe c + ft 2 . 

20. F = [—2x, z sinh y, cosh y], curl F = 0, 
3«-°] H3,»i 

/ = -i 2 + 2 cosh y => V/ = F, 

/(«Ac) 
F(r) ■ dr 
(0,0,0) 

= 6, c) - /(0, 0, 0) = -a 2 + ccosh 6. 



9.3. From Calculus: Double Integrals. 



1. 0 < x < 4,0 < y < 2, 344% 
/"2 /■* z-2 



i. 0<x<4,0<y<2,344%, 

f [\x 2 +y 2 )dydx = (\2x 2 + *)dx=™. 
J oJ o y o 3 3 

3. 0 < j/ < 3,-y < X < y, 34 -#4%, 

/ f V (x 2 +y 2 )dxdy= A|y 3 +2y 3 )dy = 54. 

J OJ —y J o 3 

4 - -3<*<3,|x|<»<3, 34-94%, 
/ / (x 2 +y 2 )dyir 

= /_ 3 /_ i (i 2 +y 2 )dy<ic+ J 3 j\x 2 +y 2 )dydx 
= f a [(3 + x)x 2 + 9+^j dx 

+y" o [(3-x)i 2 + 9-^j dx = 54. 

5. 0 < y < jr/4,0 < x < y, 34 #4%, 

/-"siny /•»/« 
/ / dxdy= sin y dy = 1 - 1A/5. 

j o J o y Jo 

6. 0 < i < 7r/4,sinx < y < cosx, ^3.Bl^! -y-4%, 

/ir/4 rtOfii 
/ xy dy dx 
0 ■* sin x 

r' ix f 2 ■ 2 x r /4 x 
~ I -(cos- ! i-sin 2 z)di= / -cos2xdx 

j o 2 y o 2 

= */16-l/8. 

7. 0 < y < 2,0 < i < y, 34 #4%, 
f 2 /■» 

sinh(x + y)dxdy 



*/0 



= / (cosh(2y) - cosh y) dy = - sinh 4 - sinh 2. 
Jo 2 
8. 0<x<2,0<y<x, 34 Aj-4%, 



y o 

< X 

I I sinh(x + y) dy dx 
J oJ 0 

r 2 j 
= / (cosh(2x) - cosh x) dx = - sinh 4 - sinh 2. 
Jo 2 



9. 1 < i < 5,0 < y < x 2 , *)O.B)3! 4^%, 
(l + 2x)e I +S'dydx 

= yV + 2x)(e*+* 2 - e*) dx = e 30 - 9e 5 - e 2 + e . 

10. 0<y<ir/4,0<i<cosy, «)llB)^l 4>d%, 

/ x 2 sin ydxdy 
o J o 

r /4 1 , 

= / - cos 3 ysmy dy = 1/16. 

11. 0 < x < 3,0 < y < 2, 

V= f f (4x 2 + 9y 2 )dydx 

3 ° 

= / (8x 2 + 24) dx = 144. 

v o 

12. 0 < x < 1,0 < y < 1 -x 2 , 

r\ r i-x 2 

y= (l-x 2 )dydx 
J oJ 0 

= j (l-x 2 ) 2 dx = 8/15. 

13. 0 < x < o,0 < y < x, 

V= f f X Va 2 -x 2 dydx 
J oJ o 

= J xVa 2 -x 2 dx = a 3 /3. 

14. 0<x<b,0<y<hx/b, 

M = jj ^f(x,y)dxdy = j* p*'* dydx 

= / hx/bdx = hb/2, 
Jo 

i = R x ^ x ' y)dxd y 

2 fhx/b 
= hbJ 0 J 0 ^ 

= / 2x 2 /6 2 dx = 26/3, 
J o 

s = h II R yI ( x ' y ^ dx dy 
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x 2 dx 



2 fb fhxfb 

= tJJ 0 ydydx 

- / ftx 2 /6 3 <ix = ft/3. 
0 

15. 0 < I < a,0 < y < vV - x 2 , 
M = JJ ^f(x,y)dxdy 

fa fy/a 2 — x 2 r-a _ 

= dydx= / Va*~= 

J OJ 0 Jo 

= - a 2 arcsin — H xVa 2 — x 2 = ira 2 /4, 
2 1 a Jx=o 

£ ~Ti II r ^ ^ dv 

4 /-a /-v/a 2 -! 2 
= — 5- / / xdydx 

TO J J 0 J 0 

= ~ f xVa 2 - x 2 dx = 4a/(3w), 
™ J o 

s = jjfl R yf( x > y } dy 

wa 2 J oJ o 

= -^r( a 2 -x 2 )<ix = 4a/(37r). 
w J o 

16. 0 < r < a,0 < 9 < tt/2, 

M = /(x, y) dx dy 

= I' f /2 rd$dr= H r*/2dr = va 2 /4, 
J OJ o Jo 

= — W / r 2 cos6d6dr 
no. 2 J oJ o 

= ^ f a r 2 dr = 4a/(3n), 
va* J o 

y = jjH yffav) dxd v 

= -\/ / T 2 s\uBd0dr 
na?J 0 J o 

= A; rr 2 dr = 4o/(3ir). 

ISO. 1 J o 

17. 0 < x < 6,0 < y < hx/b, 
It = JJ y 2 f{x,y)dxdy 

t-b [hx/b 
= I / y 2 dydx 
J OJ 0 

= / ft 3 x 3 /(36 3 )dx = 6ft 3 /12, 
J o 

ly = JJ x 2 f(x,y)dxdy 

rb phx/b 

= I I x 2 dydx 
J oJ o 

= / ftx 3 /6dx = ft6 3 /4, 
J 0 

I 0 = I x +I y = hb(h 2 + 36 2 )/12. 

18. 0 < x < 6, 0 < y < ft - 2ft|x - b/2\/b, 

Ix = JJ R y 2 f(x,y)dxdy 



b fh-2h\x-b/2\/b 



y dy dx 



-a 

r k . f b f 2f »- 2 h* 

= / / y 2 dydx+ I I y 2 dy dx 

J o J o J I J o 



= 6ft 3 /12, 

I y = JJ x 2 f(x,y)dxdy 

= 11 x 2 dydx 

J oJ o 



x/6) 3 dx 



2hz 



= [ [~^~ x 2 dydx + I f x 2 dydx 
J o J o J|Jo 

r b ' 

6/2 



/oil rb 
2hx 3 /bdx+ / 2ftx 2 (l - x/6) dx 
0 J 6/2 

= 7ft6 3 /48, 

Io = I x + I v = ft6(4ft 2 + 76 2 )/48. 



19. -h/2<y<fe/2,^j,-2±£<i<^fy + 2ii, 



Jfx = ^ [ ^y 2 f(x,y)dxdy 
= I [J~^C ^ y2d * dy 

J -V 2J -5JT»--t- 

= / y 2 [(fc-a)y/ft + (a + 6)/2]<iy 

J -h/2 
= (a + 6)ft 3 /24 



= Jj ^x 2 f{x,y)dxdy 
= A f " _ ^~x 2 <ix(iy 

r"/ 2 2 /6 



f"/ 2 2 /6-a a + 6\ s 



h/2 3 

= ft(a + 6)(o 2 + 6 2 )/48, 
I 0 = l x +I v = ft( a + 6)(2ft 2 + a 2 + 6 2 )/48. 
20. 0<y<ft, ^y-|<x<^Sy+|, 

/l = If R y2 H x <y > * dxd y 

= f 5 y 2 dxdy 
ioJ ^„-f 

= / y 2 [(6-a)y/ft + a]dy 
J o 

= (o + 36)ft 3 /12, 

! v- II x 2 f{x,y)dxdy 

= 11 x 2 dxdy 

J OJ ^y-f 

= ft(a + 6)(a 2 + 6 2 )/48, 
Io = lx + Iy 

= ft(4aft 2 + 126ft 2 + a 3 + a 2 6 + a6 2 + 6 3 )/48. 
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9.4. Green's Theorem in the Plane 



1. dF 2 /dx - dFi/dy = y 2 e I - x 2 e y, 
y^F(r) • dr = J f R {cur\ F) • k dxdy 

= ff (y 2 e x -x 2 e*)dydx 

J OJ 0 

= [ [9e* -(e 3 -l)x 2 ]dx 
J o 

= 9e 2 - 8e 3 - 19/3. 

2. dF 2 /dx-dFi/dy = l-6y, 

^F(r)dr = J J ^(curlF)-k dxdy 
= j J (l-$y)dydx 

= J 2dx = 4. 

3. dF 2 /dx - dFi/dy = -1 - X = -2, 
j> ^F(r) • dr = j 'j (curlF) - kdxdy 

= / / , -2dydx 

J -1/2./ -v/l/4- x 2 
/■1/2 /-2ir -1/2 

= Jo Jo ~ 2rdSdT =J -ixrdr = -jt/2. 

4. 0F 2 /dx - SFt/Sy = 6xy 2 - 6xy 2 = 0, 
j^F{r) dT = jJ (curlF) kdxdy = 0. 

5. F = [cos i cosy, -sin x sin y], 

dF 2 /dx - 9Fi/9y = - cosxsiny + cosxsiny = 0, 
j ■ dr = j j (curlF) • kdxdy = 0. 

6. 8F 2 /dx - dFi/dy = -sinx - cosy, 
j ^¥(r) ■ dr = J j (curl F) ■ k dxdy 

/ (- sin x - cos y) dy dx 
0 J 0 

r f 1 ■ • *w 

= / ( xsinx — sin — ) dx 

J 0 T 7T 
= — 1 — 7T + X COS 1. 

7. dF 2 /dx-dF 1 /dy-5x 4 y, 
j^{r) dT = Jj (curl F) -kdxdy 

(•5 r^/25-x 2 

= J J 5x 4 y dy dx 

= f f 5r 6 cos 4 0 sin 0d0dr 

5 

= / 2r 6 dr = 156250/7. 
J 0 

8. dF 2 /dx — dFi/dy = — cosh x — sinhy, 
^F(r) dr = y^(curlF) - kdxdy 

= ^ y (- cosh x- sinh y)dydx 

= y (-2x cosh x - cosh 3x + cosh x) dx 

= 2(cosh 3 - cosh 1) +sinh 1 - ( 14 sinh 3 + sinh 9) /3. 



2 )/4. 



>de 



9. dF 2 /dx - dFUdy = e y/x + 2- e> /x = 2, 
j ^ F(r) • dr = yy (curl F) ■ k dx dy 

= LJi + J dydX = f ^~ = 16/5. 

in aF 2 aFi 

~5x~ ~ "5y~ = 4a:sinh2 tf- 2:csillh 2y = 2xsinh2y, 
y c F(r)dr = yy ^ (curl F)k dxdy 

— II 2x sinh 2ydydx 
J oJ i 2 

= y x(cosh x 2 - cosh x) dx = (1 - e 

11. r = o(l - cosff), 0 < 0 < tt/2, 

A=lf^dB= a lf2 il _ cos0) 

= (3tt/8 - l)a 2 - 

12. r(() = a[t - sin t, 1 - cost], 0 < t < 2vr 
r'(t) = a[l -cost, sin t], 

A = -f (xdy - ydx) = - / (xy' - 
a 2 /" 2,r 

= YJ [(*-sin<)sint-(l - cost) 2 ] dt = 37nz 2 . 

13. r = l+2cos0, 0 < 0 < %/2, 

A = \i rU9=l [2 {1 + 2cose)2d9= 3j L+2 
*J C ZJ o 4 

14. Vw = [e*,e*], V*w = e 1 +e», 

= J J (<? +e*)dydx = J* {e* + e - 1) dx 

= e 2 + 2e - 3. ° 

15. Vw = [sinh x,0], V 2 ui = cosh x, 



dt 



-ff 

J OJ 0 



r 2 r 2 » z-2 

cosh xdxdy = / sinh 2y dy 
o / o 

= (cosh 4 - l)/2. 

16. Vw = [e x sin y , e 1 cos y], 
V 2 w = e 1 sin y - e r sin y = 0, 

fc^ dS = fI R V2wdxdy = °- 

17. Vu) = [6xy,3x 2 -3y 2 + 2y], V 2 w = 6y-6y+2 = 2, 



20V1 - x 2 dx = 10tt. 

1 

18. Vto = [5x 4 y+y 5 ,x 5 +5xy 4 ], V 2 u) = 20x 3 y+20xy 3 , 

fM ds =lh v2wdxdy 

= I / 20xy(x 2 + y 2 )dydx 

J OJ 0 
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»/2 



20r 5 cos 9 sine d6 dr 



19. 



2 d 2 w 
d 2 w\ 

+W \^ + ^) 



-a 

5 / dw\ d ( dw\ 

di \~dx) ~~ dy \ W ^y) 
fdw\ 2 d 2 w (dw\ 

= tsr) + -w + Ui 

- (£)'♦(*)'■ 

= //« [ai i w lte) ~ dy (~ w ~dy)] 

/( dw , 9u), \ 
I — w ax + w dy 
C \ ay Ox J 

J c \dx ds dy ds) 



= / 10r 5 dr = 5/3 
J o 

d ( dw\ d 



-f 



wVw ■ n ds 

C 

dw , 

C on 



- 3Fi SF 2 dF 2 9Fi 
20. F = [-ft,ft],d,vF=— + — = _-_, 

II ****** = II £-it 

- j> (Fi dx + h dy) = ^ (~F 2 dx + Fi dy) 
{l R ^ F . k dxdy = ll R {^- d -^)dxdy 

= / 0 Cft* + **)-/ 0 (*S + «*) - 

= / Fr'ds; 

F = [7x, -3y], divF = 4, curl F • k = 0, 
r(s) = [2 cos § ,2 sin |], 
r '( s ) = [~ sin |, cos §], 
n(s) = [cos |,sin §], 

F • n = 14 cos 2 | - 6 sin 2 | = 10 cos s + 4, 
F • r' = -20 cos § sin | = -lOsin s, 

J J divF dxdy = J J 4r dr d$ = 16tt, 
^ Fnds = y* (10 cos s + 4) ds = 16tt, 
Jj curlF -kdxdy = 0, 



10 sin ids = 0. 



9.5. Surfaces for Surface Integrals 



1. x = u,y = v ^"d, 

u = ci : i = ci, *r*)-{3, t) = c 2 : y = C2, t 1 ^^, 
r„ = [1,0,0], r„ = [0,1,0], 
N = r,xr,- [0,0,1]. 

2. i = ucosu,y = usin v, x 2 + y 2 = u 2 , ^J^h 
u = ci : I 2 +y 2 = cf, ^, 

t) = C2 : y = xtanc2, ^-iJ, 

r u = [cost;, sin t),0], r„ = [— usin u,u cost), 0], 

N = r,xr, = [0,0, u). 

3. i = 7i cos t), y = u sin i), z = cu, 
x 2 + y 2 =z 2 /c 2 , 

u = ci : x 2 +y 2 = c 2 /c 2 ,z = cci, ■?!, 

v = c 2 : = -r^- = -, *]'d, 

C0SC2 smc 2 c 
r„ = [cost, sin u, c], r„ = [— usin t), ucos t), 0], 
N = r u x r r = [— cucosd, -cusint), u]. 

4. x = ucost),y = usint), z = u 2 , 

x 2 + y 2 — z, paraboloid of revolution, 

u = ci :x 2 + y 2 = cf,z = cf, 

f = C2 : y = x tanC2,z = x 2 sec 2 C2, , 

r u = [cost/, sin v,2u], r v = [— usin v,u cost;, 0], 

N = r, xr, = [— 2u 2 cost), — 2u 2 sin v,u], 

5. x = au cost),}/ = bu sin t),z = u 2 , 
x 2 y 2 

— z- H — - = z, elliptic paraboloid, 

2 2 

" = ci : ~ + ^ =c 2 ,z = c 2 , E|^, 
a 2 b 2 



v = C2 : V = -I tan C2,z = -\x 2 sec 2 C2, S-f-ti, 

a a 1 - 
r u = [acost),6sint),2u], 

t„ = [—au sin v, bu cos t>, 0], 

N = t u xr, = [— 2bu 2 cost), — 2oti 2 sin v,abu\. 

6. x = a cos t; cos ti, y = 6cost/sinti,z = csint), 

x 2 y 2 z 2 

+ £r + -j = 1, ellipsoid, 
a 2 6 2 c 2 

u = ci : y = -xtanci, -z h — = 1, 

a a' cos* ci c z 

x 2 u 2 

d = c 2 : z = csinc 2 , -5- + 75- = cos 2 c 2 , 
r u = [— a cos vsinu.fr cost) cos«, 0], 
r„ = [-asinucosu, -bsint)sinu,ccost)], 
N = r,xr, 

= [be cos 2 v cos u, ac cos 2 1; sin u, ab sin 7) cos v]. 

7. x = au cosh t), y — bu sinh t), z = u 2 , 
x 2 y 2 

— — ^- = z, hyperbolic paraboloid, 
a 2 b 2 

x 2 v 2 

u = c : -5- - ^ = c 2 ,z = c 2 , ^iJ, 
a e b* 

« = C2 : y = -xtanhc2,z = -^x 2 sech 2 C2, 

a a 2 
r u = [ocosht),l)Sinht),2u], 

r„ = [au sinh t), feu cosh t),0], 

N = r,xr„ = [— 2fru 2 cosh v, 2au 2 sinh v, aim]. 

8. x = a sinh u cos t),y = 6 sinh usin v,z = ccosh u, 

x 2 y 2 z 2 
— 5- - tt + ^7 = 1» hyperboloid, 
a 2 b' 2 c 2 
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2 2 

u = ci :z = ccoshci, \ + ^ =sinh 2 Cl> Ef^ 



62 

6 Z 2 

c 2 : y = -stancj,— - — 



0/ COS 2 C2 



= 1, ^ 



r u — [a cosh u cos t;, 6 sinh « sin u , c sinh c] , 
r« --- [— asinhusint;,&sinhucosii,0], 
N = r u x r„ 

= [-6csinh 2 ucost;, -acsinh 2 tisint;, 
ab sinh u cosh u]. 
9. i = acosu.y = osinu.z = u, 

X 2 v 2 
" = Ci: ^ + F =1 '« = 

w = c 2 : x = acosc 2 ,y = 6sinc 2 , *\->i, 
r„ = [0,0, 1], r„ = [-asinti,6cosi>,0], 
N = r„ x r„ = [— 6cosu, — asinu.O]. 

10. x = ucosu.y = tisint;, z = u, 

x 2 + y 2 = u 2 ,z = arctan ^, helicoid, 
x 

u = ci : x 2 + y 2 = c 2 , z = arctan 2, helix, 
6 

v — cs : y = -xtanc 2 ,z = c 2 , 

r u = [cost;, sin v,0], r„ = (-usinu,ucost>, 1], 
N = r u x r„ = [sin t;,- cos u, u]. 

11. drawn! 

12. r(u,v) = [u,v,u], 

r u = [1,0,1], r„ = [0,1,0], 
N = r u x r v = [-1,0,1]. 

13. r(u,t>) = [8u,6«,4 - 4u - 4v], 
r u = [8,0,-4], r„ = [0,6,-4], 
N = r»xr, = [24,32,48]. 

14. r(u,v) = (2cosu,3sinv,u], 

r u = [0,0,1], r v = [-2sinv,3cost;,0], 
N = r u x r„ = (-3 cost;, -2sint;,0]. 

15. r(u,u) = [cos t; cos tt, cost; sin tt, 2 sin v], 
r u = [— cos t> sin tt, cos v cos tt, 0], 

r„ = [- sin v cos tt, - sin t; sin u, 2 cos u] , 
N = r,xr, 

= [2 cos 2 u cos tt, 2 cos 2 t; sin tt, sin v cos v). 

16. r(u,t;) = [2 cost; cos tt, 2 cost; sin tt + l,2sin v - 2], 
r t» = [-2cosiisinu,2cosi> cosu.O], 

r » = [-2sint;costi, -2 sin t; sin u, 2 cost;], 
N = r u x r„ 

= [4 cos 2 v cos u, 4 cos 2 v sin u, 4 sin v cos «]. 

17. r(u, v) = [cosh t;, sinh v, tt], 

r u = [0,0,1], r„ = [sinh v, cosh v,0], 
N = r„ x r„ = [- cosh v, sinh v,0]. 

18. r(u,t;) = [2ucosi;,usini>,2u], 

r„ = [2 cost;, sin t;, 2], r„ = [-2ttsin v, ttcosu,0], 
N = r»xr, = [-2t£Cost;,— 4usint!,2u]. 

19. r(tt,ti) = [u cost;, u sin t;,9u 2 ], 

r„ = [cos«,sint;, 18u], r„ = [-ttsini;,ucost;,0], 
N = r„ x r„ = [-18tt 2 cost;, -18u 2 sinti, u] 

20. 2: (»||7]| £^ 
£4 3: (*)§<>) ^x]*j) ; 
-£•^1 4: ^ (t^|7|| £Si -*}«)),• 

5: -?)*J s.i£ #q). 



21. r(u,t;) = [u cost;, u sin u,9u 2 ], 

r u = [cosv,sinw,18ttj, r„ = [-u sin u, u cos v, 0], 
N = r„ x r„ = [-18u 2 cost;,-18u 2 sint;,ti]. 

22. r„Sf r v 7\ ^ 4i u =const . sj. „ =const 

r„ ■ r„ = 0°|4. 

23. r(«,t;) = [u,v, f(u,v)], 
r- = [l,0,/ m ], 

r, = [0,l,/„], 

N = r„ xr„ = [-/„, -f v ,l]. 

24. y(x, y, z) = 4x 2 + y 2 + 9z 2 _ 36, 
Vg= [8x,2y,18z], 

|Vg| = 2(16x 2 +y 2 +81z 2 )V2 ; 

n = Vo 

|V S | 9 

= (16x 2 + y 2 +81z 2 )- 1 /2 [4;l . ;y;9z ] i 

25. 9(x,y,z) =4x-4y + 7z + 3, 
Vg = [4,-4,7], [Vg| = 9, 

" ^ T^T^ = [4,-4,Tj/9. 

26. g(x,y,z) = 5xy - z, 
Vg = [5y,5x,-1], 

|Vg| = (25x 2 + 25y 2 + l) 1 /2 ! 

= (25x 2 + 25y 2 + l)-V*[<hy, 5x, -1]. 

27. g(x,y,z)=y 2 + z 2 - Q 2, 
Vg= [0,2y,2z], 

|Vff| = 2(y 2 +z 2 )V2 > 

n = Vo 

|V 9 | 9 
= (y 2 +z 2 )-l/ 2 [0,y,z]. 

28. y(x,y,z) = r 2 -y 2 + z 2 -l, 
Vg= [2x,-2y,2z], 

|Vo|=2(x 2 + y2+ z 2 ) l/2 i 

n = Vo 

|Vs| ff 

= (x 2 + y 2 + z 2 )-V2[ I> _ !/)Z ]. 

29. g(x,y,z) = x 2 + y 2 + z 2 - 36, 
Vg= [2x,2y,2z], 

|Vff| = 2(x 2 +y 2 + z 2 ) 1 /2 i 

n = Vo 

|Vff| s 
= (x 2 +y 2 + z 2 )-V2 [Xi!/j2! 

30. (a) N(P) = r «(P) x r„(P) fe. ^^^»fl 

r- -r(P) : ^sg-g jjs) sJe^ 
(r* - r(P)) • N(P) = 0, 

(r*-r(P)).(r„(P)xr„(P)) = 0, 
(r'-r(P) r u (P) r„(P)) = 0; 
°I4 r = r(P)+pr tt (P) + 0 r t ,(P) o)^, 
(f-r(P) r„(P) r „(P)) 
= (pr«(P) + gr„(P) r„(P) r„(P)) 
= p(r u (P) r u (P) r „(P)) 
+?(r«(P) r„(P) r„(P)) = 0 olios., 
r* = f = r(P) + pr u (P) + gr „ (P) °1 4. 

(b) n(P) = -|^_, (r ._ r ( F)) . n(F) = 0> 
(r- - r(P)) - Vg(P) = 0. 
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(c) g(x,y,z) = z- f(x,y) = 0, 
Vff(P) = [-/«(P), -/,(*»), 1], 
(r* -r(P))-V 9 (P) = 0, 



-(*• - x(P))/*(P) - (y- - j,(P))/,(P) 

+ ( Z *- 2 (P)) = 0, 
z--z(P) = (i* -x(P))/,(P) + (»' -»(P))/»(P). 



9.6. Surface Integrals 



1. r, = [1,0,2], r„ = [0,1,3], 
N = r u X r„ = [-2,-3,1], 
F(r) = [3u 2 ,u 2 ,0], 

F(r) • N = -6u 2 - 3u 2 , 

JjFndA = JJ F[r(u,u)] S(u,v) dudv 

= J 2 J 1 (-6u 2 -3u 2 )dudu 

= f (-12u 2 -2)du= -36. 
J o 

2. r = [u.v, 1 - u - u], 0 < u < 1, 0 < v < 1 - u, 
r„ =[1,0,-1], r„ = [0,1,-1], 

N = r,xr, = [1,1,1], 
F(r) = [u 2 ,eM], 
F(r)-N = u 2 + e v + l, 

JJ FndA = JJ F[r(u,t>)] ■N{u,v)dudv 
= f f (u 2 +e v + \)dvdu 

J OJ 0 

= J [(1 - u)(l + V?) + e 1 -" - 1] du = e - 17/12 

3. r, = [1,0,2], r, = [0,1,3], 
N = r,xr„ = [-2,-3,1], 
F(r) = [3u 2 ,u 2 ,0], 
F(r)-N= -6u 2 - 3u 2 , 

Jj FndA = JJ V[r(u,v)]-Vl(.u,v)dudv 

= J 2 p (-6u 2 -3u 2 )dudu 

= /" 2 (-12ri 2 -2)d« = -36. 
J o 

4. r u = [1,0,0], r„ = [0, — sin u, cosu], 
N = r u x r„ = [0, — cos u, — sin »], 
F(r) = [sinh(cosvsinu),0,cos 4 v], 
F(r) ■ N = - cos 4 u sin v, 

JJ FndA = yy F[r(u,v)]-N(u,v)dudv 
= y y — cos 4 v sin v du du 

r 4 " 4 °2 

= / - - du = -16/5. 

5. r u = [cosu,sinu, 1], r„ = [-usinu,ucosu,0], 
N = r„ x r„ = [-ucosu,usinu,u], 

F(r) = [ucosu - u,usinu — ttcosu,u — usinv], 
F(r) ■ N = u 2 (2sin 2 v — sin ucosu + cosu — sine), 

JJ FndA = Jj F[r(u,u)]N(ti,t))dudu 

f3 [2n R f3 

= 11 F(r) Ndudu = / 2irdu = 6w. 

J OJ O •'0 

6. r = [cosu, - sinu, u], 0 < u < jt/2, 0 < v < h, 
r u = [— sinu, ^cosu, 0], r„ = [0,0, 1], 



N = i a xr, = [- cos u, sinu, 0], 
F(r) = [i sin 3 u, cos 3 u, u 3 ], 

o 

F(r) • N = — sin 3 u cosu + cos 3 u sinu, 
w 16 

JJ FndA = JJ F[r(u,u)] -N(u,u)dudu 

= / / ( — sin 3 u cos u + cos 3 u sin u) du dv 
J oJ o 16 

= / 17/64 du = 17/i/64. 
J o 

7. r = [cos u cos u, cos u sin u, sin v] , 
0 < u < ir/2, 0 < v < tt/2, 

r„ = [— cosu sin u, cost) cosu, 0], 

r„ = [—sinu cosu, — sin u sinu, cos v], 

N = r u xr, = [cos 2 u cos u, cos 2 u sinu, sin u cos v], 

F(r) = [0, cos u cos u, 0], 

F(r) ■ N = cos 3 u sin u cos u, 

yy F ndA = JJ F[r(u,u)] • N(u, u) du du 

/it/2 /-rr/2 
/ cos 3 u sin u cos u du du 
o Jo 
fi 2 

- sinu cosu du = 1/3. 
- <j3 

8. r» = [sinhu,coshu,0], r v = [0,0,1], 
N = r„ X r v = [cosh u, - sinh u, 0], 
F (r) = [4 cosh u sinh u, 2 cosh 2 u , 0] , 
F(r) • N = 2 cosh 2 u sinh u, 

y^ FndA = JJ F[r(u,u)] -N(u,u)dudu 

r s /" 2 R 

= / / 2 cosh 2 u sinh u du du 
7 -3/ 0 
r 3 2 



■r. 



/: 



-(cosh 3 2 - 1) du = 4 cosh 3 2-4. 
3 3 

9. r„ = [cosu, sinu, 2u], r„ = [-usinu,ucosu,0], 
N = r„ X r„ = [-2u 2 cosu, — 2u 2 sinu, u 2 ], 
F(r) = [ucosu, usinu.u 2 ], 

F(r)-N = -u 3 , 

y^ F-ndA = yy F[r(u,u)]-N(u,u)dudu 

= y* y -u 3 dudu = y -64du = -1287r. 

10. r„ = [cosu, sinu, 0], r„ = [-usin u, u cosu, 3], 
N = r„ X r„ = [3 sin u, -3 cos u, u], 

F(r) = [u 2 cos 2 u, u 2 sin 2 u, 9u 2 ], 

F(r) • N = 3u 2 sin u cos u(cos u — sin u) + 9uu 2 , 

y^" F ndA = JJ F[r(u, u)] -N(u,u)du du 

= 11 F(r)-Ndudu= / 24tt 3 u du = 127T 3 . 
J oJ 0 Jo 

11. Si : r = [a cosu cosu, a cosu sinu, a sinu], 

r u = [— ocosusin u, acosu cos u, 0], 

r„ = [—a sinu cosu, —a sin u sin u, a cos u], 
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N = [a 2 cos 2 v cos u, a 2 cos 2 v sin u, a 2 cos v sinv], 

52 : r = [acosucosu, 6cosvsinti,csint;], 
r u = [— a cost; sin u,i> cos ucosu.O], 

r„ = [— asinucosu, — i> sin t; sin u,c cost;], 

N = [6ccos 2 ucostt,accos 2 i;sinu,a6cosDsmi/], 

53 : r = [ucos v,usinv, v], 
r u = [cost;, sin v,Q], 

r v = [-ti sin u,u cost;, 1], 
N = [sinv, -cost;,u]. 

12. z = f(x,y) = l-x- y, 
0 <x < 1, 0< y < 1-x, 

fx = -l,fy = -1, 

|Nj = (l + / 2 + / 2 )V2 = v ^ j 

J fc(r) dA =J I G(x, y,f(x,y))\N(x,y)\dx dy 

= J [ V%{cos x + siny) dydx 
J oJ 0 

= / ^[(1 - x) cosx + 1 - cos(l - x)] dx 
J 0 

= \/3(2 - cos 1 - sin 1). 

13. z = /(x,y) =3x + 4y, 
l<x<oo, l<y<oa, 
h = 3,/j, =4, 

|N| = (l + /J + / 2 ) 1 /2 = 5) 

^ G(r)dA=JJ G(x,yJ(x,y))\N(x,y)\dxdy 



1 J 1 



5ye *» ctr dy 



5e~v dy = 5e _1 . 

14. r u = [-5sinti,5cosu,0], r„ = [0,0,1], 
N = r, x r, = [5cosu,5sinu,0], |N| = 5, 
G(r) = 625(cos" it + sin 4 u), 

/ /" f (r) dA= ff G(r( ' 1 * U ))I N ( U ' ")l du<fo 

/0.2 /-n R 
/ 3125(cos 4 u + sin 4 til dudv 
-0.2J 0 
,0.2 

= / 9375tr/4dy = 937.5tt. 
•/ -0.2 

15. r„ = [l,0,3u 2 ], !■„ = [0,1,0], 

N = r«xr„ = [-3u 2 , 0, 1], |N| = (1 + 9 U 4 )V2, 
G(r) = (1 +9u 4 ) 3 /2 j 

/ 1 f (r) d/4 = // ? (r(u ' "^l N ( u - ">l du dv 
= J J 0- + Vu i ) 2 dudv = J 2 68/5dy 
= 272 /5. 

16. r„ = [cos t), sin t;, 2], r„ = [-usinv,ucosv,0], 
N = r„ x r„ = [-2ucost;, -2usinv,ti], 

|N| = VE\u\, 
G(r) = u 4 -4u 2 , 

// G(r) dA =JJg(t(u, «))|N(u, t;)| dti dv 
= f f V5(u 5 - in 3 ) dudv 

J -ttJ 0 

= f - 5V3/6 dy = -5v/W3. 

17. z = /(x, y) = (9 - x 2 -y 2 ) 1 ' 2 , 
-3 < x < 3, 0 < y < V9 - x 2 , 
/x = -l(9-x 2 -y 2 )-l/2 > 

/ y = -y(9-x 2 -y 2 )-l/ 2 , 



|N| = (1 + + Z 2 ) 1 / 2 = 3(9 - x 2 - y 2 )- V2 ; 
J fG(r) dA =jj ' G(x, y, f{x, y))|N(x, y)\dxdy 

■ J Sirrdr = 27tt/2. 
J 0 



3r d# dr 



= J Snrdr 

S: x 2 + y 2 = a 2 ,z = 0, 



M=f[ adA=<r[ [ rdrdd 

= <r / — d9 = Tra 2 cr, 
Jo 2 

i = hll s cxdA 

l r a r 2 * 
= — 5-/ / r 2 cos6drd8 = 0, 
to J oJ 0 



ctx dyl 

s 

= — / r 2 sin e = 0. 

TO 2 7 oJ 0 

19. ?|ti} = O,z = 0S|s|ft|P: [t,0,0], 

^ »JS) ^ ^ ^ Q : [x,y,z], 
Afo)s) ; = ^(t _ x ) 2 + y2 + ^2, 

i 2 = t 2 -2xi + x 2 +y 2 + z2 i 
t = 1 «J«j| S| 4)4:^ D 2 = y 2 + z 2_ 

= / /" s ^^ 2 dA = jj (y 2 + z 2 ) a dA; 
2) 1 = 0, z = 0 $]£) IV :g P : [0,t,0], 
TO 33 °J33 « ^ C? : [x,y,z], 

•f-^ 4°I3 7 4°] l = V^ + Ct-v^ + i 3 , . 

* 2 = t 2 -2yt + x 2 +y 2 + z 2 , 

t = yim 2 S\ S]i5i^. D 2 = x 2 + z 2 , 

Iy = //s^ 2 ^ = // ( * 2 + CT dA ' 
*A A £ X= 0, y = 0 9]2\ ^ ^ p : [0,0, t], 
»J»1<>| ^ Q: [x,y,z], 

i 2 = J 2 -2zt + x 2 +y 2 +z 2 , 

t = z <*H /2 oj sli^ £> 2 = x 2 + y 2 , 

h= 1 1 s <rD 2 dA = Jf (x 2 + y 2 ) a <L4; 

20. y = x, z = 0 3<>l #3 P : [t,t,0], 

TO 33 oJS) »1 ^ *} Q : [x,y,z], 

t*) a(-c] o| 7 jo) ; = y/(t-x) 2 + {t-y) 2 +z 2 , 
i 2 = 2t 2 -2(x + y)i + x 2 + y 2 + z 2 , 
t = ^ °J«1| ( 2 3 3i^* D 2 = i(x - y) 2 + z 2 

.2 



adA. 



r A = ff /D 2 dA = ff s [}- L x- y) 2 + z 

21. i a =i z =j f + y 2 )a <iA = yy d4 

/2« ^ 
/ dzd8 = 2nh. 
0 J 0 

22. *|-t! z = f , » = 0 33 3 P : [t,0, |], 
^ 33 °J33 ^ Q ■ [x.y.z], 

^ 433 ^Jo] ; = ^(f - x )2 + j,2 + {z _ A)2_ 
i 2 =t 2 -2xt + x 2 +y 2 + (z- ^) 2 , 
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t = x »j«H I 2 S) J|i^ D 2 = yl + (z - |) 2 , 

=/T/!H f+ (-i)l" 

= (/.sin 2 0 + Q dzd0=^(6 + fe 2 ). 



23. z = y/x*Ty i , 

dz x dz 



9x y/ x 2 + ,,2 ' 9y ^2 + j,2 ' 

: x 2 + u 2 </i 2 , 
/^ = / 2 = JJ (x 2 +y 2 )adA 



= JJ V2(x 2 +y 2 )dxdy= J " J s/2r 3 dr d6 

r 2 *V2h* 
J i 



■d$= —pr. 

o 4 



24. -?-7fl f-SJ-i- 4!3 x = v = z = 0) o) Jf-Tfl 

f-y-i- *i<+fer ^-a a* z sits. s^i- ^ 

4. ne)^ B -b ^-ti x = fc, t/ = 0 A£ # =r 

514. ^ ?\3\ tss\m 3 Qfoy,*] «3 *i-a 
^ #3 =a p[o,o,t]^_^^ y£iP[fcA|4'i 

3 Tlsjfe l = PQ = y^i 2 + ff 2 + (z-t) 2 , 

f = PQ = v /(i-fc) 2 + y 2 + (2-t) 2 'l^- 
^^g-^, / 2 = t 2 - 2zt + x 2 + y 2 + z 2 , 
P = P - 2zt + (x - k) 2 + y 2 + z 2 o]=LS. ^4 t = z, 
t = z°M D 2 = x 2 +y 2 , D 2 = (x-*) 2 +j, 2 

I B = J I g <rD 2 dA = J j ^[(x - fc) 2 + y 2 ) dA 

= JJ c{x 2 + y 2 + k 2 -2kx)dA 

<rdA + 2k JJ jrxdA 
= I A + k 2 M + 2kxM = I A + k 2 M. 

25. M= JJ adA = J'J dzd0 = 2*h, 

x= — ff axdA = — f f cosOdddz = 0, 
M JJ s MJ 0 J o 

z = — ff <jzdA = — f * f zdzdd 
MjJ s Mj o J o 

1 A 2 */* 2 /i 

*J->fl I IH^ Steiner -2) ^sH ^-sfl 

/x = ^+(|) 2 M = ^(3 + 2h 2 ). 

26. (a) r(t) = r(«(t), »«)), 

r'(t) = r«u'(i) + r„«'(t), *8*1) 

r' • r' = r„ ■ t u u' 2 +2r„ ■ r v u'v' +r„ ■ rut/ 2 



: En' 2 +2fuV +G«' 2 , 



i= / ^{tyifidt 

J a 

/i> 
y/Eu' 2 + 2FuV + G^ 2 dt. 

(b) r,(t) = r( 9 (t), fc(t)), r 2 (t) = r(p(t),g(i)), 
r 7 ! = rug 7 + r r /i' = a, = ruj/ + = b, 



ab 



0087 KIWI MN' 

(c) |N| 2 = K x r„| 2 = |r u | 2 |r„| 2 sin 2 7 
= |r u | 2 |r„| 2 (l-cos 2 7 ) 
= |r„| 2 |r„| 2 -|r„| 2 |r t ,| 2 cos 2 7 
= |r„| 2 |r„| 2 -(r ll T t ,) 2 =EG-F 2 ; 

A{S) = ff s dA = ff |N|dnd» 



=//, 



y/EG-F^dudv. 



(d) u = r, jj = ff, r(u,t;) = [txcosu, usinu], 
r„ = [cost;, sin «], r v = [— usini),ucos?;], 
E = 1, F = 0, G = u 2 , 

ds 2 - Edu 2 +2F dudv + G dv 2 =du 2 +u 2 dv 2 
= dr 2 + r 2 d6 2 ; 

A(S) = JJ ududv = J J ududv 



J 0 



• dv = TO . 



(e) r = [(a + bcosv)cosu,(a + bcosv)smu,bsmv], 
r-u = [— (a + frcosu) sinu, (o + 6 cos v)cosu,0], 
r„ = [— 6sint» cos u,-i>sint> sinu, fccosv], 
E - (a + bcosv) 2 , F = 0, G = b 2 , 
ds 2 = Edu 2 + 2Fdudv + Gdv 2 
= (o + bcos v) 2 du 2 + b 2 dv 2 , 

A(S) — JJ b(a + b cos v) du dv 

I b{a + b cos v) dv du 
0 J 0 



J 0 



27rofc du = iw 2 ab; 



C ; (y-a) 2 +z 2 = 6 2 ,x = 0, 
C 5] W = [0,o,0], 

G S\ =27Tb, 

G5J ^Jol S(^«»!| *S7\^imn 7jol = 2 7ra, 

torus i'g^ = 2?r6 • 27ra = An 2 db (Pappus ^Jel). 

(f) ^ tflali -tajJi^. 

r(u,u) = [acostt,asinu,v], 

t u = [— asinu,acosu,0], 

r v = [0,0,1], 

E - o 2 , F = 0, G = 1, 

di 2 = Edu 2 + 2F<f«dv + Gdt; 2 =o 2 du 2 + dr 2 , 

i4(S) = JJ adudv = J J adv du = 2irah: 

r(u,v) = [ucosUjUSint;, u], 
t„ = [cost), sin 0,1], 
r„ = [— u sin v, u cos v, 0], 
£ = 2, F = 0, G = u 2 , 

ds 2 = Edu 2 +2F dudv + G dv 2 - 2du 2 + u 2 dv 2 , 
A(S) = JJ V2ududv = J J y/2ududv 



9.T. TRIPLE INTEGRALS. DIVERGENCE THEOREM OF GAUSS 



f 2 * h 2 

= / 0 

r(u,v) = [a cos u sin v, a sin u sin v, a cost)], 
r « = [— a sin u sin v, a cos u sin v,0], 
r„ = [a cos u cos u, a sin u cost/, -asinti], 
E = a 2 sin 2 u, F = 0, G = a 2 , 



<J* 2 = £dtt 2 +2Fdtidw + Gdi; 2 = a 2 sin 2 i,d„ 2 + 
a 2 dv 2 , 

MS) = ff R a?\sinv\dudv = J ^ j* a 2 sin v dv du 



J 0 



2a 2 du=4na 2 . 



1. M 



adV 



dxdydz 
e-v-' -e-i-*)dydz 

2e~ l -*)dz = 2e~ 3 - e~ 2 -2c 1 + 1. 
erdV 

T 

fl/2 /•! 



= J _J J & + y 2 + ^) dxdydz 
= [ f (2x 2 + 2y 2 + 2/3) dydz 
= j (12x 2 + 112) dz = 512. 
2. U. jjj .* 

-fff 

J OJ OJ 0 

-//« 

= / V z - 

, M-7// 
__ r 2 rU2 r\ 

— I I I (sin trx cos 7Tjr + 2) dxdydz 

r 2 r 1 ' 2 2 

= I I {-cosivy + 2)dydz 

J — 2J 0 * 

= / (4 + l)d2 = 8/ W 2 +4. 

0 < T < 3, 0 < 9 < 2*, -3 < z < 3, a = r 4 /3, 
M = fff T <,dV = f[fjf\> /3drded2 

/3 ,2x .3 
y 81/2d0dz = I 81*dz = 486tr. 

5. 0<x<l-j/- 2 , 0 < y < 1- z, 0 < z < 1, 

= / / / Uxydxdydz 
J OJ 0 JO 

= // W-y-z) 2 ^* 

= / (z-l) 4 /2<iz = 0.1. 

^ 0 

6. 0 < z < 1, 0 < j, < l - 1 2 , o < z < x, 

— / / I izdzdydx 
J OJ 0 JO 

= / / 2x 2 dydx 
J OJ 0 

= / 2x 2 (l-x 2 )dx = 4/l5. 

J 0 



9.7. Triple Integrals, Divergence Theorem of Gauss 

7.M = fff^dV 



8. I 



= f f f 2/yzdzdydx 

= j J _ i 2i/y dydx = J 2x 2 dx- 16/3. 



T 

ra rb/2 y-c/2 



OJ -6/2./ -c/2 



9. / 



= f o <.b 3 c + bc 3 )/12dx = al>c(b 2 +c 2 )/12. 

ra ya 

= / / / (!/ 2 +2 2 )<fe<iy(ii 
= 11 (ay 2 + a 3 /3)dydx 

J OJ 0 

= ^ 2a 4 /3<ii = 2a s /3. 

10. ^43.5.a*i>a, 

0<i<ft, 0<r<i, 0<«<2w, 
3 , 2 + 2 2 = r 2 ,- " " - 

m27T 
o 

= 11 2vT 3 drdx 
J OJ o 

= J nx 4 /2dx = nh s /10. 

11. ^i^ji*}^, 

0<i<h, 0<r<o, 0<tf<23r, 
V 2 + z 2 = r 2 , ~ ~ 

r 3 d0(frdx 

o 

= [[ 2wr 3 drdx 

J OJ 0 

= J na 4 /2dx = ira 4 h/2. 

12. ^4ii2<l^, 

0<r<a, 0<^<2tt, 0<»<7r, 
» 2 + z 2 = r 2 (sin 2 9sin 2 <j> + cos 2 ff), 

= fjj T (y 2 + z 2 )dV 
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ra r2*r fir 

- \ \ \ (y 2 + z 2 )r 2 sinfl d0d<j>dr 
J oJ o Jo 

= f 1 f * 2r 4 (l + 2sin 2 4>)/3d4>dr 
J oJ o 

= /"°8r 4 w/3di = 87ra 5 /15. 
J o 

13. div F = 2x + 2z, 

Jf s * ^ = 111*"™ 

= J J J (2x + 2z)dxdydz 

~ f f 4zdydz = J 24zdz = 0 - 

14. div F = e x + e* + e 2 , 
// s F.n^ = /// r divF< i V 

= / / / ( eI +e " + e ^ drdj,dz 
= y 1 2(sinhl + ef + e z )d3/ti2 



4(2sinhl + e^Jdz = 24sinhl. 



15. 3.*]^, 
0 < r < 2, 0 < 9 < 2?r, -2 < z < 2, 
divF = - sin z, 

JI s J^ A = fIL divFdV 
= j j j - r sin zdrdOdz 

/I f2n [2 
/ -2sinzd0dz = / -i*s\azdz = 0. 

16. q-SriS. :2 ; *l'3> 
0 < r < 3, 0 < 9 < 2?r, 0 < z < 2, 
divF = - sin 2, 

// s F.n^ = /// T divFdV 

/■2 /-2JT /-3 
= / / / - r sin z dr d<? dz 
J oJ o Jo 



[■2 /-2jr (2 
= / / - 9sinz/2d0dz = / -97rsinzdz = 

J oJ o Jo 
9ur(cos2 - 1). 
17. 0<x<\-y-z, 0 < y < 1 - z, 0 < z < 1, 
divF = 4, 



S JJJ T 

rl l-l-z rl-y-z 

= / I / 4dxdt/dz 
J oJ 0 J 0 

r l fl-Z 



- [ f Z i{\-y-z)dydz 

J OJ 0 

= J 2(1 -z) 2 dz = 2/3. 
18. 0<x<l, 0<j/<l-x, 0<z<l-x-y, 
div F = 4x + y + 7r sin -irz, 

///' ndA = /// T divFdy 

/•l yl-x i-l-x-y 

— I J (4i + j/ + w sin ttz) dz dy dx 
J CM 0 J 0 

= / / I [l + (4x + y)(l-x-v) 

J OJ 0 

-cosir(l — x — y)]dydx 

= /" 1 [7/6+i/2-7i 2 /2+lli 3 /6--sin 7 r(l-x)]di 

Jo T 
= 17/24 -2/ir 2 . 

19. ^42.3- 31*)^, 

0<r<3, 0<(^<2ir, 0<e<7r, 

divF = 3r 2 , 

// s F-„dA = /// r divFdV 

/•3 /■2tt /*w 

= / / / r 4 sin0d0d.£dr 
= / / 2r 4 d^dr 

= J ir 4 7rdx = 972tt/5. 

20. ^ ^ divF 7 > ^ *M-*tf 
Sr^H -S^ 3*1*! 4- 



9.8. Divergence Theorem: Further Applications 



1. V/ = [-2x,-2y,4z], 

51 : x = 0, 0 < y < 2, 0 < z < 4, 

n = 1-1,0,0], |£=2x = 0, 

5 2 ■ x = l,0<y<2, 0<z<4, 

n = [1,0,0], ^ = -2x=-2, 
an 

5 3 : 0 < x < 1, y = 0, 0 < z < 4, 
n= [0,-1,0], |£=2j, = 0, 

5 4 : 0 < x < 1, » = 2, 0 < z < 4, 
n = [0,l,0],|£ = -2j, = -4, 

5 5 : 0 < z < 1, 0 < » < 2, z = 0, 

n = [0,0,-1], ^ = -4z = 0, 
on 

Sq : 0 < x < 1, 0 < y < 2, z = 4, 

n= [0,0,1], = 4z = 16, 
an 



df 



Si 9n 
rl f4 



= y y (-2)dzd3/+y y (-4)dzdx 

+ f 2 [\edxdy = -16 - 16 + 32 = 0; 
V 2 / = -2-2 + 4 = 0, 
/// T V 2 /dV = 0. 



2. V/ = [2x,-2y,0], 



a/ 



Si : x 2 + y 2 < 4, z = 0, n = [0,0,-1], ^ = 0, 
S 2 : x 2 + y 2 <4,z = l,n = [0,0,1], |^ = 0, 
S3 : x 2 + y 2 =4, 0<z<l, r = [2cosu,2sinu,u] : 
r„ = [— 2sin«,2cosu,0], r„ = [0,0,1], 
N = r„xr, = [2cosu, 2sinu,0], 
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N , 

n = [cos u, sin u, 0], 

^ = 4 cos 2 u — 4 sin 2 u = 4 cos 2u, 
an 

//.£«-£//.£- 

,1 ,2* 

= / / 4 cos 2u du dv = 0; 

•/ oJ 0 
V 2 / = 2-2 = 0, 

Jffv*fdv = o. 

0 < r < 2, 0 < 0 < 2tt, 0 < £'< jt/2, 
divF = 1, 

IIs FndA = IIIr divFdV 

r2 [-2* rir/2 
- / / / r 2 sin 9 dfld^dr 

y oj o j o 

/2 /-27T 
/ r 2 d<Mr 
oJ 0 

f 2 

= / 2r 2 irdx = 2tt/3. 
V o 

4. iM'S, 

0<r<z, O<0<2tt, 0<z<3, 
divF = 10, 

Ifs FndA = JIIr divFdV 

/ / lOrdrdddz 
OJ 0 J 0 

/ 5z 2 dfl dz = / IOttz 2 dz = 90tt. 
oJ 0 Jo 

5. i = 3r sin 6 cos 0, y = 6rsinSsin^,2 = 2rcos0, 

0 <r <1,0 <4><2ir,0 <6 <■*, 
div F = 10, 

ffT.ndA = fJJ T<SivF dV 
/ / 360r 2 sin 0d0dtf>dr 

0^ 0 J 0 

= / / 72Or 2 d0dr 
J W 0 

= ^ 1440r 2 7rdx = 480tt. 

6. divF= 10 + 3z 2 , 

II s FadA= JII T d ™ FdV 

= [ f f V (W + 3z 2 )dzdydx 
J -lJ x/2J 0 

= / f (10y + y 3 )dydx 
J -lJ x/2 

-- J 15(16 + x 2 )x 2 /64 dx = 83/32. 

7. divF = cos I — sin y + sinh z, 

lls FndA = IJf T divFdV 

/t/2 fx rz 
I I (cos x — sin y + sinh z) dy dz dx 
0 J OJ x 

= / / \{z — x)(cos i + sinhz) 
Jo Jo 

+ cos z — cos x] dz dx 



7 



ir/2 y 

[sin x - -(x 2 + 2x) cos x - cosh x + 1] dx 
0 2 

= l-7r 2 /8-smh-. 



J o 



8. q-4-5.3. al^^, 

0<r <Vz, 0 < 0 < tt, 0 < z < 4, 
div F = r(cos 9 + sin 0), 

// s F.ndA = /// r divFdV 

/* fir 
/ / r 2 (cos 8 + sin 9)drd$dz 
oJ oJ 0 

-fl z 3 / 2 (cos0 + sine)/3d0dz 
JflJo 
,4 2 

-z 3 / 2 dz = 128/15. 
- o3 

9- / = i(* 2 + ! , 2 + z 2 ) = ir 2 1 

Vf = [x,y,z] = r, V 2 / = 3, 

r • n V/ • n 

cos0 = — = -i , 

|r| r 

— = V/ ■ n = rcos^, 

10. r = [acosucosti.asinucosx^asinu], 
r u = [— asinucosf,acosucost),0], 
r„ = [— a cos u sin v, — asinusint>,acosv], 
N = ru xr v = [a 2 cos u cos 2 v, a 2 sin u cos 2 «, a 2 cos v sin 
|N| = a 2 cost), n = [cosucosu,sinticosv,sint)] ( 
r cos 4> = r • n = a, 

VCT) = ^jj rcos<t>dA = o|N| dudv 



-IT/ 



a 3 cos v dv dw 



■i 



~~ 3/ o 



2a 3 du 



11. F = [x,0,0], divF = 1, 

v{ ? ) =!ll T dv =lll T ^ Ydv 



T 

xdy dz; 



-II. 

F = [0,jr,0],divF = l, 

V{T) -III T dV = JJJ T divFdV 

= jj ydzdx; 

F = [0,0,z], divF = l, 

K(r) = /// T dV = /// r divP<iV 

= J J zdxdy; 

F = £[x,y,z],'divF = l, 

nT)= //// v= //7 T divFdv 

= ^ (x dj/ dz + y dz dx + z dx dy) . 
12. (a) div (gVg) =Vg-Vg + gV 2 g = |Vg| 2 , 

///t' V912 dV = // /t^ (SV9) ^ 
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9. VECTOR INTEGRAL CALCULUS, INTEGRAL THEOREMS 



=l! s (9V9)ndA =llA dA - 

(b) S=°^/// r i v fi 2<iv = o ' 

A={P£T:Vg{P) = 0}, 
B = {PeT:Vg{P)jiQ}, 
B n = {PeT:\Vg(P)\>±}, 

B n CB,B={J B n , V(B) < £ V(B„), 

n=l n=l 

- JII J**"* III J**" 

^hllU****™** 

V(B„) = 0, v n, 

v(B) = o => v ff (P) = o, v p e r 

=5- g(P) = const., V P e T. 

(c) div(/V 9 - s V/) 
= V/ ■ V 9 +/V 2 fl -V 9 • V/ - 9 V 2 / 
= /V 2 9 -gV 2 f = 0, 



= Ij s (fVg-gVD-ndA 

= HI div(/V 9 - 9 V/)dV = 0. 

(d) h = / - g, V 2 fc = V 2 / - V 2 9 = 0, 

dh = a/ _ dg = 0 

6Vi 3n 9n ' 

ft(P) = const., V P e T, 

/(P) = 9 (P) + const., V P £ T. 

(e) £W T cfl ^ 3 q : (io,j, 0 ,z 0 ) 0 | 

/ /" I T V2ldV = v2 /(so,!W,zo)V(r) > 

v2/( «^» )= 4/// r v!/iF 

<>)* «^ P:(n,yi,*i)* Jl^?l2T 

# P 5. °J-^a|?|4. ^ P r s) ojsjs) 
^1 ^-^^ 7^*1 d(P) 7 r 0 7]-^, 

=9 Q 3 P -HI SiS.^] ittfcf. nJ-EH 4^-4 £ 

V 2 /(xi,2/i,zi) = J Mm 



ff d J. 

d(T)-»o V(T)JJ S (T)dn 



dA. 



9.9. Stokes' Theorem 



1. r(u,v) = [u,»,l], 0 < u < 1, 0 < v < 1, 
r« = [1,0,0], r, = [0,1,0], 

N = r, x r„ = [0,0,1], 
curlF(r) = [0,2,5], 
(curlF(r))-N = 5, 

f /^(curl F) • n dA = ff (curl F(r)) tidudv 

= lf Sdudv = f 5dv = 5, 

J OJ o Jo 
r(t) = [t,0,l],0<t<l,r' = [1,0,0], 
r(t) = [l,t - 1, 1], 1 < t < 2, t> = [0, 1,0], 
r(t) = [3 - *, 1, 1], 2 < t < 3, r 7 = [-1,0,0], 
r(t) = [0,4 - t, 1], 3 < t < 4, r 7 = [0,-1,0], 

/ Fdr = f F(r(t)) - f(t) dt 
1 2 ° 

= l Q dt+ l i 5dt+ l (■- 1 ) dt +l 0dt = 5 ' 

0.3]JELS., ff^carlF) ■ adA = f F • dr. 

2. r(u,t>) = [u cos t),u sin «,0], 0<u<2, 0<t;<ir, 
r„ = [cosv,sint;,0], r„ = [-usinu,ucoso,0], 

N = r u xr„ = [0,0,u], 

curlF(r) = [0,0, -2u(cosr + sin»)], 

(curlF(r)) - N = -2u 2 (cosu + sinu), 

ff{l\yr\ F) ndA= ff (curl F(r)) • N du dv 



= f f - 2u 2 (cos v + sin v) dv du 

J OJ 0 
r2 



= / -4u 2 d« = -32/3, 
J o 

r(t) = [2t + 2,0,0], -2 < t < 0, r 7 = [2,0,0], 
r(t) = [2cost,2sin«,0], 0 < t < it. 



r 1 = [-2sint,2cost,0], 
j^?-dc = J" ¥{r{t))-T>{t)dt 

= [ Odt-sf (sin 3 « + cos 3 1) eft = -32/3, 

3.?\E.3l, JJ (curlF) • ndA = ^ F ■ dr. 

3. r(u,v) = [u^.f 2 ], 0 < u < 4, 0 < w < 2, 
r„ = [1,0,0], r„ = [0,1,2«], 
N = r„ x r„ = [0, -2t>, 1], 
curlF(r) = [0,e" 2 ,0], 
(curlF(r))N = -2we» J , 

ff ^(c\iT\F)-ndA = ^jT (curlF(r)) Ndudi; 



J OJ 0 



-2ve v dvdu 



= yV-e 4 )d« = 4(l-e*), 

r(t) = [t,0,0], 0 < t < 4, r' = [1,0,0], 
r(t) = [4 I t-4,(t-4) 2 ],4<t<6, 

r' = [0,l,2t-8], 
r(t) = [10 - t,2,4], 6 < t < 10, r' = [-1,0,0], 
r(t) = [0, 12 - t, (12 - t) 2 ], 10 < t < 12, 

r' = [0,-1,2* -24], 

f^F dr = f F(r(t)) ■ r'(t) dt 
= Tdt 

y o 

/* 6 2 

+ J 4 e(i_4) [sin(t - 4) + (2* - 8) cos(t - 4)] dt 
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/ 6 



e 4 dt 



/12 
e (i2-t) r_ sin(12 - 4)+(24- 24) cos(12-t)] dt 
10 

= 4(l-e"), 

rLBf y ^(curl F)ndA = J F ■ dr. 

4. r(u,t)) = [costi,sinu,ti], 0<u<7r, 0<»< tt/4, 
r„ = [-sinu,cosu,0], r„ = [0,0,1], 
N = r»xr, = [cosu,sinu,0], 
curl F(r) = [0,- cos 2u,0], 
(curl F(r)) • N = - sin u cos 2v, 



ff s (cm\F) ndA= JJ (curl F(r)) • N du du 

— I I sin it cos 2v du dv 
Jo Jo 

= I -2cos2t)du = -1, 
J o 

r(f) = [cost, sin 4,0], 0 < t < tt, 

r' = [- sin t, cost, 0], 

r(t) = [-l,0,t - ir], jr < t < jtt, r' = [0,0, 1], 

5 5 1 

r(t) = [- cos(t - -tt), - sin(t - -tt), -tt], 

5 g 4 5 5 

^ < < < J*. r ' = [sin(t- -tt), - cos(t- -7r), 0], 

r(t) = [1,0, |tt - t], J* < t < ^tt, r ' = [0,0,-1], 

/ Fdr = /*2' r F(r(t)) r'(t)dt 
^ c Jo 
5 

= y Odt + J** cos 2(t- it) dt 

9 *5 
+ J fodt -J I cos2(^ - t)dt = -i, 

4" 4" 

J /" s (curl F) • n d4 = J F • dr. 

5. r(u, i>) = [u cos u, v sin u, v 2 ], 

0 < u < tt, 0< v< 1, 
r„ = [-t)sinti,t)cosu,0], r„ =: [cosu,sinu,2t)], 
N = r u x r v = [2u 2 cosu,2v 2 sinu,-t)], 
curlF(r) = {-2d 2 ,-2i>cosii, -2t;sinti], 
(curl F(r)) ■ N = 2v 2 (-2v 2 cos u - v sin 2u + sin ti), 

JJ ^(curl F) ■ n d-4 = ^ (curl F(r)) • N du du 



/ / 2u 2 (-2u 2 cosu-usin2u + sinu)dudu 
J oJ o 
rl 



= / 4u 2 du - 4/3, 
J 0 

r(t) = [-t,0,4 2 ], -1 < t < 1, r 7 = [-1,0,24], 
r(t) = [- cos(t - 1), sin(t - 1), 1], 1 < t < * + 1, 
r* = [sin(4- l),cos(t- 1),0], 

^F • dr = y" F(r(t)) ■ r'(t) dt 

= y 1 ^f 3 dt + y" +1 [sin 3 (t - 1) + cos(t - l)]dt 



= 4/3, 

^.ELS., y ^ (curlF) adA = J F • dr. 

6. r(u,u) = [cos u cos u, cos u sin ti, 1 + sinv], 

0 < u < ir, -i^r < v < 0, 
r« = [— cost) sin u, cos v cos «,0], 
r„ = [— sin v cos u, — sine sin u, cos v), 
N = r»xr„ = [cos 2 ocos u, cos 2 vsinu, sin t> cost)], 
curl F(r) = -2[1 + sin v, cos v cos u, cos v sin u], 
(curlF(r)) • N = -2 cos 2 u[cos u + cos v sin u cos tt 

+ sin u(cos ti + sin it)], 

If S (CUfl F) ' n dA = //r (CUrl P(r ^ ' N dU dV 
- I i / - 2 cos 2 r[cos ti + cos v sin u cos ti 

+ sin u(cos u + sin tx)] dti dt; 

/o 
1 - 4cos 2 vsiavdv = 4/3, 
TT 

2 

r(t) = [cos 4, 0, 1 - sin 4], 0 < 4 < 7r, 

r' = [-sin 4,0, -cos 4], 

r(t) = [cost, -sin t,l], tt < t < 2tt, 

r' = [— sin t, - cos t, 0], 

/ F • dr = f *F(r(t)) • r'(t) dt 
J c Jo 

/tr t-2n 
(- cos 3 t)dt + / (- sin 3 t) dt = 4/3, 
o -» *• 

net 5.5., y ^ (curl F) ndA = J F • dr. 

7. r(ti,v) = [ucos v.usint), 1], 

0 < u < 2, 0 < v < 2tt, 
r u = [cosv,sinv,0], r^ = [-usint),ucost<,0],. 
N = r,xr, = [0,0, ti], 
curlF(r) = [0,0,9], 
(curlF(r))-N = 9ii, 

y F dr = yy (curlF) nd/l 

= / / 9u dvdu= I 187TU du - 36rr. 
J oJ o Jo 

8. r{u,v) = [tiCosv,usint;,6], 

0 < ti < a, 0 < v < 27T, 
r u = [cost),sino,0], r r = [— u sin t),ti cost), 0], 
N = r u X r„ = [0,0, u], 
curl F(r) = [0, 0, 1 - 4u sin v] , 
(curlF(r)) • N = u(l - 4tisint;), 

y^F dr = yy (curlF) nd>l 



ti(l — 4tisin«) dv du 



OJ o 
2wu du = 7ra 2 . 



9. r(«,v) = [ucost),tisint),l + usint)], 

0 < u < I, 0 < v < 2k, 
r n = [cos v, sin v, sin t)] , 
r w = [— ttsin v, it cost), ucos u], 
N = r,xr, = [0,-ti,ti], 
curlF(r) = [0,4,-2], 
(curlF(r))-N = -6u, 
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S 

■ 6« dv du 



12-xu du ■ 



-6tt. 



j Fdr = II (curlF) ndA 

-j: 

10. r(u,v) = [ucost;,\/2usint>,3 + ticosti], 

0 < u < 0<v<2n, 
r„ = [cos u, \/2siin;,cost)], 
r v = [— usinu, •y/Sucosu, — usinu], 
N = r u xr„=v/2u[-l,0,l], 
curlF(r) = [1,0,-1], 
(curl F(r)) • N = -2v^«, 

I^F-dv = II (cmlF)-ndA 

3 5 

= / /"V2 -2V2tidud« 
Jo JO 

y 2 ' -9 

= / — = dv = -9v^x. 
/ o V2 

11. r(u,u) = [u,u, 1 - u — w], 

0<u<l, 0<u<l-u, 

r„ = [1,0,-1], 

r„ = [0,1,-1], 

N = r„ x r„= [1,1,1], 

curiF(r) = [-ut;,0,t;(l - u - v)], 

(curlF(r))-N = o(l-2u-i;), 

j ^Fdr = II ^(curl F) • n dA 
= I f v(l-2u-v) dv du 

J OJ 0 

= / (l-4u + 3u 2 )/2du = 0. 
J o 

12. r(u,u) = [u,v,v 2 ], -a < u < a, - V < u < V, 



• + a 2 - u 2 , 



r„ = [1,0,0], r„ = [0,1, 2v], 
N = r u x r„= [0,-2u,l], 
curlF(r) = [0,0,0], 
(curl F(r)) • N = 0, 

I ^F ■ dr = II (curl F) • n dA 

= I I 0dvdu = 0. 

13. r(u,v) = [u,i>, 1 — u - v], 
0<u<l, 0<u<l-u, 

r„ = [1,0,-1], r„ = [0,1,-1], 
N = r„xr,= [1,1,1], 
curlF(r) = [0,-3ix 2 ,-3u 2 ], 
(curlF(r))-N = -3(u 2 + u 2 ), 

ljF dr = II (curlF)-ndA 

= f f -3(« 2 +v 2 )dvdu 
J oj o 

= f - [3« 2 + (1 - u) 3 ] du = -5/4. 
J o 

14. r = [cos s,- sin s,0], r' = [-sins, - coss,0], 
F(r) = [sins,coss,0], 

I ^F t' ds = I (- sin 2 s - cos 2 s) ds = -2tt; 

15. j VfdT = j(B)-f{A), 

A: C S) S : C S] #3, 

II ^{cmlF)- ndA = I Fr'ds, 

I I JfixaW }) ■ ndA = j V/r'ds = 0. 
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1- / c F(r)-dr = y*F(r(t)).|dt, 
y /(r)*« fj(r(t))dt. 

^i|«tl zj- -8 344 4 = 4 (a|jL^, 
5. II (curlF) n£M = y F • r 7 ds, 

6 ' ///, 

div F dV = y^^F " n dA 

* H 4-8-. 



10. 7\q*i mm w% <£■%. ^aj. (^^^.), i^-ir 

flux % 74-ir (^^^-). 

11. <m vfl^S. l-H i^T;) afe M-7 r feXl* 

12. ^^S) ^<»flA^ ^j.^ ^>S)E-]1- Xj^ ^ oj-. 

J ai 2 ay 2 a z 2 u - 

14. iS)- °3°$<H TjTilll^ 0 »]^ M] Jfofl 0 o] 

15. -a^i HJ-^-l- 0 J-»f»l: 3£o] 7|-s-*rH-.3. ^El^-")) 

-gj = o = *!*°| 7|s.of| 

/•(-3,5) 

/ F(r) • dr 

J (4.2) 

= /(-3,5)-/(4,2) = -325/3. 
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17. curiF = 0, *)-g-<>l jjL^ 
F = Vf, f = smxy + e z , 

' 2 F(r)-dr 

(",X,0) 

= /(-,T,l)-/(7r,l,0) = e. 

18. curlF = [-1,0,-1] #0, 2j-£-o| ^afl o)^ 
r(t) = [t,2t 2 ,t], 1 < t < 2, r' = [l,4t,l], 
F(r(<)) = [2t 3 ,t,0], 

y" c F(r)-rfr = J F(r(t))-r'dt 

= J (2t 3 + 4t 2 )dt = 101/6. 

19. curl F = [0,0, cos x]^ O.^-g-o] 33. o| o)^., 
^5.7^^ z = 0 $H S1-5-3LS., n = [0,0,1], 
^F(r)-dr = ^ (curlF)ndA 

2 ^ ^ 

= / 2 cos xdxdy = dy = 2. 
J oJ 0 Jo 
2 (»Ul7tl - 2 (a] 31 Bj-g). 

33.11 s]$, 

= / / 3r 3 d0dr= / 6jrr 3 dr = 24tt. 
J OJ 0 Jo 
24* («U]t|| «^), _24tt 

21. curlF = 7r[0,sin7ri,cos7!-i + sinffji] 0, 

r(«,u) = [u.u.ti], 
°<"<J. 0<o<4, 
r„ = [1,0,1], r„ = [0,1,0], 
N = r u xr,= [-1,0,1], 
(curlF(r)) • N = w(cos*-it + sin™), 

j^F-dr = jj {cm\T)-ndA 



- ' 2 / 7r(cos 7ru + sin 7ru) dv du 
0 J 0 

1 



=/ 5 /' 

J 0 J 0 

1 

= y 2 47T COS 7TU du = 4. 

tf. 4 -4 »J"^). 

22. curl F = [-1,-1,5] ^ 0, 3)-g-°l 7J3.»|| oJ<£., 
r(u,t/) = [u cos t>,u sin u,u cost; + 2], 

0 < u < 2, 0 < v < 2?r, 
r u = [cos v, sin v, cos v], 
r„ = [— usmu,u cosv, —u sin v], 
N = r u X r„= [— u,tisin2i;,u], 
(curl F(r)) • N = u(6 + sin 2v), 

j ^F dr = JJ (curl F) ■ n dA 



c J J s 

= J J u(6 + sin2w)dt)du 

= J \2nudu = 24ir. 

24* _ 247 r Ht|| HM$). 



23. curlF = 0, ^5.0) JjL^ 
F = V/, f = 4x 2 y + sin2z, 

J (1,0,0) 

24. curlF = 0, J*^, 
F = V/, / = e 12 + cosh2j,, 



/■(i, 1,1) 

/ F(r) • dr 

J (-1,-1,1) 



:/(l,l,l)-/(-l,-l,l) = 2sinhl. 
25. curlF = 0, *<5-°) ^ofl JjL^ 
F = V/, / = e* + e» + e z 

/•(ln2,2,ln 2) 



Hln2,2,ln 2) 
/ F(r) ■ dr 

J (0,1,0) 



/(In 2, 2, In 2) - /(0, 1, 0) = e 2 - e + 2. 



//">-//.(^-t)^ 

-/,/,(*"-?)** 

= / (3e x -xln2)dx = 3e 2 -21n2-3. 
J 0 



3e 2 - 2 In 2 - 3 («rA|^ 
-3e 2 + 21n2 + 3 (a)^| 
27. curlF = 0, 3*o| 733. ofl 

F = V/ > /=i^ + I e ^-ie-^, 



y F(r) • dr = 0. 



28. curlF = [O.O,;/ 2 - sinhj/) * 0, ^*o| ^S.oi|^]$, 
r(t) = [t,3t,t 2 ], 0 < t < 1, r' = [l,3,2t], 
F(r(t)) = [cosh3t,9t 3 ,t 2 ], 

/ F(r)-dr= ['Fir^T'dt 
J C Jo 

= y* o (cosh3t + 29t 3 )dt = isinh3+ — . 

29. curlF = [-1,0,0] ^ 0, ^-g-o] s)^., 
r(u,v) = [a,v,0], 

0 <u <l, 0 <v <u, 
r„ = [1,0,0], r„ = [0,1,0], 
N = r, x r„= [0,0,1], 
(curlF(r)) ■ N = 0, 

^F • dr = J J (curl F) • n dA 



=/:/■ 



Qdvdu — 0. 



30. curlF = [2ij/,-j / 2 ,0] ? tO, ^^-o| s)^., 
r(t) = [cost, sin t,3t], 0 < t < |, 

r 7 = [—sin t, cost, 3], 

F(r(t)) = [cos 2 t, sin 2 i, cos t sin 2 t], 

/ F(r) dr= [^F{T(t))-r'dt 
J C Jo 

= I 2 (-cos 2 tsint + 4 sin 2 1 cos t) dt = 1. 
J o 
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9. VECTOR INTEGRAL CALCULUS, INTEGRAL THEOREMS 



31. 0 < x < 1,0 < y < x, 

M = JJ f{x,y)dxdy — J J xydydx 

= f -i 3 dx = — , 
J 0 2 8' 

2= S r //R l/(l ' 3 ' )<iCdy 

= 8/ / x 2 ydydx 
J 1 oJ 0 

= I 4x 4 dx = - , 
J o 5* 

y-jj Jj yf( x > y) tfec d y 

= 8 / f xy 2 dydx 
J oJ o 

= [ l 

J 0 3 15 

32. -1 < x < l,x 2 < y < 1, 

M = JJ ^}(x,y)dxdy = J J x 2 ydyix 
= ir 2 (l-x 4 }<ix=-, 

y_i2 J 21 

x= JjJJ xf(x,y)dxdy 

21 r 1 r 1 

= — y y _x 3 ydydx 

= J 1 _ i jx3(l-x4)dx = 0, 

s = jjj f yf( x < y) d y 

— ~T / / x 2 y 2 dydx 



7 -i4 



i 2 (l - I 6 ) dx = 



33. 1 < x < 2,0 < y < In a, 

Af = JJ ^f{x,y)dxdy = J J dydx 

= J In I dx = 2 In 2 - 1, 

x = JjJJ I /( x > V) rfl d 2> 

J /*2 rlnx 

= 2*2=7/ J, xdydx 

1 Z" 2 , 81n2-3 

= — / x In x dx = , 

21n2-iy, 21n2-l' 

y = jffj yf( x < y) a* d v 

I r-2 plnx 



2 In 2- 



ydydx 



41n2 

34. 0 < r < a, 0 < 6 < n. 



1 — [\n 2 xdx=^ 2 -V 2 . 

2- 27 i 21n2-l 
C a,0 < e < *, 

M = JJ }(x,y)dxdy = J° J'rdBdr 

= j ivrdr = — a , 
Jo 2 

X- ^JJ R Xf(x,y)drdB 



2 f a f 
= — / T 2 cos0d9dr = 0, 
to 2 y oj o 

y-JtJJ vf(x,y)drde 

2 r r 2 ■ 

to 2 ./ „./ 0 

Tr 2 dr = 
J o 



35. 



! sin 0d0dr 
4a 

-1 <x < 2,x 2 < J/ < x + 2, 



M = JJ ^f{x,y)dxdy = j J**x 2 dydx 

x= JjJJ x S(x,y)dxdy 
20 z-2 ?*+2 

= TzJJ x , x dydx 

20 r 2 8 
= 63/_ 1 l3(l + 2 - xJ)dx= ? 

y~jjjj yf[ x >y) dxd y 
20 r 2 z 1 * 2 

= 63 J /_ 1 y l2 x ! " ii " lx 



36. 0 < r < a,0 < 9 < -, 
_ _ _ 2> 



M = JJ J(x,y)dxdy = J" j 2 r 3 d0dr 
- / -r 3 dr = -a 4 , 

y 0 2 8 
s = iiJJ x H x >y) dTdB 

7T 

= -^l/ [ 2 r A cos9d6dr 
va" J 0 J o 

= « 

y=jjjj yf( x ' y) dr M 

= -^-1 f 1 f^r^sinededr 
*a*J oJ o 

to 4 ; 0 



8a 

r* dr = — . 



5?r 

37. r = [u,o,2u + 5«], 0 < u < 2. -1 < w < 1, 
r» = [1,0,2], r, = [0,1,5], 
N = r„ x r„ = [-2, -5, 1], 
F(r) = [«,«,()], 
F(r) • N = -2u - 5w, 

F ndA = JJ F[r{u,«)] N(u,t))dudt» 



-IJ 



oJ -1 

2 



(— 2u — 5v) dv du 



y 0 



4u du = -8. 



7T 1 1 

38. r = [t),2cosu,2sinti], 0 < u <-,--< v < -, 

r« = [0, -2sinu,2cosu], r„ = [1,0,0], 
N = r„xr, = [0,2cosu,2sinu], 



CHAPTER 9. REVIEW 



F(r) = [sin v, 2 sin u, 2 cos u], 
F(r)-N = 4sin2u, 

JJ V adA = II F[r(u,i;)] -H{u,v)du dv 

1 ir 

-/!i/> 



sin 2u du dv 



= l 2 1 4dv = 4. 
~2 

39. divF = 20 + 6.z 2 , 

///»-///, 



divFdV 



= / / r (20 + 6z 2 )dzdydz 
J OJ OJ 0 
r6 rl 



= / f (20j/ + 2j/ 3 ) dvdx = [ 6 —dx = 63. 

J oJ o y o 2 

40. divF = 3(i 2 +j, 2 +z 2 ), 
IJs FBdA = IIIr 6ivFdV 

[2 y2w />ir 

= / / / 3r 4 sin 9d6d<t>dr 
J qJ q J o 

= ( l*$T*d4,dT= f V2-KT i dT= Z ~. 

J OJ o Jo 5 

41. r = [ii,« 2 ,u], 0 < u < 1, -2 < v < 2, 
r« = [l,2u,0], r v = [0,0,1], 

N = r,xr, = [2u, -1,0], 

F(r) = [0,u 2 ,-H, 
F(r)-N = -u 2 , 



/ f * ndA= II F t r(tt ' v M " N ( u ' ") du dv 

/ 2 r 1 R t 2 i 4 
/ - ti 2 du du= I dv = — 
-2J 0 7 -2 3 3 

42. r = [u,2u,v], -1 < u < 1, 0 < v < 3, 
r. = [1,2,0], r„ = [0,0,1], 

N = r„ x r„ = [2,-1,0], 
F(r) = [e 2 »,0,t,e«], 
F(r)-N = 2e 2 «, 

II F n dA = {J ^F[r(u,v)} N(u,v)dudv 

= I J 2e 2u dudv= I 2sinh2di; = 6sinh2. 

43. divF = 0, 

II T ndA = HI divFdV=0. 

44. divF = 2z, 

IIs*" dA 2 = III T divFdV 

= 11 / 2zrdTd<t>dz 

2 2 

= 4zd<j>dz = / 87rzdz = 16?r. 

J oJ o Jo 

45. div F = 2, 

H^F ndA = HI divFdV 

= / / / 2r 2 sin 9ded<t>dT 
J OJ o Jo 

= / / ir 2 d<j>dr= / 8*t 2 dr = 72 jr. 
J oJ o Jo 



Chapter 10 




" ' 

Fourier Series, Integrals, 
and Transforms 



Fourier series 1 (Sec. 1 0.2) are series of cosine and sine terms and arise in the important 
practical task of representing general periodic functions. They constitute a very 
important tool in solving problems that involve ordinary and partial differential 
equations. In the present chapter we discuss these series and their engineering use from 
a practical viewpoint. Further applications follow in the next chapter on partial 
differential equations. 

The theory of Fourier series is rather complicated, but the application of these series 
is simple. Fourier series are, in a certain sense, more universal than Taylor series, 
because many discontinuous periodic functions of practical interest can be developed 
in Fourier series, but, of course, do not have Taylor series representations. 

The last four sections (10.8-10.11) concern Fourier integrals and Fourier 
transforms, which extend the ideas and techniques of Fourier series to nonperiodic • 
functions defined for all x. (Corresponding applications to partial differential equations 
will be considered in the next chapter, in Sec. 1 1.6. 

Prerequisite for this chapter: Elementary integral calculus. 
Sections that may be omitted in a shorter course: 10.5- 10.10. 
References: Appendix 1, Part C. 
Answers to problems: Appendix 2. 



1 JEAN-BAPTISTE JOSEPH FOURIER (1768- 1 830). French physicist and mathematician, lived and 
taught in Paris, accompanied Napoleon to Egypt, and was later made prefect of Grenoble. He utilized 
Fourier series in his main work Theorie analytique de la chaleur (Analytic Theory of Heat, Paris 1822), 
in which he developed the theory of heat conduction (heat equation, see Sec. 1 1.5). These new series 
became a most important tool in mathematical physics and also had considerable influence on the further 
development of mathematics itself; see Ref. [9] in Appendix i . 
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10. FORIER ANALYSIS AND PARTIAL. DIFFERENTIAL EQUATIONS 



10.1. Periodic Functions. Trigonometric Series. 



1. 2tt, 2ir, 7T, 7r, 2, 2, 1, 1 

2. ^i, Jt, k, £ 4. 

3. ft(x-fp) = a/(x+p) + 6o(x + p) 
= a/(x) + fe s (x) = /i(x), 

4. /(x + np) = /(x + (n - l)p + p) 
= /(x + (n-l)p) = . ■■ = /(!), 

5. Vp > 0, const = /(x + p) = /(x), 

6. f(a(x+ p/a))=f(ax + p) =f(ax) : f(ax)fe ^-7| 

f((x+bp)/b) =f(x/b + p) =f(x/b):f(x/b)^ 

cos x : ^-7] 2w 
cosx/2 : ^-7] 4w 
cos2x : ^7] tt 






12. 








19. 7-i- -IOtt < x < IOtt^H] a-| ufEfvfl^ 




*)■%■■£: matlab^H ^ =S.^.^o]tq.. 

for i=-4:4 

x=x+2*pi; 

f=x; 

plot(x,f-2*i*pi); 
hold on; 
end 

x=-10*pi:0.01*pi:-9* pi; 
f=x; 



10.2. FOURIER SERIES 



plot(x,f+10*pi); 
hold on; 

x=9*pi:0.01*pi:10*pi; 
f=x; 

plot(x,f-10*pi); 
hold off 



13°1M 18^*1 i u|^4. 

20. 3*d*H-i-Hr x 2 » 

5*rSr &4 152] #=M-, 
-HI'iH ? i r-fe- x-f 44<ai4. 



10.2. Fourier Series 



1. a 0 = | 

a * = £ J.T, /(s) cos nidi 
= i/_^/ 2 cos nidi 

if n = 4m + 1 




if n = 4m + 2, 4m + 4 

$II T f(x) sin nidi 
_ 1 rir/2 

- * )-T</2 SlTlnxdx 

- 0 

/(x) = \ + |(cosi- ±cos3x+ ±cos5x + --.) 
2- a 0 = i 

a n = £ J^ 2 cos nidi 
f h if n = 4m + 1 
ifn = 4m + 3 
1.0 if n = 4m + 2, 4m + 4 
6 » = i/o^ 2 sin nidi 

Ii ifn = 4m + l,4m + 3 
nit ifn = 4m + 2 
0 if n = 4m + 4 
fix) = \ + X(cosx- ±cos3x + icos5i + ---) 
+ i(sinx+ 1 sin 2x+ ± sin 3x+ 1 sin 5x+ 1 sin 6x+ 

3. a 0 = | 

On = f / 0 * cos nxdx = 0 
bn = - J"^ sin nxdi 



{ 



* ifn = 2m+l 



[0 ifn = 2m + 2 

/(*) = I + v(sim + isin3i+ ±sin5x + --) 
4. ao = 0 

On = J fZ* /2 cos nidi 

ifn = 4m + l 
if n = 4m + 3 
if n = 4m + 4, 4m + 2 
&» = i/r; /2 sin nidi 

= if n = 4m + 2 

\0 if n = 4m + 4,4m + l,4m + 3 
/(x) = -|(cosi - icos3x+ |cos5x + --) 
+ |(sin 2i + | sin 3i + i sin5i + • • • ) 




5. ao = 0 



^ 1 fir 



/*„ x cos nxdx = 0 
= X x sin nidx 
_ f-jj ifn = 2m + 2 
\ £ if n = 2m + 1 
/(x) = 2(sini- | s in2x+ i s in3x + ■••) 

6. O.Q — 7T 

a n = j / 0 2,r i cos nidi = 0 

t>n — X / 0 2,r i sin nidx = - 1 

/(x) = 7T - 2(sin i + | sin 2i + | sin 3x + ■ ■ • ) 

7. a 0 = £ 
Q n = ^ /*„ i 2 cos nidi 



= 1 



4f ifn = 2m + 2 



.-^ ifn = 2m + l 
*>n = j J3 T I 2 sin nidi = 0 

2 

/(*) = V - 4(cosx - i cos2x + | cos3i + • • ■ ) 

8. ao = 

a " = £ Jo 2 * * 2 cos nidi = 4f 

!>n = £ / 0 2 " I 2 sin nidi = (-1)" i£ 

/(x)= ^ +4(cosx+ icos2x+ |cos3x + --) 

-47r(sinx- §sin2x + |sin3x + -- ) 

9. ao = 0 

an = X f—ft x3 cos nidi = 0 
= X /"^ i 3 sin nidx 

/(*) = 2(( £ - £) sin x - ( £ - £) sin 2x+ ( £ - 
|r)sin3x + ---) 
10. a 0 = § 

«n = j /q' 2x cos nidi 
10 ifn = 2m + 2 



■{- 



.x = £ /* 2i sin nidx = 2( -' n >" 
/(*) = | - £(cosi + icos3x+ ^cos5x+ ■••) 
+ 2(sin I - | sin 2i + i sin 3i + • • • ) 

11. a 0 = 0 

a " = £ cos nidi - X /; cos nidi = 0 
b n = ~ f°„ sinnxdi - X /* sin nidx 
_ fo ifn = 2m + 2 
1-^ ifn = 2m + l 
/W = -^(sinx+ |cos3i+ isin5i + •••) 

12. ao = -\ 
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10. FORIER ANALYSIS AND PARTIAL DIFFERENTIAL EQUATIONS 



(0 if n = 4m + 4,4m + 2 

- ^ if n = 4m + 1 
£ if n = 4m + 3 
6 n = ^ fo^ 2 — sin nxdx 

i-^jr ifn = 4m + l,4m + 3 
if« = 4m + 2 
0 if n = 4m + 4 

f(x) = — -| — i(cosi — | cos3x + i cos5x H ) 

— j (sin a: + | sin 2i + | sin 3x + ^ sin 5x H ) 

13. a 0 = 0 

a* = £ /*{/ 2 cos nidi - £ J**/ 2 cos nxdx 

(0 if ra = 4m + 4, 4m + 2 

^ if n = 4m + 1 
ifn = 4m + 3 

fen = i s ' nnI ^ r — £ /*// 2 S ' n nI<il = 0 

/(x) = A (cos x — i cos 3x + i cos 5x + • • • ) 

14. o 0 = 0 

a n = — f ' r/ ' 2 ,, ) x cos nxdx +- f 3 ?/ 2 (7r — x)cosnxdx 
= 0 

6 n = ^ /*^ 2 2 x sin nxdx + ^ S^"/i 2 {^~ x)sin nxdx 
0 if n = 4m + 4, 4m + 2 

if n = 4m + 1 
Jz^ if ra = 4m + 3 
f(x) = £ (sin x - | sin 3x + 2^ sin 5x + • ■ ) 

15. o 0 = 0 



- _ I r*7 2 
a " - - J_ x/ 



x cos nxdx = 0 



b n = i/'^ 2 x sin nxdx 
-i ifn = 4m + 4 
-|- if n = 4m + 1 
^ if n = 4m + 2 

--4- ifn = 4m + 3 

2 



/ (x) = f sin x+ i sin 2x- sin 3x+ j sin 4xH ) 



16. ao = V 



f 2 



i /'^ 2 x 2 cos nxdx + i J 3 ^ 2 2^ cos nxdx 
if n = 4m + 4 

1— if n = 4m + 1 

--?r ifn = 4m + 2 
-I- if n = 4ro -{- 3 

b n = - f x ^, x 2 sin nxdx + — f 3 ?/ 2 ^r-smnxdx 
= 0 

/(x) = ^ ^ cos x - jl- cos 2x + j|^cos3x + 

COS4X - cos 5x + • - • 

17. f(x)^l s(x) 

•(*) = 5 + £~=o c°s(4m + l)x 

- I - /t-i-°>+/(-5+°) 

s ^ 2> - 2 — 2 

_ 1 _ /(j-Q)+/(i+o) 

a V 2 / — 2 — 2 

18. ^^-^ sina - | sin7a»lcf. rL^i'S 




19. 5-^5«H-H 

/(x) = 2 sin x— sin 2x + | sin3x— | sin4x+| sin 5x 




20. -r-g-3-g-. 

/ft /'(^)9(x)dx = f{x)g{x)\l L -jt L f(*W(x)dx 
7]^s| 3-S-<4l*r sfS-^J- <s}a| f^A*V4- 



10.3. Functions of Any period p=2L 



1. a 0 = 0 

On = — /°j cosnirxdi + /q 1 cosrajrxdx = 0 
6 n = — /°! sinri7rxdx + J",, 1 sinn7rxdx 

_ -2+2(-l) n 
nx 

/(x) = £(sinjrx + isin3?rx + Acos57rxH ) 

2. ao = 0 

a n = J® 1 cos nrrxdx — JjJ cosnirxdx = 0 

6n = /f i sin iMrxdx — JjJ sin n7rxdx = 2 ~ 2 n~ X ^ 

/(x) = — ^ (sin 7TX + | sin 37rx + ~ cos 5?rx + - • • ) 

3. a 0 = 1 

a„ = | J 2 2cos ^xdx = 0 

6 n = |/ 0 2 2sin^xdx= 2 ^L 

/(x) = l + |(sin|x+|sin§7rx + isin|7rx + --) 



4. ao = 1 

a n = i/! 2 |x|cos^xdx=li^i 
fc„ = | Jl 2 |x|sin 2^xdx = 0 

f(l) = 1-|(COS|X+|COS fTTX+^COS §xx + - ■■) 

5. a 0 = 0 

a n — SLi 21 cosn7rxdx = 0 

. /_ j\n + l 

b n = /_ 1 2x sin nirxdx = 1 — ^ — 
/(x) = ~ (sin 7rx — i sin 2ttx + j sin 3ttx + - - ) 
6- ao = I 

a n = /ii(l - x 2 )cosnjrxdx = 
bn = /2i(l — x 2 )sinnirxdx = 0 

/(x) = | + ^(C0S7TX — | COS27TX+ \ COS3xX + - • • ) 



10 3. FUNCTIONS OP ANY PERIOD P=2L 



7. O0 = 1 

On = f \ 3x 2 cos nxxdx = 12( r 1 j" 
»n = /_! 3x 2 sin mrxdx = 0 

/(x) = l-^(cos7rz-icos27ri+icos3iri+---) 

8. a 0 = i 

a n = 2/°i (5 + x) cos 2n?rxdx 

+ 2 Jo* (-5 + *) cos 2n,rxdx = <"^a +1 
b * = 2 /°i (5 + x) sin 2n7rxdx 

1 

+ 2 /o 2 (~ k + x ) sin 2n7rxdx = 0 

/(x) = I + (cos 2wx + I cos 6?rx + ^ cos 10*x + 

9. a 0 = A 

a « = /o 1 x cos nirxdx = ^j^a" 1 

*>n = J,, 1 a: sin n7rxdx = IniZL 

/(x) = 4-^(cos5rH-icos3ffi+^cos55ri+---) 

+ i(sin7ri - isin2jrx+ | sin 3ttx + • • • ) 

10. q 0 = 0 

a " = /o 1 31 cos ntrxdx + / 2 (1 - x) cos TiTrxdx 

- 2 (- 1 )"- 2 

6 " = Jo xsran7rxdx + / 2 (1 - x) sin mrxdx 

_ i-(-ir 

T17T 

/(x) = -^(cosm + f cos3?rx+ i cos5ttx + ---) 
+ |(sin7rx+ isin37rx+ ±sin57rx + •••) 

11. ao = 2 

°n =2fg7r sin 7rx cos 2nwxdx = 4 *2 > _ l 

b n = 2 J" 0 w sin ttx sin 2nirxdx = 0 

/(x) = 2 - 4^ cos 27rx + ^gcos4irx + 

57^ cos 6irx H ) 

12. ao = 0 

«» = /_! 2 f- cos nnxdx = 0 

b » = /2j sinnjrxos = (-l)"+i(i - 

/(*) = (1 - £) sin^rx - (I - -g^) s "n2,rx + (i - 

3^5r)sin37rx + ---) 

13. cos(2I^^i) = cos(2p + 2n7r) = cos(2f£) 
sm C^'+W ) = sin(ap + 2™) = sin(S«) 
o|3.S. cos(2p),sin(ap)^ LSI ^o] 

14. b n = 0,ao = ik 

a» = 100 Sl/iJ^o Vo cos lOOirt cos lOOnntdt 
= 50Vb /K/^Q cos 100(n + \)ntdt + 

50V ° /-l™o cos 10 °(" ~ 

V(t) = £ + f cos lOOTrt + ^(^008 200^ 

- cos4007rt + ^ cos60(hrt 1 ) 

15. /(t)=/- 1 - 7r < t <« 

|_1 0 < t < 7T 

°Je)-«+^ 10.21s] Exl»fl sjs|| /(t)s| fl^g^fe 
/W = ^( si nf + 5Sin3t+ i s in5t + • • ) 
°l*t| t =jx?\ 

f(x) = /(irx) = 1 (sin ttx + i sin 3ttx + i sin 5ttx + 



•••)• 

16. 10.21s) 3-*|7«lM, x tflA] t# ^°J*1-^ 
/(t) = i 2 = 2d - 4(cost - i cos2t + - - ..) 

£ = TTief Sj-<>} /(t) = 7T 2 X 2 °|C)..<£UH -3.^- 
/(l) - 3X 2 = 1 - ^|(C0S5TX - i COS27TX + ) . 



17. ht) = h 1 



/(<) = £(sint + |sin3t+ i S in5« + ---) 
/(*) = /(^) + 1 = 1 + ^(sin ^ + § sin 2=s + 



i sin =ii + . . .) 



5 &JX1 ~2~ 

18. -f-t? 0 < a < 2L°]i\ 7}*$i\x}. 
/{x),cos(2fi),sin(2|3L)o| i= ^7l2L£) ^7l%^ 

= A/a L -L/(^+ &JZ + L f(x)dx 

~ JL f-L = a 0 

X fa-L ( X ) COS "^xdx 

= r fa-L A 1 ) cos nirxdx+l H +L f( x ) cos nfxdi 
= r Sa-L /t 1 ) cosnTTxax+i /f /(x) cosnn-xdx 
— j /i" £ /(x) cos n7rxdx = a n 
Z fa-t /(x) sin n-Kxdx 

~ L fa-L f( x ) sin mrxdx + \ /° +L /(x) sin nirxax 

= ifa-L 8511 iTxax+ i J"" 1, /(x) sin nwxdx 

= r f-L f( x ) sin mrxdx = 6„ 

a= 2kL + b o| jj 0 < fe < 2i,o| ^ 5}.^ t 

/{-L = /6-L /(*)*« 

/"^L /(x) cos nwxdx = /*+^ /( x ) cos nrridx 

/a -i /(x) sin nTrxdx = /(x) sin nrrxax 
mSLS. a < 0 ifc a > 2L»j nfli 

19. ^-^551 1§-^ 2x(-l < x < l)-§- 5-4«SS^ 

/(x) = |sin7rx - |sin27rx + ^sin3irx - 
i sin 47rx + ^ sin 57rx 




20. 2x(-l < x < 1)1- N=20t4x1 51 



'2H ^S. 5-4 




x=-l,lo))4 Ji fe BfSf ^-o] =elcfl ^-^ 
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10. FORIER ANALYSIS AND PARTIAL DIFFERENTIAL EQUATIONS 



10.4. Even and Odd Functions. Half range Expansions 



1- -T-^Hr : |s 3 |>z 2 cos nx, cosh x 
7]^H=-: x cos nx, sinh x,x|x| 

-f^HrS. ol-ijj sini + cos i 

2- -f-'S'T : |i|,e x ,sin 2 x, xsinx.e - '*', 
7]tg-^:xcosx 

3. -fl^SL «W4 

4. 7l^S. ° r M<4 

5. 
6. 

7. 7]^ 

8. -f-^JE. 7|^£ *H4 

9. -f^JE. 7|^^5. omcl 
10. (a) 

7]^^ ^:7|^ 
7]^^ "H^S 
7l*^sl ^:7|^ 

71 ^S) *:7l«-^ 
71^2) ^rHa:-f*«r 
f(x) + f(-x):-r-SK= 
f(x) -f(-x):7|#^ 

oo 

e*x = cosh i + sinh x 
l _ l . i 

l-z ~ l-i* " r 1-x 2 

sin(x + fc) = sin cos x + cos k sin x 

cosh(x + k) = cosh fc cosh x + sinh fc sinh x 

to 

f(-x)=f(x) 4 f(-x)=f(x) -§- f^H ^-^Srfe 3>£ f=0 
(d) 

cos 3 x :-T-^Hr, 

sin 3 x : 7]-$^ 

cos 3 x = | cos x + \ cos 3x 

sin 3 x = | sin x — ^ sin 3x 

11. | + ^(cosx- icos3x+ |cos5x- icos7x + - •) 

12. » - ^(cosx + I cos3x + i cos5x + ■-'-) 

13. £ (sin x - | sin 3x + ^ sin 5x — • ■ •) 

14. -£(cosx + § cos3x + — cos5x H ) 

+ 2(sinx + gsin3xH ) 

15. Jjp — 2(cos x — j cos 2x + | cos 3x - • •) 

16. 36( ^ sin x - sin 2x + sin 3x ) 



17. x=0°l^ 

| + + i — •) = * 

oeJiLS. I-5 + I = \ 

18. -f-Ji i = Sj-^d 
^ + 2(l+i + | + i -) = 4 

1 T 4 + 9 + — 6 

19. x=0°|E}. S^-d 

£_ 2(1 _i + i_i + ...) = 0 

, i ■ i x. j — si 

1 4 9 25 ^ ~ 12 

20. 3.4 °J ^ 
f(x)= 1 

4»J ^4 

/(x) = i(sm^ + isin ^ + isin^ + • • •) 

21. aAioj ^ 

/(i) = | - ^(cos ^ + £cos2p + • - -) 
4°J 

/(x) = ^ (sin ^ - i sin 2xxL + | sin 3ttxL 
— i sin45rx + ■ ■ ■) 

22. 34^ •S-'t- 

/(*) = ^-^(cos^-icos^ 

+ icOS 3 ^-i cos 4«+... ) 

4 6 J ^4 

/W= 2 ^t(l- 2 f)sin¥-5^ 2 F 
+ (!-3^)sin 3 i*-Ism^ + ..-] 

23. 34°J ^ 

/(x) = § + A(cosx + | cos3x + ^ cos5x + ■ ■ •) 
4°J 

/(x) = 2(sin x + i sin 2x + 5 sin 3x + \ sin 4x + • • ■] 

24. 34°J ^ 

/(*) = £ + - l)coe * + £ cos 3« 

+ (p^-^)cos 3 ^ + --l 
4°J *4 

/(*) = #Kt - i^) sin X "(V " ^)sin2^xl, 
+ (£-£) sin 3 ** _ + .-•] 

25. 3L4°J 

/(x)=^-[^(l+e^)cos^ + 5 ^(l- 
e £.) cos ?p + (1 + e^) cos 2p + • • •] 

4°J 3-4- 

Sin ¥ + (3#fl* I 1 + ^ Sin ¥ + • • • 



10.6. FORCED OSCILATIONS 



10.5. Complex Fourier Series. Optional 



1. r= Vx 2 + y 2 ,e = tan- 1 | 0)44.3 
z = x + yi = r(cos0 + isintf)o]cf. 

2. _2ip°o _l_ e (2n+l)« 
7T -^n=-oo 2n+l 



oo.nj&O 



3- *E~. 

5. 7T + . L„im 

f ^n=-oo,n?i0 n e 

7. f(x)7 f -f «^o|^ 



= 2T fo f(*)e^dx+ & £ L f(x)e^dx 
= 2T fo /We^dx + £ /* /(-x)e^cte 



i. « . —i-ntr x 

f(x)7} 7]^o|nj 
_ 1 rL 



o|4. S« e-T 25 - £*)^ ^ tg.-,,) 

8. 51- o]^.^ 



= * + £e™ + £~ j JL e -i~ 

= 7r + Er=i i(2isinnx) 
= W + Er=i sin Tix 
= 5r-2(sinx+ ±sin2x + |sin3x + -..) 
9 - c ° = llf!: L mdx = ao 

= A /— £, f(x)e- in *dx + /f L f(x)e™*dx 

= nr/-x,/W(e- <nx +c ina! )<fe 

= 2T /-l /( x ) 2 cos 

= r /- 1 /(*) cos = a„ 

»(Cti - c_„) 

= 2T /-l f(*)ie- in 'dx - ± jf fi Hxyu**dx 

= 2T /-i /(x)i(e- ini - e'-^cix 

= 2T /-£ /( x )«(-2i sinnx)dx 

= i /-i sin nx <t* = 6n 
10. n=m o|nj 

JT.^— «)-dt B = /3 ir i l fc = 2ir 
= ^r=^T 2 » sin (n-m)7r = 0 

3.2) as. 

= 27rcm 

0,1 ^ *« = ET /-* /(*)e- <ml cfa o]4. 



10.6. Forced Oscilations 



i. -y ojsi ksf cofl 
(cn) 2 <.|4 

o|iS. C„o| n <HM ilfllsi-i- f-^- 3L^ 

nxD°] n<Hl^ ^ ^Jo|tif. ^ c _ 002 o| 

JH. fc = 9<>14^ , n X D-g: n > 3^ ^ ^7 r ^o|rf. 
^.2)^.5. n x D^r n = lo|q. n = 3°J «)) 41dt&-§- ^ 

1(9 - I) 2 + 1(0.02 • l) 2 = 64.0004 

3(9 - 9) 2 + 3(0.02 • 9) 2 = 0.0972 

o|5.5. n x n = 3^ ^ ijist-i: 

»J-°-r c = 0.02o|ji k = 49°)^ n X £>fe 7i > 7«a 

°fl ^^t 1 1 < n < 7°J >4| i|i&-§: 5-^- 

4 ^Si'fl 1 < 71 < 7«m 7^^0)3, - 

SiH 1 < n < 7<H)^i 7(0.02 • 49) 2 < 7o| 

£-S.7i4 ^4. *).x)^ ^jBj^l «-»-») ^.o)- 

5(49 - 25) 2 - 7(49 - 49) 2 = 2880«) -^o) E-<LnxD£r 

71= 7<Hlx-) ^4. 

^ofl^i ^. 44 7J- 0 | c7 |. Bj^j ^q)^^ ^.5.^, 
Cn-BrVk 4)^^ ^-4. $3 c7 ^ b| 



fe4- 

2. »J ^ r'(t) = ^ (sin x + i sin 3x + i sin 5x + ■ • ) 
o| iS. y" + cj/' + fcj, = sin nx (71 = 1, 3, 5, • • -) 
oi"*. °) "J v = A; cos nx + B' n sin tix4 4^ 

< = ^,b; = ^i^l el4 . oH r; = 

(fc-n 2 ) 2 + (7ic) 2 o)4. 

C " = n^ 0 l- S - C '" = " Cn«l4. 

c = 0.02«)J1 *: = 25o)4^ C'n SL n = 5«fl-H 
^-fe-4. *rX]=V ^tHtt-S- C S 4 5bI)o|4 
3 ' y = sint + c i cosw < + C2 sinwt 

w = 0.5 : y = -1.33 sin t + Ci cos0.5t + C 2 sin 0.54 
w = 0.7 : y = -1.96 sint + Ci cos0.7t + C 2 sin 0.7f 
cj = 0.9 : y = -5.3 sin* + Ci cos0.9i + C 2 sin0.9( 
oj = 1.1 : y = 4.8 sint + Ci cos 1. It + C 2 sin 1.1* 
u = 1.5:y = 0.8 sin t + Ci cos 1.5t + C 2 sin 1.5t 
a) = 2 : y = 0.33 sin t + Ci cos2t + C 2 sin2t 
w = 10 : y = 0.01 sin t + d cos lOt + C 2 sin lOt 
4. y = Ci coswt + C 2 sin ut 

cos fit 

sin nt + Ci cos ut + C 2 sin wt 



1 



■ cos at 

5- » = EJLx^ 
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6. y = Ci cosuit + C2 sinuit + u 2_ 1 



sint 



+ 



1 

9(^-9) 



sin3t + 



sin 5t 



25(^-25) 

ui = 0.5 : y = C\ cos 0.5t + C 2 sin 0.5t - 1.33 sint - 
0.013 sin 3t - 0.002 sin 5t 

w = 0.9 : y = C\ cos0.9i + C 2 sin0.9t - 5.3 sint - 
0.014 sin 3i - 0.002 sin 5t 

ui = 1.1 : y = C\ cosl.lt + C2sinl.lt + 4.8sint- 
0.014 sin 3t - 0.002 sin 5t 

ui = 2.0 : y - Ci cos2.0t + Ci sin2.0t + 0.33sint - 
0.02 sin 3t - 0.002 sin 5t 

ui — 2.9 : y = Ci cos 2.9t + C 2 sin 2.9t + 0.13 sint - 
0.19 sin 3t - 0.002 sin 5t 

ui = 3.1 : y = Cicos3.lt + C2sin3.1t + 0.12sint + 
0. 18 sin 3t - 0.003 sin 5t 

ui = 4.0 : y = Ci cos 4.0t + C 2 sin 4.0t + 0.07 sin t + 
0.02 sin 3t - 0.004 sin 5t 

w = 4.9 : y — Ci cos4.9i + C 2 sin 4.9t + 0.04sin t + 
0.01 sin 3t - 0.04 sin 5t 

u: = 5.1 : y = Ci cos5.lt + C2sin5.lt + 0.04 sint + 
0.01 sin 3t + 0.04 sin5f 

ui = 6.0 : y = Ci cos6.0t + C 2 sin 6.0£ + 0.03 sin t + 
0.004 sin 3t + 0.004 sin 5£ 

ui = 8.0 : y = Ci cos 8.0t + C 2 sin 8.0t + 0.02 sin t + 
0.002 sin 3t + 0.001 sin 5t 
7. y = Ci coswt + C 2 sincjt + 

+ i< ssbr cos t+ 90^397 c0 * 3 < + ■•■ ) 



8. y = C\ cos ait + C 2 sin uit + 

3. 5 (J-16) C0S4t + 



1 

2^ 



1 



1) 



cos2t 



9. 3°iM W : 
= 1- ne)i^ 



0.5-a =fl Ci = c 2 = is. *ksi asj 




10. 2.11^5) ^4. 

11. V = Ai cos £ + B\ sin t + A 2 cos 2t + B2 sin 2t 
+ ■ ■ ■ + An cos Nt + B# sin ATi, 

A n = ^({1 - n 2 )a„ - cra6„), 
B„ = ^(cna„ + (1 - n 2 )b n ), 
D = (n 2 - 1) + c 2 n 2 

12. j/ = A\ cos t + Bi sin t + Az cos 3t + B3 sin 3t + • 
A n - 



13. 



14. 



15. 



D 



= (I-n^)6„ 
(1-n 2 ) 2 



B„ 
D = 

61 = l,b 2 =0,b 3 = ^,t>4 = 0,65 = 
y — A\ cos t + Bi sin i + A 2 cos 2t + B 2 sin 2t + • 
A - ( -'.>" c 



_ (-I)" + 1 (I-n 2 ) 



n 3 £> 



B„ 

D = (1 - n 2 ) 2 + (cn) 2 
/ = Ai cos f + Bj sin t + A3 cos 3f + B 3 sin 3t + 
+^5 cos 5t + B5 cos 5t ■ -■, 

'l 



. _ 80(10-1. 

r> _ S00 
° n - utTD ' 

D = (10 - n 2 ) 2 + 100n 2 

I = 1 .266 cos t + 1 .406 sin t + 0. 003 cos 3t 

+ 0.094 sin 3t - 0.006 cos 5£ + 0.019 sin 5t 

- 0.003 cos 7t + 0.006 sin 7t + ■ • •. 

/ = A\ cos t + Bi sin t + A% cos 2t + B 2 sin 2t + • 

A -< 1W4-1 240(10-n 2 ) 

Bn = ( _ ir+ iMoo 

£> = (10-n 2 ) 2 + 100n 2 



10.7. Approximation by Trigonometric Polynomials 



1. /(x) = £(sinx+ A sin3x + ^sin5x • ••) 
E' = j:„ pdx - *[2a 2 + En=i 4 + bl\ 
= 2^-i5(l + (I) 2 + (I) 2 + -.-) 

AT = 1,2 : 1.19 
AT = 3,4 : 0.62 
N = 5,6 : 0.42 
AT = 7,8 : 0.31 
AT = 9, 10 : 0.25 
AT = 11, 12 : 0.21 
A 7 = 13,14 : 0.18 

2. /(x) = f - |(cos x + I cos 3x + ^ cos 5x + • • -) 



E* = 



2 

X 

3 2 

AT = 1,2 : 0.075 
N = 3,4 : 0.012 
AT = 5, 6 : 0.0037 

/(x) = 2 sin x — I sin 2x + | sin 3x + • • • 

B- = 2|i _ M i + ^ + ^ + ^ + ...) 

AT = 1 : 8.104 



N = 2 : 4.963 
AT = 3 : 3.567 
N = 4 : 2.781 
AT = 5 : 2.279 

4. /(i) = 2j- - 4(cos x - i cos 2x + 5 cos 3x + • • •) 

N = 1 : 4.14, 
AT = 2 : 1.00, 
AT = 3 : 0.38, 
N = 4 : 0.18, 
JV = 5 : 0.10 

5. /(x) = 2(7r 2 - 6)sinx + |r(-2 2 x 2 + 6)sin2x + 
^(3 2 tt 2 -6)sin3H 

E* = |7r 7 - 7 r[^(l 4 7r 4 +36-12-l 2 7 r 2 ) + ^(2 4 7r 4 + 
36 - 12 - 2 2 tt 2 ) + ^(3 4 tt 4 + 36 - 12 • 3 2 tt 2 ) + • • •] 
N = 1 : 863 
AT = 2 : 675 
AT = 3 : 455 
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N = 4 : 326 

N = 5 : 266 N = 6 : 219 
6 - fi x ) = 7 (sin i - |sin3x + ~ sin5i -1 ) 



E . = _ 16, 



• + 



1 

5* ' 



AT = 1,2 : 0.075, 
/V = 3,4 : 0.012, 
AT = 5 : 0.0037 
7. f{x)= Y?^sinx+|sin2i— j|^sin3i-isin4i--- 

^ = ^-4^ + ^ + ^ + ^...) 

JV = 1 : 1.31, 

N = 2 : 0.525, 

JV = 3 : 0.509, 

N = 4: 0.313, 

N = 5 : 0.311 

8 - /(*) = sin x - ^ sin 2x + ^- sin 3x + • • • 

£* = <^ + £ + £ + ■••) 

N = 1 : 0.054, 

JV = 2 : 0.0054, 

iV = 3 : 0.0011, 

N - 4 : 0.00032, 

JV = 5 : 0.00012 

9- /*_ pdx - i,[2al + £jf., a 2 + 6 2 ] 3 SI 

44- »1 m 

e 'n+i- e 'n = -»f«Sr+i < 0 

£fr = 27T - + £ + £ • -] 

o|£.S. £^°1 0.2 Jicf 44*)fe N-i- N=13 *| 

4- 
10. (a) 

7 Ji1i3 «)*m, Problem set 10.3-§- S.*]S.. 
(b) 

4.14,1.00,0.38,0.18,0.10,0.060,0.039, 
0.027,0.019,0.014,0.011,0.0086,0.0068, 
0.0055,0.0045,0.0037,- • • 

ExampleKHM -g^i ^<H| ^ E's\ e4& 

8.10,4.96,3.57,2.78,2.28,1.93,1.67.1.48.1.32,1.20 
neHus. #<?i^ 1Hr«Mlr ^bH m44r 1/nm 

l/ra 3 m smtV4- 



11. 



10.2^*1 7»9 <!)«( f( X ) = X 2 (-7T < x < 

V +4(-^ r cosx+ ^!-cos2x(-^- cos3xH ) 

Parseval's identity-i- 

2(^) 2 + 16(^ + ^ + ^ + .-) = i /^(x^dx = 



aelH.5. 



i i i i 



13«H| 331 /(x) = 1 (-7T < x < 7r)£) 



jT + ■ 

12. 10.23 3) 

i (cos x - i cos 3x + i cos 5x -i ) 

Parseval's identity-i- 

(i) 2 (^ + ^ + ^ + --) = i/:„i 2 ^ = 

13. 10.43*1 S-^fl 13»fl S)*H /(x)*l ^Elcfl 
|(^sinx- ^-sin3x+ ^ r sin5x + ---) 
Parseval's identity-!- 

(|) 2 (^ + ^ + ^ + ---) = i/:„(/(^)) 2 dx 

= i /* f (*) 2 <i* + i J* (» - x) 2 dr = £ 

14. -f-tf /(x) = COS 2 XEl-3. if 4*4^ 

£ "l-g-*H 4-1-4 *M ^ 

S24- 

/(x) = COS 2 X : 

Parseval's identity-!- H.^ 
§ + i = ±/^cos"x<ix 
rz.eJ.E.3. 

/*, cos 4 xdx = 2jL 

15. **| 144 /(x) = cos 3 x4al *o.ig"-8-Zl- 

^*(2i-^# °i-s-*h 4-§-4 <a^j ^el 

"HI ^» <?*-§- =r 

/(x) = cos 3 x — I cos x + i cos 3x 
Parseval's identity-f- *<*j 
A + ^ = ^/-%cos«xdx 

/^cos 6 xdx= Zz. 



\ + icos2x 



10.8. Fourier Integrals 



4*4 
I ne x 



if x < 0 
if x > 0 



/(*)■§• ^14^^.4- /(x) = 



= ^ / 0 °° ite~ z coswxdx 
_ 1 

»M= i/^/fx) sin wait 
= ^ JJ^° 7re _I sinaJxtix 



L&l— S. 3«11»1| *1 «J fix) = / 0 °° COS ^^| intoz &J 



2. 4-S-4 ^-Sr /(x)l- ^S4^Ji4- /(*) = 

ff if0<x<l 
\o ifx>l 

A{u) = ± SS° f(x)cosuxdx 

= ifol cosu,xdx 

sin <j J 

B(J) = ~ f£° /(x) sin u:xdx 

~ » /o f sin wx ^ x 
= 0 

rz.El°5. 3elim *1«| /(x) = / 0 °° aa^ssswx ^ 
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4*4 /(x) 

ff if 0 < X < 7T 

[0 if X > 7T 

^M = f ^/(xJcoBwxd. 

f' 



= 7 So ?cosuxdx 



dw 



= 0 

= I So f sinuxdx 

1 — COSu^ 

0.2)5.3. ^Jejlofl /(l) = / 0 °° (l-cosa.*)cosu,x 

4*4 /(x)» -»J4«flJt4."/(x) = 

fcosx if|x|<§ 

0 if |x| > f 

-f^olaS. (10),(11)* ,4(u) = 

f So° ^ ( x ) cos w xdx 

= § / Q 2 § cos x cos uxdx 

- cos ( 3 T ) 
l- J 2 

aeias. /(x) = / 0 °° ^XLr"' ^ 

#4= /(x) = fe-*(* > 0)1- -H^iXKAM = 
I Jo°°/(x)coswxdx 

= I /o°° f e _I cosuixdx 
i 

B ( a) ) = |/ 0 °°/(x)sina;xdx 
= f / 0 °° f e~ x sinuixdx 
= 0 

aelHi s}«fl /(x) = / 0 °° 2**?dw 

/(x) = fe-^cosxfx > 0)* ^Jz|««i4- 
= \ / 0 °° /(x)coswxdx 
= J f£° je~ x cosxcoswxdx 
= 0 

B(w)= I / 0 °°/(x)sinwx«ix 
= ^ / 0 °° §e~ x cosxsinwxdx 



-4H = f / 0 ~/(x)cosa.xdx 

— J /q 1 cos ajxdx 
_ 2 sin u> 

7TU7 

f( x ) — Io° w sinwcoswidw 

I / 0 °°/<x)cosu>xdx 
= j f£ x 2 coswxdx 

_ 2 i sin v . 2 cos u> _ 2 sin u> 



c -du) 



/W = |/o 0 °[(l-^)sinw + J COSW )5 
■ 4 ( w ) = I / 0 °°/(x)cosu)i<ii 
~ i So xcosajxdx 
= f [Jsina;a+ Jjcoswa- 4j] 
/(x) = / 0 °° f sinwa + 4j- cosua - 4j]cosuixdw 

>U")= H°°/(x)cosu;xdx 
= f /q (a 2 — x 2 )coswxdx 

4(sin aw — auJ cos 

/(x) = A / 0 °°(sinaw - awcosaw)£2a^£d a , 



11. (15)» °l-8-sM ^4?J 
A(«) = jJJJ«7(x)cnsw*fc 



2. foe 

7T JO 



1+1 



- cos uxdx 



/(x) = /-e-« 



cos uixdu) 

12. ^(w) = f / 0 °° /(x)coswxdx 

= f StT^ -1 + e _2r )cos(i;xdx 

= 1 (-5 L -+ "tM 
t v u 2 +1 T ui- i +4' 

13. B(u) = f / 0 °°/(x)sinwxdx 
= f J*0 sin uxdx 

2(1— cos ait») 

/(x) = / 0 °° -~{^ - cos aw) sinwxdw 

14. B(u>) = £ / 0 °° /(x) sinwxdx 
- - /q x sin wxdx 



= — cosLJa-ir sinwa) 



-QU) COS UJQ 



15. 



S H = 5/ 0 °°/(x)sina;xdx 
= ^ JJ' sin x sin wxdx 
_ 2 sin or 



sinwxda; 



■ sinujxduj 



0 tt(1-u 2 ) ' 

16. B(w) = f /~ /(x) sin wxdx 
= f /^(t — x)sina>xdx 
= r^j-firw — sinirw) 
/(x) = f£° (tw — sin ttui) sin wxdw 
B(w)= |/ 0 °°/(x)sina.xdx 
= \ f 0 e 1 sin wxdx 

ecOSW+ S-Sin«N 

(1 - ecosu; + s^ipt)sinu;xduj 



17 



2u c, 



2 



18. B(w) = | / 0 °° /(x) sinwxdx 
= ^ /q e _I sinwxdx 

= 7?(3+i)( w - ^(wcosw + sinw)) 

f/ T \ _ ^ roo ew—w cos u/— sin . , 

'w-; Jo «,(u,2 +1) sintuxdiu 

19. Si(u)s) ZL^i^- 256»fl ^4-S|^^ 3fe S 
** Si(7r),Si(3ir),Si(5jr),---o|j l , Sli^-g- ^fe 
5t** S»(27r),5i(4jr),Si(6jr),.-.o]o S . aJ ||nol|^ 

ife 44 mA oos. ^ "J f s. 4fe 3-t- ^ 

I 1 Sl4- *itf^r ^j*^^ contourintegraticm-k °\ 
f °J ^£ 4- 514- 

20. (a) 
(al) 

wa = p5. * 0.13, (11)5. 4*# ^fe4- 
/(ax) = / 0 °° A(w) cos axwdw = / 0 °° ,4(£)cosxp^ 
4-*l p^-ii w# *^ (al)* <2^4. 
(a2) 

(12)«)1^ /(w)t)|<l »/(«)•§■ *^ 

B *( w ) = i /o°° "A") sin ^ = -ft 

°14- «47H 4^1°-}-*^* (iO)o.s.Jfe) uf^-c}. 

(a3) 

(a2)4 "ff7Wl (10)* ol^-*)-^ 

0 = -£/„"/>) cos u««fo,/*(iO = ^/W- 

(b) 



10.9. FOURIER COSINE AND SINE TRANSFORMS 



~ — s mu 
A n — — (2 s * n £ J — 2 cos £> _ sinu; ^ 

(a3H 4^"4Hhm4 w 4#443. 4.2-4 

^/W = f/ i n(-^ + i)sina, 

+ cos cj] cos xudw 

(c) 

£4 74 «l*44 #>3 A{u) = 0)05. „| ». 



°fl 4*11 

duj 



g cos au? 



0 



°) -M-fr £-4 144 

(d) 

(al),(a2),(a3)4 «l*4*l cf-g- -i^ ^4. 
(dl)/(6x) = I / 0 °° B(|)sinx^<Mi > o) 
(d2)i/(i) = / 0 °° C'{u)cosxwdw,C*(u) = 
(d3)x 2 /(x) = 0'(w)sinxa>da.,£)*(u;) - 0 



10.9. Fourier Cosine and Sine Transform 



1- AfeO = sfl Jo 00 f{x) coswxdx 

- \fi So f( x ) cos wxdx - yfi Si /fe) cos wxdx 
= (2 sin w — sin 2ui) 

2. (3)4 1£ "t-f-Sr-d 

/(x) = |/o°°^PcosWx 

10.814 *4 2°fl $J 0 < x < 1 

2o]3., x > lo)^ 0<y-i- ^ 514- 2w = u4i 4 
^ ^"d** -^-g-^ 0<f<l-tO<x< 2ol^ -lo) 
JL,x > 2o|^ 0«J-£ <y. 4,^4. oj AH j,g. 2.^4,3 
f(x)* <3-§r ^ Sl4- 

3- /«(») = /I /o°° /fe) cos^xdx 
= y§ Jo° 1 cos 

= >/!"(« sinati) + ^r(l -cosotu)) 

4- /c(i«) = So° /(xjcosuxdx 
= y| / 0 °° e _ot cos wxdx 

- f* .« 

~ V » u^+a 2 
5. 10.814 S-45* o]**^ 

/ c (u>) = ^1 / 0 °° /(x) coswxdx 

= >/fe - "(i/w>0) 
6-4=8 5* o|-g.*j.^ 

'fe) = \jt So™ v*™**™ 



r°° cos -uvz j„ 

T+?r <tI 



2. 1_ 

IT l + j;2 



7. /e(w) = y^/o 00 /(x) cosWt 
= fg x 2 cos ujxdx 

— / 2 /• sin td t 2 cos nj 2 sin to \ 

§ cosii) if \w\ < | 
if |t»| > § 
9. 10.814 2* ol-g-sr'd 



f if 0 < ux 1 



4 

[0 ifu)>l 
5.3^4 14-1- »l*«r^ 
/c(«>) = yf u(l - w) 

10. sfl44^ 

cos wxdx = limj;-,,^ 
/ 0 °° sintuxdx = 1 - lim^a, 

4 a°l JilS ^<H| q|*H €-44^1 «J •£■<>] 4. 

11. A(tu) = yi f°° e-«* sinwxdx 

/ 2 w 



sin wx 

■w 

cos u;x 



12. P # ((e—)") = -u, 2 F,(e— ) + yiw 
= (o 2 + w 2 )F,(e-") = yf 

13. / s (w) = yj /p 1 x 2 simuxdx 

= y|{(2 - w 2 )cosu) + 2tt)siniu - 2}£ 3 

14. 10.814 &A 3-k »|-g-4^ 

= fyf ifO<u;<ir 
|0 ifu;>7r 

15. (8a)l- o|^-4^ 
-^(e- 1 ) = F e {(e-*Y) 
= wf,{e-*)-JI.l 
Table 14 3* °]-§-4<S 
^(e- I ) = -iF c ( e -) + J ; yi 

_ /T vi 

V T l + lB* 

16. (8b)4 Table 14 4 f- o|^-4^ 

F,(xe-* 2 / 2 ) = -F i ((e-* 2 /2y ) = ^(e— 2 /*) 
= iwe-" 2 / 2 

17. 10.814 ol**^ 
F »(i^) = yl/o C0 ^sin U) xdx 
= y§ e~ w cosw 

18. Table 114 4-t)4 T(l/2) = 4 -a* °l-§-4^ 

= fife 1 "- 1 

= .ft mm sin^ 

_ 1 
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19- / 0 °° e * cos wxdx = ^^[(limx-Kxj e z {wanwx + 
cos tux) — 1]3}- / 0 °° e x sin wxdx 
= ^^[(limx^oa e x (-w coswx + sinwx) + w] 2) 

£o] ^m?] Q 7 ] nDS-o] I=f. 



20. o] i*ia<H|^ aj^af. aj ( 8 ) ; ( 9 ) ^ io.nsg£l Tablef- 
"1 =1-3.44. 10.81^ 3* #£. s}.S.44.^2H a 
4°J S**4^bH 4<tf >SS«fl 314 *WJ ^a|- 
4* 314 #4* °-)*Ml 44- 



10.10. Fourier Transform 



1.7(») = ^/r ao /(x)e- < -«to 



- -1- f e" 



z dx 



~ 73^ > 

2 - fW=V^f- ao f(x)e- iwx te 



_ l 



r 

Jo 



*dx 



■/2x(t+iui) 

3- /W=^=/_~ 0o /(x)e- 

= 7b r. «■«-*-■•«« 

= 71?(T^)( eaC1 " i^ " ) - e - a(1 - i, " , ) 
_ i 

•✓»¥(*— uii) 

= 7b/o l2e " <w *^ 

= ^37^{(^ 2 ' + 2t» - 2i)e-'» + 2i} 



1 

75? • 



8 - = 7b Ho /(*)«-*- x «fa 



- Tb-f-oo 6 * 6 " 



rdl +7b/o OC 

= / 2 1 - 

V * 1+U7 2 

9 - = 7b r. /(x)e-^dx 



•/2jt ■ 



r dx 



■ '£ i(costuo-l) 

= 7b /-i + ^ Jo 1 xe-'-dx 

= ^j- (costu + uisinu; - 1) 

11. Table HIS) 9<i)-§- °)-§-4f! 

.ml 
= e 2 

12. (9)» o|^-^ 

F((l - x)e~*) = F((xe- 1 )') = iwF{xe~*) 



Hxe-*) = r^F(xe-) 

3. Table HIS] 4} 5 » o)^-*i^ 

13. Table Ills) -V) 8<HH bifl-y -b, ctfl-y b * 
/Viu) = Jl>inH*-») i e --H«-«)- t iK«-.) 

J v ' V * o-io o-u/ 1 

4-^7H 

e -.6(a-») _ giXa-f,) = _2isi n b( a o|-§.^ 

/2 sin b(tu — a) 
V it iy — a 

14. g(x)# 



■ M (r)-i <2* ^ sl4- 



9(x) = l e * 1/1 > 

' \0 i/x < 



4 8).^ f(x)=g(x)+g(-x)o|ci. Table Ills) -M 5* =| 
-§-43 

=14.43 

f(9(-x))H = ^ /f^c^e-'^dx 

= 7b/o°°^'e-' ( -^ 
= F( ? (x))(- tt ) = ?T -i y7 = 

F ( /(x) )W = yi^ 

15. p(x) = /i(x) = e~*(x > 0)2} 5)-^ 
(g*h){x) = f~ g(x-y)h(y)dy 
= fo e- z+y e-ydy = xe" 1 

F(xe--) = F(( S » fc)(x)) = v^FF( ? )F(ft) 
Table Ills) 4) 5» o)-f-*)-^ 
/(•) = 

16. (a) 



t = x - aej- s).j7 t<$ ^*5fe}. 
(b) 

Table Ills) <i) 2<HMi c = 36ef *)-^ 
-2b ^-f 3g^o|-S-4aL (a)* o)-§-4^ 



u72w 



iw/2x 

_ /Tsinfcw 
V ff u> 

(c) 

w* w-aS. is}, 
(d) 

IS) e ,al * ^*}^ a_)7 o) s)j7, ^e) 

2£ 4^?W4- 
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Chanter 10. Review 



1. #41Hr *=r^4 % 

4- #<r4 ^ni^ai ?q (10.2*53] (6))^.?. a. 

2. 2*3] ig-^ f( x ).g. a „ + £~ =1 a n cosnx + 
6„ sin ni 

S.i^18-i-")l,ao,On,6 n o| 10.2^^) -i](6)4 t>o) 3. 
■9 s)t ^-1- ^FeH ^3) A-ye) ^-H4 4jl 
JZ V f(x) cosmxdx = /r,(a 0 + J2T=i a » c^" 1 + 
b n sin m) cos mxdx 

3. f(x)4 ^7] 2L3) ^4^ f(z x )^ *r 7 \ 2*^4 

5- 5- <?(x) = /(fx)* ^r^HtV 3<H1 t = f xofl tfl 
4 ^ 10.3*131 (1),(2)4 7 e v^ ^^f- oj 
fe4- 

4. cos^^inSp^-y cosnx,sinni-l- 4-^ "M^ 0 ! 
5)71 4*°14. 

5. ^eH ^7)44^ "S^H^ 4¥ 
44-:iai4, %<i^ %°>lWZr ^e)<HI ^Jefl 4 
=f3| 4^44 -f^s) f^°£ ^344.(10.2*33) 

6. -?-44°l.E.iiL 7Hr44. 

7. 2tt ^7)4^* -9-74-^ £{ ^0.3. g-A^ 4 *H<4 
L 2 norm°l S)4:7)- s)e)<g 444^4 ^-eH 
^=T°H»f 44- (I0.7*is) 73 e) 1) 

8. *>1# 444^4 tf.SL5. £^3S£ < 7r/4 $ 

7)-^ 444<r3) ^.44 o| Sj|£) 44 £ uf 

4 ^3) ^4^7)- 44-:xe)£.3. 
cos 5z, sin 5x3) 3)^7) 7)4 3.4<g si^M 54 

■4^.711 Ht^-^^ol ^4. 

9- 44 *4<>i14 -feife 444 -?-4<>ll44 4^&* 4 
7i| s)^-D| o| 4^7). -f4^ Jt-g. 7)4=^3) 

0 < X < I, 3) 7f7;|j7 i =E)<H| 3.4.0] ^.4, 

37W ^^H 4°J ^4^1- 4 $14- 
10. 24°J 4£ -f4*r4 ^.g. 443, o i2i A( . 0 j tg.^. 

714^4 4*U ojcf. s.4°J4£- 4-4^ 

/(x)+/(-x) 
2 



7)4- /(«)-/(-«) 



47(4 740)37, 40J40. 
*H ^ ^7j^ 74 0-5. Aj 

-i- 'M-s-S-iLS. 4¥5i-i- "fl 3. ^-TiotjAl ^oj-l: 4 

7-l^i ^#«1|4 ^^>H1 AjTMi o|74o| 7)-^ 

# *r Sa4 (10.2^S| ^5) 1) 

12. ^B)cfl ^71^0)17.1^ 7V^t} ^e)»5 ^^S) 

•a*^- ^^-^Ells. 444^ 4* <i^s) ^ 

s. i^4fe 74AS. ^4S-,^4*,^^ ^ 

^cfl <^^<.) oj^. ^e,^ ^^.o.^ 4 

4^<H7J4. 



13. 
14. 

15. 



16. 
17. 
18. 
19. 

20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 

29. 

30. 
31. 
32. 
33. 



34. 



*^ ^r* -T-3H ^fl-iLl 5-4^m* "A, 

=3 ^$HM ^J*^^°l 444^ -tf^4. 

•f^4 7l^<Hl^fe ^E)»() =5j«.^ol *)^7)^ 

5L4U ^^-"J-i: ^7_)-*l. tcl ) oj^. xc 

=M a4°J ^*°I4«4. 4°J^«£ 4$7) 

^14. 

/(x) = 2(sini - \ sin2x + \ sinZx - ■ ■ ■ ) 

/(x) = ^ - 4(cosx - |co52i + icoi3i ) 

/(x) = ^(sm5ri + |sin3?ri+ |sjn57rxH ) 

1 - 4j (cos ^ + § cos 3ttx2 + i cos 5ttx2 + 



/(X): 

...) 
/(x) 
/(x) 
/(x) 
/(x) 
/(x) 
/(x) 
/(x) 
/(x) 
/(x) 



: 2+i|(co S fx+|cos^x + i CO s^x + 
= 5 - j(sinnx + |sin37rx + |sm57rx + 

7T 
2 



- f ( 1^ coi2x+ cos4x+ cos6xH ) 

+ $(y^cos2x-j^cos4x+-±jcos6x ) 

2(iinx + |sin2x + |sm3x + ■ • • ) 

f _ £(cosx + |coi3i + Jgcos5x + • • - ) 

7r — 2(«inx + i sin2x + | sin3x H ) 

f (cosx+ §cos3x+ ^cos5x+ ■■•) 



r3- £ sin27rx + 



^j-[(ti 2 - 6) sinirx — 
^^sin37rx..-] 

I + ^(C0S7TX+ i COS27TX + i COS 37TX • ■ ' ) 

- A (sin 7rx + I sin 2ttx + | sin 37rx • • • ) 
-g-aj 23<H1^ x=0i- vg^.^ s)4. 

19«1|^ x=0f- ^^4- 
^ 17<HH x=0# vg^4. 

^ = §^-.(2(1)^ + ^ + ^ + ^ + . 
AT = 1,2 : 5.16771 
N = 3, 4 : 0.074755 
^ = 5,6:0.011879 

JT» _ 2_5 2-rt 5 , 4 2 , 4 2 , \ 

e -s«f - — -*(it + + 3T + ■•■) 

AT = 1 : 54.403, N = 2 : 4.318 
N = 3 : 0.996, N = i: 0.376 
AT = 5 : 0.180, A 1 ^ = 6 : 0.099, 
N = 7 : 0.060, AT = 8 : 0.039 
N = 9: 0.027, AT = 10 : 0.019 



35. y = C'i cos lot + C2 sin wt + 



12-w 2 



36. 

37. 
38. 
39. 



4(J-4) COS2t --- 
J/ = CiCOSTut + C2Si'nwt + 



- cos i + 



- sint 



1 

2» 



4) 



sin 2i ■ • ■ 



2 cos qtxj — cos ii)+aip sin aw~tv sin uj 



2 i<v4-sin -w — 2iv cos i 

" 



(2+i«i)v^r 



40. it 



(it.m+l)e~ 



"""-(iaip+De- 



Chapter 11 



Partial Differential Equations 



Partial differentia] equations arise in connection with various physical and geometrical 
problems when the functions involved depend on two or more independent variables, 
usually on time t and on one or several space variables. It is fair to say that only the 
simplest physical systems can be modeled by ordinary differentia] equations, whereas 
most problems in fluid mechanics elasticity, heat transfer, electromagnetic theory, 
quantum mechanics, and other areas of physics lead to partial differential equations. 
Indeed, the range of application of the latter is enormous, compared to that of ordinary 
differential equations. 

In this chapter we consider some of the most important partial differential equations 
occurring in engineering applications. We derive these equations as models of physical 
systems and develop methods for solving initial and boundary value problems, 
consisting of such an equation and additional physical conditions. 

In Sec. 11.1 we define the notion of a solution of a partial differential equation. 
Sections 11.2-11.4 concern the one-dimensional wave equation, governing the motion 
of a vibrating string. The heat equation is considered in Sees. 1 1 .5 and 11 .6, the two- 
dimensional wave equation modeling vibrating membranes, in Sees. 11.7-11.10, and 
Laplace's equation in Sec. 11.11. 

In Sees. 1 1.6 and 1 1.12 we see that partial differential equations can also be solved 
by Fourier transform or Laplace transform methods. 

Numerical methods for partial differential equations are presented in Sees 
19.4-19.7. 

Prerequisites for this chapter: Ordinary linear differential equations (Chap. 2) and 

Fourier series (Chap. 10). 
Sections that may be omitted in a shorter course: 11.6, 1 1 .9-1 1 . 1 2. 
References: Appendix 1 , Part C. 
Answers to problems: Appendix 2. 
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11. PARTIAL DIFFERENTIAL EQUATIONS 



11.1. Basic Concepts 



1. ui, U2 second-order equation 

C{u) - au" + bu' + cu = 0 £} sjEfji o) nfl 4 

^^4- 
£(cmi + ciuz) 

= a(cm" + C2 u' 2 ' ) + 6(ci tii + C2 ti 2 ) + c(ci u 1 + C2U2 ) 
= ci (au" + 6ui + cui) + C2(aii 2 ' + bu' 2 + 012) 
= ci£(tii) + c 2 £(u 2 ) 

2. « tt = 2o]i, u xx = 2 44-H utt - u xx = 0. 

3. utt = -81sin9tsin|<>l31, u xx = -^sin9tsinf 
44*1 «ti - (16 X 81)u X x =0. 

4. titt = — 16cos4t sin2i<>)31, 
tin = — 4cos4tsin2x 
44*1 «tt - 4uxx = 0. 

5. titt = — c 2 sin ci sin 10I Jl, u xx = -sinctsinx 
44<*1 utt - c 2 u xx = 0. 

6. u t = -e~'sini<>lji, u IX = -e~ £ sinx 

4sH Uj - Uxx = 0. 

7. u< = -4e -4t cos3io|3i, Uxx = -9e- 4( cos3x 
44-H tit - |uxr = 0. 

8. uj = — 9e~ 9i cosux°\5L, u xx = -u 2 e~ 9t cosu;x 
44*1 U t - 4fUxx = 0. 

9. ut = -ai 2 c 2 e _<j2c2t sin ui»| 2., 
uxx = -u 2 e~" c 'cosmx 
44-*i u 4 - c 2 «xx = 0. 

10. Uxx = Oo)jl, u y y =0 

44*1 till + Uyy = 0. 

11. Uxx = e^sinjHJZ., u yy = -e x siny 
44*1 Uxx + Uyy — 0. 

12. Uxx = — cosxsinh j/olJl, u yy = cosxsinhy 

44*1 uxx + u vy = 0. 

13- U X = ~^p, U XI = (1 2 2 ^2)2 °U, Uy = ^jfpr, 
Uyy - -(xi+is^ 

44*1 Uxx + Uyy = 0. 

14. a)Poisson Equation 

l) Uxx =2 U yy =2 44*1 Uxx + Uyy = 4 

ii)ux X = -y 2 cos(xy) u yy = -x 2 cos(xy) 44*1 



Uxx + u yy = — (x 2 + y 2 ) cos(xy) 

iii)uxx = ^ U yy - 0 4eH Uxx + U yy = ^ 

b) Laplace Equation 
Ux = ? 3- 

(x2 +y 2 +J 2)f 

uxx = -(x 2 + y 2 + z 2 )- § + 3x 2 (x 2 + y 2 + z 2 )"§ 
44*1 uxx + uyj, + u« = -3(x 2 + y 2 + z 2 )~§ + 
3(x 2 +y 2 + z 2 )(x 2 + y 2 + z 2 )~ I = 0 
c) 

i) Ux = «x(x) Uxy = 0 

ii) u r = v x (x)w{y) u y = v(x)w y (y) u xy = 
wx(x)tt)y(y) 

44*1 UUxy = u(x)u»(u)jJx(x)uiy(u) = U x U y 

iii) u t t = 4u'(x + 2t) - 4tu'(x - 2t) u xx - 
t/(x + 2t) + u/(x-2t) 

44*1 utt = 4uxx 

15. u(x,y) = t)(x)e* 

16. u(x, y) = wi (y) sin(3x) + to 2 (y) cos(3x) 

17. u(x,y) = t)i(x)y + v 2 (x) 

18. u(x,y) = v{x)e-y 2 

19. u x (x,y) =v(x)e* 44*1 u(x, y) = i(x)e ! ' 

20. u(x,y) = » l (x)e» + v 2 {x)e.-* 

21. u(x,y) = t;(x)e- I S' 2 

22. Uy(x,y) = u(x)ef 44*1 u(x,y) = v(x) e v 

23. Uxx = 0=£^£* «yy = ° ^f + ;^2 44 
-•1 Uxi + Uyy = 0. u -1- ^QS-S. 4 J j L '3 
u(r,0) = a log r 2 +6o)4. 44^ .^c^ i^ofl 44 
u(l,fl) = 1 = alogl+M2.u(2,0) = 3 = a log 4+6 
°14- 44*1 b= 1 ola 0= 0)4. 

24. ^^S-Bjoll ^. = at = constoj t^oU, ol 
■4 2x = CXSI S«3.-H z ( I>y ) = | x 2 +u ,(y) 0 | 3li 
4«7Wi z(x,y) = |y 2 + o(x)o|cf. 4^ , 

= f(x 2 +y 2 ) ^^0)4. 0)1- ^3L*£ 4 

^ z(r,fl) = |r 2 oIjl, o|<|| ^ = 0 0)4. 

25. Uxx = OAS. -?-El u(x,y) = tu(y)xo|ji, "^7[x\S. 
uy, = 0°5. u(x,y) = u(x)iq ^^-1- ££-4. 
44-H, u(x,y) = ctmsto)4. 
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11.3. Separation of Variables, Use of Fourier Series 



1. Frequency=|J = 0± o] B.3. string^ ?±o\ 7 \ ^ 
^r, Frequency^ 44 
*\3L, 43°1 2»)|4 ^ V2»V\ ^4- 

2. /(x) = 0.01 sin 3xo]sl Sl7\^S.7} 0 o\s_^_ 

«(*><) = E£Li B n cos7i«sinnx£l^Ell» #^4- 

Bn = * So f( x ) sin nz dl 
= f 0.01 sin 3x sin m dx 

= H 1 fo( cos ( n - 3) 1 - c°s(n + 3)i) dx. 

44--H B 3 = o.0l°U 4°1*i-& 5.-T- 0 o)4. 

u(x,t) = 0.01cos(3t)sin(3x). 

3. u(x,t) = k(costsinx - \ cos(2t) sin(2x)) 

4. B„ = | /*/{*) sin nxdx 

— rjr Sq^x — x 2 )sinnx dx 

5 - -Bn = f /o'O.lx^ 2 -x 2 )sinnx dx 

6 - = f{/o a !sinnxdx 

+ /:(^^-3fe)sinnxdx} 

7 - B " = l{/o f £sinnxdx + 
/|(-^x - l)sinnx dx} 

8. B n = - Jg f(x) sin nx dx 

= f { Jo* ^sinnx dx 

+ (-^ + 55) sin nnx dx 

+ SL.(fo ~ xg)sinnx dx} 
9- B n = ${/*(£»_ I) sin nxdx 

+ //(-^x+f)sinnxdx} 

10. zero initial displacement =>• B n = 0. 
B* n = ££g(x)sinnxdx 

~ ™ (ic? 0-Olxsinnx dx 

+ /| 0.01x(tt - x) sinnx dx) 

11. CAS project 

12 - if = i™Plies 
t> 1 — At; = 0 
iuj, + Aw = 0. 
f(x) = e* x iu(y) = e - ^. 
44*1 u(x,y) = Ce Xx e~ x v. 

13. u(x,y) = Ce Xx e x * 



14. j/ 2 u x v = x 2 u«j, 0)3.3. 

^t = ^=Aol 4-4^1 , 
tlx - Ax 2 u = 04 v y - Ay 2 i> = Oii -fE} 
t)(x) = Cei* 3 , ^yJzzCei" 3 . 
*WMu(x,y) = Cei z3 eh 3 . 

15. u(x,2/) = F(x)G(y)e f ^-o.^ 
F'G + FG' = (x + y)FG 

F' G' 

F + G =I+y 

F' G' 
=* --x=-_ +!/ = fc 

=> F' — xF — kF = 0, -G' - kG + yG = 0 
=> u(x,y) = Ce2 l2+ * :I d5 ! ' 2 ~' !v 

16. !^ = ^ =A 

H U 7)xj >4 <{M^O] nj. 

u(x) = Cie^ 1 + C 2 e~ VXx 

w (y) = Ci cos VAy + C2 sin \/Ay. 

44-H «(x,y) = (Cje^* + C 2 e-^ x )coss/Xy + 

+(C[e^* +C 2 e-^*) sins/Ay. 



iio = 0* 



17. ViU) v = t)t«o)jI 

^ = = fx-At> = 04 iuj, 
•afe4- 44-M u(x,y) = Ce Xl ei». 

18. A >0<U ^-f 

u(x,y) = {C ie ^ z +C 2 e- VXx )e^y 



19. xv x w y +2yvw = 0"]3L ^ = - 2 ^ = A<^^, 

= 04 w„ + = 0-§- <a^4- 
444 «(x,y) = Cx x e-V. 

20. a)u„ = En=i G nW sin ^x 

"x, = - £~ l G„ (t)( ) 2 sin( ap). 

4ef^1 u t « - C 2 u rr = Er=i(G'n(<) + 

(£^) 2 )sin(^). 

44-M G^ + A 2 G = 0, A n = £p. 

b) 11.21S1 4} 2)m^ tan/3 -tana = ^ |^ + 
f Ax7(. ^4. 44^ ^- = c 2 ^ + £ 

c) G„(t) + A 2 G n (t) = M(l - cos n-w) sin wt. 
u(x,t) = E~=i(-BnCosA„t + B;sinA n f + 

2 A (1— cos tit) . n7rI , _ , 

b;=o. 



Bn = 



rr 5 / 0 L /(x) sin ^x dx. 

d)°_r4 A„ = too)^ s^sfl G„ p (t) = >lt cos wts] ^ 
^# 4^U, «1 -4), 

G^ p (t) = Acoswi - .4wfsinujt4 G'^ p (t) = 
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— 2Aw sin wt — Aw 2 t cos tut. 

OA 

4eH G" (t) + tu 2 G„ = -2Awsmwt = —(1 - 

, T17T 

eMz,i)fl- u,(0,t) = 04 w(i,t) = h(t)7} 3S)fe 



C 2 %^S. #-5.^, °H «?« - C 2 ™** = k{x,tp\ 
%%°]5L Av - C 2 v = fc(x,t)°U »(x,0) = 
/(x) - tu(l,0), «t(i,0) = g(i) - tDt(x,0)»j7j-|- 
f^« = «tM *J4fe *84 34. 



11.4. D'Alembert's Solution of the Wave Equation 



1. i>(x - ct)<$*\ A]7jr°\ t°]5L X7\ ct°J 

■H ^44- °l ^-fcr ^el^ofl 44 x\ 

C Bfl^f. ofo) Bj-^o.^ wave 44 
€e)i 0(x+ci)^ ^-s) »Z^s\ wave°]4 

2. C 2 = - = 500 4eH C = 10V5. 

P 

, , A„ 10v/5 , . . 

3. frequency — = cycles per unit time. 

27T 22 

4. u(0,t) = i(/(ct) + /(-cf) = 0 

=> /(<=*) = -/(-ct)Vt42M /fe- odd t&Hr°l4- 
t) = ^(/(i + ct) + f(L -ct)=Q 

f{2L + ct) = /(£ + L + ct) = /(L + (- + l)ct) 

= -/(L - (- + l)cf) = -f(-ct) = /(ct) 

5. /(x) = 0.01 sin 7rx a, L = 1, C = 1«| 
u(x,t) = 5Dn=i ^» cos(»Mrt) sin(nirx), 
Bn = 2 /„' 0.01 sin(7rx) sin(njrx) dxo|4- 

B„ = 2 / 0 l 0.01x(l - x) sin(ntrx) dx°14- 

Bn = 2 J,, 1 0.01(x - x 3 ) sin(rwrx) dxo|4. 

8. 5^3 -S-JjolH 

B n =2/0 0.01(1 - cos 2wx) sin(nTrx) dx°14. 

9. a) A = 1, C = 1. 4eH AC - B 2 = 1 > 0 => 
elliptic 

b) A = C 2 , B = 0, C = 0 => parabolic 

c) A = C 2 , B = 0, C = -1 => AC- B 2 = -C 2 < 
0 hyperbolic 

d) y>0=»AC-B 2 = j/>0 44*1 elliptic 
y<0=s>.4C-B 2 =y<0 444 hyperbolic. 

10. u{x,y) = F(x)G(y) 
42H yF"G + FG" =0. 

F" G" 

44-M — = — = const°]5L const = -l°J>fl 

i" yG 

G"-yG = 0*)-ir ^4- 

11. t) = *(x + ct), 2 = *(x - ct)oJ ^-i-g- 
*" - C 2 * = 0 = *" - C 2 *-i- ^#44. o.e| 
JL u„ z = 0°|4- 



»y - 



12. u rr = u„„ 

a* 

az j a 2 z 

= "- + 2u„,- + u, f (^) 2 + ^(^) 

13. Uxx + 4Ulj + iUyy = 0 

z = ax + by, v = cx + dyS. ^3. 

Hi = Otis + CU V 

u xx = a 2 u zz ■+ 2acu zv + c 2 u vv 

u X y = abu zz •+ (6c + ad)u Z v + cdu vv 

u vv = b 2 u zz + 2bdu zv + d 2 u vv 

(o 2 + iab + Ab 2 )uzz + (2oc + 46c + 4ad + 86d)u JU 
+ (c 2 + 4cd + 4d 2 )u vv <q*\ tDt 1 * OS. S |. 
ig^ltf. irfsM , 
z = — 2x + y,v ■= x 

=> Uw = 0 

«(«.»} = /(-2x + y)x + o(-2x + y)<SEfl»)-^l. 

14. v = x + y, z = -2x + y =i- u VI = 0 

"(x,y) = /(x + y) + o(x + y) 

15. v = 3x + y, z = x + y 

=> «(x,y) = /(3x + y) + y(x + y) 

16. z = x + y,v = x 

=*■ u(x,y) = /(x + y)x + o(x + y) 

17. 4a 2 -6 2 = 0 =»• (2a - 6)(2a + 6) = 0 
v = x + 2y, z = x — 2y 

=*• ») = /(* + 2y) + ff(x - 2y) 

18. utt = C 2 u zx - v 2 u 

u(x,t) = F(x)G(t)5} FG" = C 2 F"G - 

7 2 FG nj-el-A) 
G" 7^ _ F^ _ _ 2 

C 2 G + C 2 _ F P 

G" + G 2 ( 7 2 + p 2 )G = 04 F" + p 2 F = 0 



4ef-<1 G" + A 2 G = 



where A n = 



19. G" + C 2 p 2 F = 04 F" + p 2 F = 0-1- <a^cfl 
F(0) = 04 F'(L) = 0* 4-8-*r^ 



U.S. HEAT EQUATION: SOLUTION BY FOURIER SERIES 



F(x) - Ci sinpx + C 2 cospxS) ^t))«H|^ jr(0) = 
Ci = OoU F'{x) = -pcospi = 0£ 

PL = (2 " + *)* 
2 



(2n + l)j , 
2L 



-6$X\ 00)2.5. -fE)^ P n = 



0+2, 4eH u(x,t) = 

En°=o {-4" sinP n i cosP„Ci 4- B„ sin P„Ct} <4 ^ 
tO"?!^! initial velocity 7)- zero o)n.^ B n .£- Oo] 
SJ-4- initial displacement /(x)-f- °|-g-sH 
A " = 1 lo f(x)smP n x rfx* ojfecf- 

20. a)«(i,t) = F(x)G(t)e]-*^ 

FG" + C 2 F< 4 )G = 0 
FW qii 

= =r~ = £ 4 

F C 2 G 

F(x) = ylcosftr + Bsinftr + Gcoshftc + 
D sinh /3x 

=> G(t) = a cos C0 2 t + 6 sin C0 2 t 
b) u(s,0) =i(1-i) 

F " ' C 2 G P ' 
u(0,t) = 0, u(L,t) = 0 => F(0) = F(L) = 
0 and u„<0,t) = 0, u„(r,,t) = 0. => 
F"(x) = -yi/? 2 cos ftc-/3 2 B sin ftc+CS 2 cosh ftc+ 
D/? 2 sinhftr. 

F"(0) = F"(L) = 0 =>>1 = C = 0. 
F(L) = 0and F"(L) = 0^- Bsin L0+D^akL0 = 
0 -0 2 BsinL0 + D/3 2 sinh 1,0 = 0.2.3.-fe| 
sinL/3 = Ool s|^=. ft, = 2, n = i,2,-.*|s| 
2, sinhL/3 = 0o)s)^. ft£ o SH Sjo.°.S. D-fe- 



0 >JH 4*H F„(x) = B n sin — xo] 

L 

a, »l ni), c W = a„cos(^C 2 (^)4t) + 
6„sin(y / C 2 (^)4f)cl,4. 

«(*.*) = Er=i=in~(^cos(^C 2 (^)4 t ) + 

6„sin(yc 2 (^)4t) 0 |3, velocity=0 dms 

0 oj-i- £]d)^ 4efAi u (x,0) 
£„° =1 a n sin-^x = x(L - x)7V s|j£4 an ^. q 
$4- 

c) F(O) = 0, F,(0) = 0,F(L) = O.Fxfi) = 0 
F(0) = 0 => ^ + C = 0 

F x (0) = 0 => B + D = 0 

F(i) = 0 => -4cosftL+BsinftL+CcoshftL+ 
£>sinh/3L = 0 

F T {L) = 0 => -vtsinftL + BcosftL + 
C sinh ftL + D cosh ftL = 0 

- 4(sin 0L + sinh ftL) - D(cos 0L - cosh ftL) = 0 
-4(cos ftL - cosh ftL) - £>(sin 0L - sinh ftL) = 0 
(cos ftL - cosh ftL)(cos ftL - cosh ftL) + 
(sin ftL - sinh /3L)(sin ftL + sinh 0L) = 0 
=> cos /3L cosh 8L = 1 

d) F(O) = 0 = F x (0) =*.4 + C = 0 = B + D 
F«(L) = 0 =»• -/lcos/3L-Bsin/3i + GcoshftL + 
I> sinh 0L = 0 

Fi XI (L) A sin ftL - B cos ftL + C sinh ftL + 

£>cosh 0L = O 

=> cosh y3L cos /3L - -1 



11.5. Heat Equation: Solution by Fourier Series 



^lH1^l °J4 c l>a-^ n$ ^Efjoj exponential 
«MI decay Sj-^ ^^o|j?, wav e HJ-^-M* ^]^_Hi q) 
« 2^- nja^^ oj^^ o. isin) cos^S) ^^o. 

2. u B (x,t) = B nS in^e-^', A„ = SUL o|4. ^ 

eigen function ui(x,t) = sin — e- ( Sr> 2 'o| 
S.S. 20s. oliflo] ^aV^i 4^ s-sjoj, 
sin ^ e -(^) 2 20 < I sin ^ > ^ e -( ¥ )=20 < 
j 2 L - 

-o|s)i^- C 2 # ^cf- C 2 = — o]s_5. ther- 

^ up 
mal conductivity K 7\ -f-^^., specific heat <J7\ 4 
-§• ^r-^-, density M ^ d^g. d ecay 7 j. . 

3. p = 10.6, o- = 1.04, K = 0.056, L = 10 

=1 ,j ^2 0 056 

G" 1 = .. ot aso| 0 oln; 

10.6 x 1.04 

"(^.*) = E~ i B„sin(^)e-(^) 2 t oU 

•B" = g Jo /(x)sm(— ) dxSL ^ 



n = - J 0 S]n(0.l7rx)sm dx 

3 10 



4. 



B n = i J 0 10 1.04 sin(0.2,rx) sin — dx 
5 10 



5. 3»HM 



b _ ' rlO „„ < . nwx 
■'' 10 



6. 3Bi»S^ 

B„ = i/ 0 10 2-0.4|x-5|sin^dx 
o 10 

u"(x) = 0 

u(o) = r/i , u(l) = u 2 

=> u(x)=^Lx + C/ 1 
8. ti(x,<) = v(x) + tu(x,t), 

nx) = — - — s + t/ioja iu(x,t)^. 4^ nj.^^ 
4- 

tut - C 2 w xx = 0 
io(0,i) = 0 = ui(L,t) 

=> w(*,t) = ISL,flnSln2I£e-^« 



11. PARTIAL DIFFERENTIAL EQUATIONS 



Li 

9. (8)s) F(x) = Acospx + Bsinpx^ 
F z (0) = a t F x (L) = 0^ B = 0 

nJ-EM , u(x,t) = A„ + En=I COS^Je-*-', 
An- — 

10. F(x) = Ci cos px + C 2 sin px. 

F'(x) = -Cipsinpx + C2pcospx. 

F'(0) = 0 C 2 =0 
. , . nit 
F'(L) = 0 p=y 

4eM F„(x) = A n cos ^x and G„(t) = e- c V*. 

^*\u(x,t) = A 0 + Y;™ =l AnCOS— e '^1 

,4c, A„£ u(x,0)/(x)iL 

u(x,t) = A 0 + En°=i cosnxe-" 2 ' 

u(x,0) = A 0 + £~ =1 A n cosnx = /(x) = x 

=> = - fo * 

2 

i4 n = - f£ xcosnx dxS. 
ft 



A 0 = - J? fe dx 
An = ^ /„* fc cosnx dxS. 

12. lOSJofl-M 

v4o = - So cos 2l ^ 
2 

A n = - /„" cos2xcosnx dxS. 
it 

13. io»M<M 
Ao = ±J*(l-§)«x 

A„ = -/'(! - -) cosnx dxS. 

■K If 

14. -C 2 w xx = iVe" 01 , w(0) = 0,«)(L) = 0-§- tV* 
*rfe tu(x)# «(x,t) = »(*>*) +i"(x)S. 
-H «, - C 2 t)ix = 0, u(0,t) = 0 = v(L,t) 



11.6. Heat Equation: Solution by 

1. Cas Project 

2. u(x,t) = / 0 °° [A(p) cos px + B(p) sin px]e- c2 P 'dp 



B(p) = 

/(*) = 

A(p) = 
B(p) = 



'-/^o/( t ') sin J" ; 

r 1 



1 +X 2 
1 



7T 



1 

<*> 1 + x 2 

1 



1+x 2 



cos pu dv 
sin pi; dv 



1,(1,0) = /(x)-tu(x)o)^ life 3*<l i^-lr 

15. 7^ii -fei -ur(ir.t) = tt(*,t), u(0,i) °J^1 
F(x) = Ci cospx + C 2 sinpxoll^ F(0) = 0°.i 

Ci = 0°1j> F'(tt) + F(tt) = C 2 pcosp7r + 
C 2 sinp5r = Oil. -r-el tanjwr = -pi- °Jr^*$°>t!- 
4. rL?SH. °1* D J-*«Vfe Pfe ol^. 

16. u x (0,t) = En=l —Bne-^ -* 0 as t -> oo. 

17. Uxr.+ Uvv = 0, u(0,y) = u(x,0) = u(24,y) = 
0, u(x,24) = 20. 

Put u(x, y) = F(x)G(y) F"G + FG" = 0.2. 
^ , F" G " 2 

4eH F(x) = Cicospx + C 2 sinpx^]ifl F(0) = 

0, F(24) = 0. 4=)- A 1 Ci = 0, 24p = nw 4e)- 

njr nirx , . 

^ p„ = — • -r-elfe KCx) = sin -^"^ el S en 

function ^ferf- G n (y) - (^) 2 G„(y) = OiL 

S-Jfel G„(y) = A„e^ ! '+Bne- : 5T*, G„(0) = 0 

18. Cas project 

19. =1*) «(x,j)* »(0,y) = 0, 1)5,(1,0) = « s (x,24) = 
0, D(24,y) =f(y)7\ 

Slfe * < r* ^-M- ^fecr- u(*>y) = + 

u,(x,y)7f s)fe tu(x,y)l- ^-c-^ t"x* + ™yy = 

w{0,y) = 0 = to(24,y), ty v (x,0) = u>y(x,24) = 
0?v s)fe u>(x,y)* =3-^ €4- 

20. u(x,y) = F(i)G(y)S. *3L 

F G 

^ f'+jtZf = o => F(x) = Ci cosfcx+C 2 sinfcx 

^7lxi Ua: (0,y) = 0o}2-2. C 2 = Ooli 

F x (a) + hF(o) = -fcCi sin fca + hCi cos ka 

C\ {h cos ka — fc sin fca) 

=> tanfeo = Slfe fcn-i- ; 3"fe' t 4- 

F„(l) = COsfcnX^ 5! 0 1j!- °l 

fc n ofl tflSl G»l| dltV 

2*1- *<H £4. 
Fourier Integrals and Transforms 

3. 

A(p)= -/f^oCOSpD dw 
B(p) = -/f^sinpu dv 

7T 

4. 2»i«(l-*1 

. 1 roc COSpt) 

B(p)=ir te* 



el»l 



5. 2»i<>)l^ 



A(p) = -/f^ cospt) d» 

7T U 



11.8. RECTANGULAR MEMBRANCE. 



USE OF DOUBLE FOURIER SERIES 
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B( P )=i/- 00 — 



cospv dv 



6. u(x,t) = S£°(A(p) cos px+B(p) sin px)e~ c ' 4 dp, 
u(x,0) = / 0 °°(/4(p)cospi + B(p)siiipi) dp = /(i), 

A W = do, B(p) = 

1 * 
~ Joo /(«)sinjw du. 



7. u(x,t) 



2CV^t J ° 



2CV? 
u(x,t) = 



du, 

du 
-2CVt' 



— /°° , e - ' 2 



dz7\ %z\. 



8. io = zV5°J nfl 

u(r, 0 = 4= C /(a: + 2Czs/l) e - 



dz 



= -i= /~ /(x + CwVT^e-^ dw. 
yj lis 

9. *(x) = _L /f ^ e -* 2 / 2 ds <>)M 
v^7r 



do; 



11 x 

= 2 + 2-^ 



da; 



11.8. Rectangular Membrane, Use of Double Fourier Series 

1. (13)-M«M frequency = £ J + ojl ^tH*) 
2 V 6 J 



jt C = J- o|s.s. #3 T71- frequency^ -f- 

2- B mn = ^/ 0 4 (4x - x 2 )sin^x dx/ 2 (2y - 
V 2 )sin™y dy°]rf. 3 til, 
J* (4x - x 2 ) sin —j- dx 

= (4x-x 2 )cos — — « 

mir 4 
-4 4(4 — 2x) mux , 
+ /„ cos — — dx 



4 2 (4-2x) . irai,. 

T717T 4 

32 4 mux ,, 
= -r — COS— —J = 

(miry m-ir 4 



32 m7rx , 



(m7r) : 
128 

(miry 



(i-(-id. 



3. / 0 4 (4x - x 2 )sin ^dx ^ / 0 2 (2y - y 2 )sin ^dy 

** . . 

4 

/„ (4x - x') sin —j-dx 

4 „,16 16 . 
= - /„ (— t - -^t 2 )smmtdt 

7t 7T 7T 

= - G'C-t-^sinnrfiit.U 

32t 32t 2 

r -%r Fourier *M "fl^J ^^l^- 

4. un(i,s,t) 

= (Bn cos(«rVm 2 +n 2 0+BJ 1 sinfCWm 2 + n 2 t) 
sin(jTwrx) sin(mry) 



= {Bu cos(CirV2t) + BJj sin(0\/2i)) 
sm(irx) sin(7ry) => nodal line ; $(-§- 
"12(1, y,<) = (B12 cos(cirv'5t) + B\ 2 sin(CirV5t)) 

sin(;rx) sin(27ry) => nodal line ; y = - «Jo)|. 



5. eigenvalue A mn = cuVm 2 + n 2 , m = 1, 2, ■ ■ • , n = 
1,2,- •• <*} tflsil eigenfunction u m „(x,y,T) = 
(B mn cos X mn t + BJ, n Amnt)sin7n7rxsinn7ryo| t)) 

■%■ €4- 

6- Em=i £n°=i Bmn sin mi sin ny = f{x,y)°]2_S. 
4 

B mn = ^ fo Io f( x >y) sin mn sin nydxdy^^*] , 
B m „ = — f* f* sin 7nx sin nydxdy 

7. 6»H^ 

B m „ = — J* f* y sin mx sin nydxdy 



8. 6»!<H|^ 
B„ 



/(T /o" x ^ s ' n mx s ' n n f dxdy 



9. 6>S<>1H 

B»nn = 

^2 /iT Io x V( n — — J/) sin "»x sin nydxdy 

10. «(x,y,0) = Em=i Er=i B »" sinmisinnyols, 
4 

B mn = Io /(x,y)sinmxsinny dxdyS. 2 r 

11- a7)^i7 r 0o|^s. B mB = 0o|4.4^ , 

«(x,y,t) = ^jE" = i B^nCosAmntsinmwxsinni! 
, A mn = iry/m 2 + n 2 
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Bmn = 4 /q 1 /q 1 0.1 sin 3wx sin 4wy sin mi sin nydxdy 

12. B mn = 4 /q 1 / 0 l k sin 7rx sin Try sin mi sin nydxdy 

13. B m „ =4/^ /(J fcxy(l-x)(l-y) sin mi sin nydxdy 

14. Bmn = 4 /„' fg k sin 2 ttx sin 2 7ry sin mi sin nydxdy 



15. uu = (Bn cos(C7r^/i + lt) + BJj sin(^) 

sin(7ry)o|ji nodal line rectangular ^^"(M & 
4- 

«3i = (B 3 i cos(C7rv/r+Ti) 

+ BJj sin(Cx\/2J) sin(7rx) sin(7ry)o|;a 

»H nodal line -£- x = l,x = 2°J -d-?i'H|^i ?i4- 



16. frequency ^ 
1 



2tt 



^"A ~2 + 1?°' ^ ^fe a 2 + b 2 - 2afc = 

(a-b) 2 = 0 =1 sjfe- a = 6<y "flo^- 



2 2 

17. -ysjsl m,rH| 3l«iHfe ™j- + ^-o] 44*]^ ^-f , 

a 2 n 2 + 6 2 m 2 - 2abnm = (an - bm) 2 °) ^o\t,\ 

an = frm »]#o| o>#S)fc. a,6<y «J| 7^9" 44- 

18. cosA m „tsin sin riTryi)- 



»J^°) m,n«l| 2^s\ 4-g- eigenfunction°) SJ4- 



mwi . 

sin A m „tsin — — sinn^ry, \ mn CK 



19. u(i, y, t) = Sm=i E5£=l B ™" cos ^mnt sin mjri sin n 



U 2 n 2 



,A„ 

d 4 r (, _ a . 27ri . 3wy . mwi . mry 

Bmn = — J 0 J 0 sin sm —— sin sm — -dx 

ab a b a o 



20. 19ti 

ab 



D 4 -i, r „ . mrx . mry 
Bmn = — /„ / 0 iy(a-x)(fc-y) sin sm — 



Art) 



11.9. Laplace in Polar Coordinates 



1. u x = u T r x + Ue0x 
% , y , 



Uu = (ll rT r x + U r $)r x + U T T XX + (iterTx + 

ues^r)^ +ug9 xx 

4 



. x 2 xy y 2 y 2 

= U,r(^-) - 2 — U rf ) + — Ur + U S „ — + U^xx 



2. U r = liilr + U v y r 

— Ui cos 8 + u v sin 8 
u$ = UxX 9 + u y yg 

= «a;(— rsinfl) + u v (rcos0) 
1i rr = u lr cos 0 + u yr sin 8 

— (uxxCOsO + u xy sin 9) cos 8 + (uxj,cos0 + 
u yy sin 0) sin 0 

= u xx cos 2 0 4- 2u xy sin 9 cos 0 + u yy sin 2 0 
ugs = — r cos 0u x — r sin S« v 
+ (ttxr(-rsinO) +u Iy (rcos9))(-rsinff) 
+ («xy(-rsin9) + Uj,j,(rcos0))(rcos<?) 4^ , 
1 9u 1 d 2 u 

— if 9 ^ 1 d7u 

~ t Qt +r &^' + i^ae 2 
a 2 ^ iau i a 2 u 

~ dr 2 r dr + r 2 d8 2 

diL 

a$ 

Ux - -u r rx + u 9 r r + U 9 9x = tiri-i 
u xx = (u T r x ) x - (u r ) z r x +« r rxx 

2 2 



Au = u rr ( 



x^ + y 2 , 2 (x 2 + y 2 ) 
— ) +— — r — i 



= U r7 - + -Ur 

r 

5. Au — u rr + -U r = Oo]^ 

r 

u r = ae- lc 8 r = -elJi 4?}^ 
r 

u(r) = a log r + 6 with constant a and 6. 

6. a) u n = r n cosn0°lig 
(ux)rr =7i(n-l)r n-2 cosn0 
(u n )r = nr n_1 cosn9 
(u n ) ee = -n 2 r n cos neo|D.S. 

Au = n(n - l)r" -2 cosnff + nr™ -2 cosn0 - 
n 2 r n_2 cos n9 = 0 

b) r n cosn0,r n sinn07 r Laplace equation -§- 

u(fl,9) - f(8)3. Fourier ^7fl^o] 
u{R,8) = oo + Er^=i( a »cosn9 + 6„sinn0) = 
f(8)°M r < R°WS$ 

u{r,8) = ao + E r f=i(an(^) n cosnS + 

r K 
M — ) n sinn9)7 r Laplace «|^-H ^TfliTj 

u{R,8) = f{e)7} %z\. 

C) "d^ ao+Erf=l( 0 " cosn9 + i 'n sinnfi ) = f( 6 )< 
}{8) = -100, -a- < 9 < 0, /(9) = 100,0 < 8 < it 
olsli-s- a„,6„-§- ^^-&4- {cosn9,sinnf}7} 
(0,27t)a)-o)o)|^ orthonormal system 

a 0 = ^(fo 100 d8 + -100 d8) = 0 

a„ = -(/„"■ 100 cos n9 d9 + /f x -lOOcosne rfS) 

6„ = -(/* 100 sin n9 d9 + /f x -100 sin n0 rfS)S. 

=t=9^4. °N u(r,9) =a 0 + E~ = i(«n'-' l cosn9 + 
6„r" sinne)o|4. 

d) u(r,0) " ao + ESLi r "( a n cosn0 + 6„ sinne)7t- 



11-10. CIRCULAR MEMBRANCB. USE OF FOURIER-BBSSEL SERIES 



Laplace HH^-i- 
u n {R,9) = f{0) 

= £„t=i™-K" -1 (<in cos ri0 + &„ sin n0)o}n_^ 

TrnR n - 1 a n = fI K f(e)cosn0 dB 

■xnR"- l b n = fZ^f WsinnB d9-£ "i#4j>, 44 

-H , an = ^"# n-1 JI« /(«) cosnfl dO, 

b n = -n-R" -1 fH„f(9)sinn9 d9o]t\.. 

7. u(r,9) = a o + ££L 1 (<i Jl r' t cosn0 + 6 n r''sinnfi)3. 

= sin 3 9s. 4e] 
ao = ^/ 0 2,r sin 3 ^ 



an = - J?* sin 3 BcosnedS 
6„ = - / o 2,r sin 3 flsinn0«i0 



7T ' 

8 ' °<> = 

an = — fa* cos 2 6 cos n0d0 
10 

6n = — /n 2 ' cos 2 sin n0d0 

a " = -/*'/, 0 cos ntfcW 
6 n = - rf 2 6smn9d9 

10. *o = ±(f c *0d9 + f° ir -ed9) 



a " = -(/o0cosn0<W + J^-BcosnOdB) 



6 " = -{foBsinn9d0 + J° r -dsinw 



11. x3-£)oM (l,0)ofl-H 0 o)^7 (-1,0)<HH t#-§t #fe4. 
44-H , u"(i) = 0,u(l) = 0,u(-l) = ff o] 

12. 7»J<Sj 100* 3-t.V3°14. 

13. «o - —const = -k on j/ < 0-§- ^^.^ 

°^ = \Uo k cos - /° x *= cos 0d0) = 0 

K ~ ^Uo kcosnedB - f°„ksin9d9) = 0°J «(, 
u(r,fl) = £~ =1 fc n r" sinn0ol4. 

in = i / 0 2,r 1O0(tt - 9) cosn0dO 

>>n = i/ 0 2 ' 100(1 -0) sin nddd 3, »| «D 

15. x* = x + a, y- = j, + fco)ig 

«i* = Hi, u y . = ^0)0^3. Au^ •S*!-*! &fr4- 

x" = xcos a -y sin a, y" = xsina + ycosa'U "life 

u x = \l x -{x') x +u y .(y') x 

= u x - cos a + u y . sin q 

u xx = (ui) r . cosq + (u x ) v ' sin a 

= (uj. cos a + Uj,. sin a) x . cos a 

+ {u x - cos o + Uy sin a)j,. sin ct 

= u x - x . cos 2 a + 2u x .„. sin a cos a + Uj,. y . sin 2 a 

u yy = u x . x .sm 2 a - 1u x - y* sin ol cos oc + 



11.10. Circular Membrane, Use of Fourier-Bessel Series 



1. frequency = ^-3. a^sU a m -g- JbW4 
zero 3f-°l4. 4eH , Bo] 4^^. frequency^ 
3-4- 

2 — - £^1 - CQ l _ 2.40483c 
2tt _ 2ff 27riJ ~ 2wR 

3. C 2 = -015.3. frequency ^ = o| 

P 2tt fi^/p 

4. -a^s) 4-5- •S^-S-Eltl.SL.s. «S=i 

5. frequency \ZTH| b| ^ th4- 

6. Cas project 

7. u(r,t) = E~ =0 (amCOsA TO t+6 m sinA m <)Jo(^T) 

«,(r,0) = Z~ =0 A m 6 m 7 0 (^r) = 9 (r)o] 
it 



H<>> «4. 
44-*i 
i. 



- R 2 A 2 (a m )A m ^ ^(r)^o(— — r) dr 



8- »(r,*) = Em=i&m«nA ra tJ 0 (^I), 

A - ri - CQm 
A m — Cfim — — — — 

& - = e a m 4( Qm ) /o R ^)M^)^ol^ 
R= l,c = l,s(r) = lo|^ 

"( r > t ) = Z)m=i &m sin a m tJ 0 (omr), 
2 



6m = 



j2( Qm ) r M<*mr)dto\tt. 



9. nodal Iine-gr A m «(^a| J 0 (k m r)^^ k m r°] J 0 ^ 
S\ Oolsji. role).. 4^ m = r = ^<H1 

^ ^|7|j7 m = no|^ n - ItJ^ ^^<H|^ nodal 
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11. PARTIAL DIFFERENTIAL EQUATIONS 



lineal 514. 

10. -S] (12)5. -t-eJ s.7]^Z.7\ 0 °J^fe u(r,t) = 

E™=oK cos A m t) J 0 (^p. r )«H Example 

H-M /(0 = 1 - r 2 °]S_3- /(0) = lo|5l u(r,0) = 
E^=o°t^ 1 °M. 

11. FG" = C 2 (F rr + -Fr + \F ee )G 



G" 
C 2 G 



j(F rr + *F T + ^F 9S ) = -fc 2 -44 



G" + A 2 G = 0, where A = Ck 

F rr + -F r + \ F B B + fc 2 F = 0 

12. F(r,0) = W(r)Q(0)5.^-°_^ 

W"Q + V'g + \v/Q" + k 2 WQ = 0 

W" IV' r Q" „ 
"fZM — + _ + ^-+fe 2 =0 
W tW r 2 Q 

r 2 W" + rW + k 2 r 2 = = const°JisH Qfe 9^ 

c)ltb -t^o|ji Q(0) = Q(2x) = Q(4tt) --•<{! 2.^} 

"J^-^of *r-2-£- const = n 5 lE||«1^t+. 
Q" + n 2 Q = 0 

r 2 W" + rW + (k 2 T 2 - n 2 )W = 0o|4. 



13. Q„ = cosnS, Q* sinn0°|ji, s = ferS. ^"iL'd 

_ dW 

dr ds 

6 2 W d 2 W ,, , , 
3r 2 9s 2 

r 2 — — -f r— - + (k 2 r 2 - n 2 )lV 
or 2 or 
.d 2 W dW . 2 ,,„, 

= s 2 —— + s— V (s 2 - n 2 )W = 0°]2.S. 

os* os 
W(s) = J n (s)# 

14. u(R,9,t) = 0°j 7§^3L% 2-3- -r-Ef J n {kR) = 0°\S\ 
^kR = a nm <U k mn = 

15. G mn (t) = A mn cosCkmnt + B m „ sin Cfc mn t°| 

B m „ sinCfc m „t)J n (fcm7ir)cosne. 

16. 15«J5_S. -ft) ut(r,0,O) = 0.& Bmn = 03f 

=0-1- sM^tr. 



17. u* 



sin 00 



0°}2-. 



0 OIJT Um0 = 



(>t m0 COsCA: m ot + BmOSinCJ I <: m ot)Jn(fcmOr)ol'4- 

18. un = (4u cosCfcut+Bu sinCknt)-M fc ii r ) C0S ^ 
cos 07} <3*-§- °l-f~fc- xif-l- §4- C 2 = 1^)3. 

H = lo] ^EflHl-M frequency^- = o]^. 

2ir 27r 

JitHr^ 0 an* 2tt3. <4fe 



11.11. Laplace's Equation in Cylindrical and Spherical Coordinates. Potential 



°J. 

2. x = r cos 9 sin y = rsinflsin^.z = rcos<^> 

u x = « r cosesin0 + u»(— r sin 0sin + 
u^(rcos0cos0) 

u IX = (u x )r cosflsin<^ + (Ux)«(-rsui0sin0) + 
(Uic)^(rcosflcos^) 

= (u TT cos 9 sin 0 + u r e(-rsin0sin^i) — 
«s (sin 9 sin 0) 

+ u r ^(r cos 9 cos 0) + u^(cos0cos#) — 

u^(cos0cos<£)) 

cos 9 sin <t> 

+ (u r g cos 0sin0-u T sin<?sin0+U00(-rsm0sin<^) 
+ Ufl(-rcos0sin<£) + U^(r cos 9 cos <j>) + 
uj,(— rsinffcos^)) 
(— r sin 5 sin i^) 

+(u r ^ cos 9 sin 0+u r (cos 9 cos <£)+ti0^ (— r sin 0 sin 0' 
+ ug(— rsinffcos^) + u^^ (r cos 9 cos 0) + 
u^(— r cos 9 sin ^)) 
(r cos fl cos <t>) 

= u rr (cos 2 flsin 2 4>) + u M (r 2 sin 2 Ssin 2 0) + 

"^sCr 2 cos 2 0 COS 2 0) 

+ u r g (— 2r sin fl cos 0 sin 2 i/>) 

+ u-nj, (2r cos 2 0 cos <j> sin <£) 

+ 2r 2 cos 0 sin 5 sin <p cos 

+ u T (r sin 2 0 sin 2 <p+ r cos 2 0 cos 2 0) 

+ ug(— sin 0 cos 0 sin 2 <A + r 2 cos 9 sin 0 sin 2 <j> — 



r 2 sin 0 cos 0 cos 2 $) 

+ «^(cos 2 0cos0sin<#> + r 2 sin 2 0 sin <f> eos $ — 
r 2 cos 2 0 sin 0 cos <j>) 

3. Au = u rr + -u r = 0t>l"a « = ur°lef ^-i^ 

— $ —dr . r 

v(r) = e r = e -'°s r = - 
r 

u = C log r + fc with constant C and 

4. u(2) =Clog2 + fc = 220 
u(4) = Clog4 + fc = 140 

C(log4 - log2) = -80S. Jf-lH C k7\ ^^^4- 



c_ a 2 ^ 

r 2 3r 2 



C du 
5. u = -ol<a — = - 
r ar 

a 2 u 2 au 
Au= a^ + ;a^ 
ES 2f + E ( _4,» 0 .w 



6. At! = Ur T + -U r = 0 

r 

C C 
r 3 r 



2C , 
= -5- 



11.11. LAPLACE'S EQUATION IN CYLINDRICAL AND SPHERICAL COORDINATES. POTENTAIL 



7. u(2) = - + k = 220 

u(4) = % + k = 140. 
4 

Q 

8. u(r) = — 1- u xx + u yy +«„ = 0°fl tfloJSl-^ 

r 

Ui = u'(r)r x = u'(r)- 



u xx =u"{r)—+u'{r)- 
j.2 ^.2 j_ ,.2 

^2 



«"(»") ^ + u'(r) — ti- nj-eM , + u vy + U 2I 

= u"(r) + 2^- =0 

9. u, = C 2 (u„ + 2 — ) 
u(ii,t) = 0 1 u(r,0) = /(r) 

V r = U + fUr 

U rr = u r + u r + TU rT 

vt = rut = C 2 (tu T t + 2u r ) 

CVr °\JL 

v{R,t)=0, »(r,0) = r/(r), v(0,t) = 0 
v(r,t) = F(r)G(n)°J nfl 
FG' = C 2 F"G 

-2- = f!l - _*2 

C 2 G F 

F(r) = Ci cos Ar + C2 sin fcr 
F(0) = 0 => Ci = 0 

727T 71 7T 

sinfcF. = 0 => fc„ = — m-sM PnM - sin 
JL, «H G„(i) = e-/^ 2fc n'" = e- c2fc ' t 

10. u(r,^) = E"=o- 4 nr"Pn(cos0), 

A n = /' /(0)F„ (cos 4>) sin ^ 



2n + 1 



11. A„ 

12. A„ 

13. A n = 

14. A„ = 



2 J " 
2n + 1 



cos </>P„(cos <£) sin 



/ 0 *Pn (cos 0) sin <W 



/*(1 - cos 2 tf.)F„(cos <£) sin 0<ty 

1 /„* cos 2<£F n (cos 0) sin <j>d<t> 
2n + 1 



/*(10cos 3 <A-3cos 2 </>-5cos</«- 1) 



0P n (cos 0) sin cj>dtj> 



1 



15. point charges. -MS-S. 

3}-£r exterior potential-^- 

B„ = ^-ti /* P„(cos^)sin«W*r i^- <a*l*<4 



16. u(r, p) = £~ =0 ^fT P "( cos v)- 
B " = 1 /o Pn( cos V) sin v 



17. 10$ 

A„ = f^UlPn^dwo]^ Pl(w) = W, 

Pn(u>)£- (-1,1)t l ^VH|>H orthogonal Z[B-3_ Ai = 
1, A„ = 0(n > l)°M. 4=H, u(r,*) = rcos^-M-g- 
^^■tr^T- 42f-M. xz -go^ equipotential line 
4> = OH «f| r = k 3MH <t>=^$- cos^fe 0 

2.3. 7\S-S- r£r oof- 7Ktr c r- o)^. x -$-§- ^5-^0. 



18. An 



55(2n + 1) ^ M 

>4eH 



(2n - 2m)! 



m!(n - m)!(n - 2m + 1)! 

55^9 2 (8 -2m)! 

14 2. m =o<. L ) m! f 4 _ m Vf4-2 



m!(4 -m)!(4 -2m + 1)! 



24 

55-9 8! 6!_ 4! 

16 M!5! 3!3! + 4 ' 



19. independent t!" «il 

An = F -0/( V )P„(cos V )siny d^SlHl 

/7r 0 < 0 o)j7, ^ < V < ^HI A 1 20 o]cf. 42+ 

A„ = — - — /« 20P n (cos <p) sin dip 



= 10(2n+l)/ 0 -1 P n (u;)du> 
10(2n + l)/° l P„(u)dw 



1 1. 1 
20. v r = — u+ - -- rv,! 1 = 1/r, 
r 2 r r 2 
2 13 1 

1 2 1 a 2 « 



rU r . r . + -ru r - + 
cot <A 9u 1 



r 3 d<f> 2 
d 2 u 



r 3 90 ' r3sin 2 ^ae 2 

.5, 2 1 9 2 « 

= r („ r . r . + _ Up . + - r _ 

cot <p du 1 5 2 u 

+ r* 2 d0 + r* 2 sin 2 (/>ae 2} 



21. v{r,e) = u(-,e)°4 r$ r - = ~H 
1 



1 



frr = -rll r . + — U r . r . 
■4Sf A i , Vrr + ~ + -zv ee 

r r z 

= r u r - r . +r u r - +r 

1 1 x 

= r" (u r - r - + — u r . + —jugg) 

r' r* 

= 0 



11. PARTIAL DIFFERENTIAL EQUATIONS 



22- «r,^ = 2!«E£ nsUl4eM , 



v{x,y) - 



r 2 
xy 



(x 2 +y 2 ) 2 



»I4- 



23. u n (r,<f>) - A n r n P n {,cos<i>)sH 

r n+l ' 

»»( r >*) = r^rr i5 n( cos ^).<('-.^) 



r n+l 

= £„P„(cos<6)7 r 34. 



24. a)Ax «g=°H^^ 3°J-#Ste -RiAx<H -L(||)Ax3. 
^rH*l3. u I+Al - Ux°14- 44^ , Kirchoff 

>8*H3si| u x+Ax -u x = RiAx + L(~)Axo\3.S. 
Ax OHfl 3]^ <>H;24- 
b) S!SM* 

du 

ix+Ax -ix- -GuAx + C—AxZ. 3.S 34- 
3 2 i 

-„„ = », + L_ 



- fii x + L(-Gu - Cut) + L{-Gu t - Cu tt ) 
= R(-Gu - Cut) + L(-Gu t - Cuu) 
uxx = LCtt t i + (RC + GL)u t + RGu 

d)Ut = RC Uxx 

«(o) = o,«(Z) = o,u(x,o) = c/ 0 o J *9fe 

"(*.t) = £~ 0 B.Bin(=p)e* 2 -«,A« = jgg 

B " = r( . ,,n7rx w /o %sin(^)(ix 

/o sm ( — Z 
, 1 



u(0,t) = u(i,t) = 0,u t (i,0) 
C/ 0 sm( — )o]s.s_ 

u(»,t) = E~=i B n cosA„tsin^, 

A„ = 



0,u(x,0) 



\/ZC 

n 2 r f 7TX 4 . 717TX . 



1. = /(t-g)u(t-g) 

«« = r(«-§wt-§) 

Wxx = £j/"(t - J)„(t - g) 4^1 , Wll = 

C 2 w x x 

w(0,t) = f(t)u(t) 
= f(t), t > 0. 

T 

2- C 2 = -ola-S. 4fi C = s|J|sfi, *J<£<q 

root«)I «H*« ^4. *ji£oj 44^^ A-ife 9\ 

34- 

3. /w = {2'_ I °, < 1 i ; I i <2 °uc =1 ^ 

».5.Fig.287^^ ^-7l7f2»J ^■t)|S.'&^^-^o)4. 

4. W(x,s) = C{u(x,t)}^aL TtS.'g 

dW 2x 1 

— +2i(^(i,j)-1) = —7} SU W(0,s) = -o] 

14. 

4sM , s) = e* 2s (/e l2s (2xs + 2x)dx + c) 

- 3 + 1 _ e ~* a ' 
_ s 2 s 2 

44M , u{x,t) = t + 1 - (t - x 2 )v(t - x 2 ), t>4r # 
3 ^]4^°14. 



5. xW z + sff = — 



11.12. Solution by Laplace Transforms 

1 



1 



W(0,s) = 0 

W X + 1^ = 
x 

W(x,«)= J-(/x-ldx + C) 



= A( 



x* (s + l)s 2 ' 

s 2 (s + l) I+ x* 
W(0) = 0 => C = 0 

W(x,s) = „, 1 - x 



+ C) 



s 2 (s + l)' 
,11 Is 

{ S + 7 2+ —i )x 

w(x,t) = x(e- f +t - 1) 

6. u = F(x)G(t) 

xF'G = FG' = xt 
xF' G' _ xt 

F + G ~ FG 
»| =«, F(x) =t7[^ 

1 + | = 1=> G' + G = t 

^ G = Ce~* + t - 1 
u(x, 0) = 0 G = 1 
u(x,t) = x(e -t + t - 1) 

7. u t - C 2 itx r = 0 
ux(0,t) = 0, 

u(0,t) = /(<), /(0) = 0 
sw — C 2 w xx = 0 

w{x,s) = Ci(s)e^ x + C 2 (s)e~ £ x °m 
limx-nx, w(x, s) = 0°(| 2\q Ci(s) = 0, 
w(0,s) = F(s)o]^ 

tu(x,s) - F(s)e iS ^ JLx 



CHAPTER 11 REVIEW 



8. w(x,t) = f*C- 1 (e-^ x ) 

2V7fT a C 

ft. -S. - 2 



9. wo(x,t) ■■ 



2Cy/r 



X 1 _3 

du; - — -f t 5rfr) 



— ^ f 2CvT 
V 7r 2CvT 



4C ^ 

an; 

x 



dw 



v^F 1 2 Jo 6 



dw) 



= 1 - er/(- 



r) 



2CVe 

1 Vd£. 

10. u>o(x,s) = -e"c 
s 

u>(x,s) = F(s)su;o(x,s) = F(s)(su;o(i,s) - 
w(s,0)) 

= W£> 



Chapter 11. Review 



4 4tt 3=r3 7 Jj=r°« 44 444 ^-«"ti^ 4"l«- 
4*<H°1 sU, 27j <=j^-s| «ts^°| i#sH3 HHJ 

^l-g- h^4»i 94. 

2. a) Laplace equation: Au = u IX + u yv — fix, y) 
A 4-S-, conductivity -g-^ -f-... 

b) Parabolic equation: u e - Au = / "J-^-M, 
44 HH4, finance f-... 

c) Wave equation : utt - Au = / 4-f- HJ-^-M — 

3. F = maij -M-& 4-§-4Si4. 4S- HJ-^-M- 

4. t 1 ^ (0,7r)Al-oloflA^ jixje) vibrating string-gr eigen- 
value A n = n 2 S\ eigenfunction u„ = sin nz-I- 

4- 

5. «^j°14 "^ig^H-M 4^-fcr ^4&* 4-8- 
4^4 °1 ■S'r-S-El 44 4 *o] S fcf. 

6. ^4 ofl^ Bessel equationo| 1L°|j!, 
344 Laplace ^^i*]* 4-S-4-C- 4*J-<4 Le- 
gendre equationo] .SL°lcf. 

7. €^°14 444 <S«H4 4"l-g-4^-J-§- 4#"fl <S 
<r£5| HHJ-t- *4- 

8. 24*1 °143 *!^°I4 44^ "a^s. 
-M°t4 4* #"« 444 <3 31143 ^-g- 
el-i-<&4- 

4 3^44 hmw4- 

10. a) Dirichlet condition: 7&7%Sl Pl-g-o| 2. 
4 

"b) Neumann condition : ^^2.7^0] ^7fl«) outer 

normalSl 4-g-.2.3. z^o\ ;§ n)|. 

c) mixed boundary condition: a)s|- b)7> 2.44 Tj 



11. eigenvalue 2} eigenfunction!- 5. ^-4*! ^i) 7> 2.7]2. 

4^-4 H 4 ^"H eigenfunction f-o] -y- 

444*3 °| "fl i7l24* eigenfunctionf- 

°J Fourier seriesS. 44^2. °H! 4fe Tfl^-f-i- 4 

12. Al7jo| *#=^s. s() 7 ). decay 

13. -f-t.V«g^£| %S.y*3 M o| 14 Fourier transform ".S. 
^^•1- 4-S-44- 

14. =5)44^ ^^"14 ^^oj ^^^j 5a B )^.B^xj 
4°J 3+ «=r*e|l- -f-«l| -*4* Hr^-14 ^ 

15. Laplace ^^1-5) ^7f7,] f-A^^- smooth «V7-I 
S^-c- ^t 1 * Laplace ^%-§- -f-^ smooth 4-fe- 

^8°! Siul, Laplace o|^.o| 

16. <g^f- u r ?o.S. -fE|7 r I^Efl oj nl-g-Hr^-iH 51 

17. 2SJ 5-4«HI4 4^-5J4- 

18. ^-f-*^l»fl4^ eigenfunction^.^. Bessel 
functiono| sjjl, oji^o) frequency^- J 0 ^"r 7 |- 0 
°l SI* ^^-»tl 444^^1 vibrating string«fl-Hfe 
sin^^n 0 °)s)^ TjJoJ ^tVcf. 

19. <a^3s. •S^ell- f-*H 44°fl ^4 14 
T7]Hj-ojs)^ o]of| q)^. AlTj-ofl t))^ decayi 7jo_ 
S. exponential «fl7 r s)^., 4f- >y-^ 4 •H) 4 44<H| 
tfltV 24 u|«H sl<H Aj7| t^f-s) 2.^0)^4. 

20. ^<g^»tl4 4 x i4s| ns, f-Tj] 
i 4^1 ^#-g-i «4- 



21. Put U : 



u = Ci sin 3i + C2 cos 3x. 



11. PARTIAL DIFFERENTIAL EQUATIONS 



1 2 




1 „ 

u(z,y) = e -»(Je ! '- -x 2 dy + C(x)) 


=4- u 


= e -»(_i I 2 e » +c(l)) 


,A„ = 


= -^x 2 + C(x)e-» 


B„ = 


Put u = e A => A 2 + 3A - 4 = 0 


34. B„ = 






« P (f) = -3. 4eH , «(!/) = Cje* + C 2 e~*y - 3 


35. B n = 



24. A 2 +A = 0 => A = 0,-1 

=> u(x, y) = Ci (y) + C 2 (y)e~ r 
«(0,y) = /(y) = Ci(y) + C 2 (y) 
«*(0,y) = 9 (y) = -C 2 (y) 

Ci (y) = /(»)- G 2 (y) = /(y) - g(y) 
=> u(x,y) = f(v) + g(y) - g(y)e 1 

25. u(i,y) = F(x)G(i)Ef 

F'G = yFG' => ^ = ^ = fc 
F G 

F'(x) -kF(x) = 0 =>■ F(i) = Ce- fcl 

G'--G = 0 => G(y) = Ce- |o 8v fe = £. 
y yk 

4eM , u(x,y) = ~e~ kx 

y 

26. Laplace equation S.S. -¥-6) F"G + FG" =0 => 

F" G" 

= — — = const 
F G 

a) const — 0 

=> u(x, y) = (ax + 6)(cy + d) 

b) const = fc 2 > 0 

F(x) = >U kl + Be"**, G(y) = Ccosfcy + 
D sin fcy 

u(x,y) = (Ae* I +Be-* I )(Gcosfcy+Dsinfcy) 

c) const = -fc 2 < 0 

u(x,y) = (A cos ky + B sin ky)(Ce kz + De- kl ) 

27. z = -2x + y,v = 2x + y 
u(x,y) = /(-2x + y) + s(2x + y) 

28. 2 = -3x + y,t> = x 

"(x, y) = /(-3x + y)x + fl(-3x + y) 

29. z = x + y,tJ = x 
u(x,y) =/(x + y) + s(x) 

30. u(x, 0) = sin 2 x = /(x) 

utt - 4u XI = 0. , 

u(x, t) = ZZ? =l B„ cos(2ni) sin(nx), 
2 

B n = — f£ /(x) sin nx dx 
2 

31. B n = — J^sinSxsinnx dx 
1 



32. B„ = 



x 7r|)sinnx dx 

2 



33. u t - 1.158u zz = 0 
u(o, t) = tt(100, t) = 0 



100 
5^ 



n7rx. 

( Too J 



100 



dx 



.nirx 

n( 

100 

. nnx 

( Too 



dx 



36. tit — Uxz = 0 
u I (0,t) = 0 = u x (ic,t) 

u(x,t) = I]^Lj ^4„cos(nx)e _A n f 

Ao=l So /(*) **< 
2 

A n — - f? f(x) cos(nx) dx, n = 1, 2, • • ■ 

37. A 0 = - / 0 * 250 cos 2x dx, 

.4,, = - XT 250 cos 2x cos(nx) dx, n = 1, 2, • - • 

38. 4o = I/ 0 ' r (27r-4|x-i 5 r|).<ix, 

^2 1 
= - f^(2-ir - 4|x - -7r|)cos(nx) dx, n 

1,2,- * 2 

39. 4444*1 fllfe 

«(x,y) = Er=lOnSm(^12sinh(^), 
a„smh(n?r) = i / 0 12 /(x)sm(^) 



40. 
41. 

42. 

43. 



On = 
a„ = 



' : Jo 12 100 S in(^)dx 
6smh(n5r) J0 v 12 



— sm( T sxn( — )dx 

.fi 2 = l-.K=yi 

*>! = ^11 = 0.6784 

2tt R 

Am _ fcl^ _ Ol 

2n ~ 2tt ~ 2jrR' 



ttR 2 = 1 



2V2 



R- 



= 0.6748 



44. 
45. 
46. 



An = VT+T = j_ 

2ir 2 n/2 



2tt - 2 V^ + 2- 



ttR 2 „ [2 

— - = 1 => ft = . / - 

2 V 7T 

fcn _ an _ 3.832 
2ir _ 2tR _ V87F 
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47. I*.!** * 

4 ^/tt 
^12 _ Qi2 _ Q12 
27T ~~ 2irft ~~ 4\/w 

48. Au = 0 

«(ro) = tt 0 , = moliS. 

a 2 « 2 9u 

Am = 1 = 0 

dr 2 ^ rdr 

=> v.(T) = C 1 e-fZ dT + C2 = C 1 e- 2lo s T +C 2 



u(r): 



+ C 2 



u(r 0 ) = u Q = + C 2 
u(n) =«! = % + C 2 
=* Cl (3 -^uo- 



r 2 - r 



(ti 0 - Ui) 



49. Cylindrical coordinate HM-fe- 

d 2 u 1 du 

«(r) = ^- + C 2 
r 

u(r 0 ) = 110= VCi 

^1 

u(ri) = ui = — + C 2 
ri 

, 1 1 > 

Ci( ) = uo — ui 

r 0 ri 

Ci = (u 0 - iii) 

ri - r 0 

50. g(<f>) = 4 cos 3 <H JE 

= E~ o ^nr"P„(cos 



Chapter 12 




Complex Numbers 
and Functions. 
Conformal Mapping 



Complex numbers and the complex plane are discussed in Sees. 12.1-12.2. Complex 
analysis is concerned with complex analytic functions, as defined in Sec. 12.3. In Sec. 
12.4 we explain a check for analyticity based on the so-called Cauchy-Riemann 
equations. The latter are of basic importance. They are related to Laplace's equation 
(Sec. 12.4). In the remaining sections of Chap. 12 we study the most important 
elementary complex functions (exponential function, trigonometric functions, etc.), 
which generalize familiar real functions known from calculus. This includes discussions 
of geometric properties of these functions in connection with conformal mapping 
(defined in Sec. 12.5). 

Prerequisites for this chapter: Elementary calculus. 
References: Appendix 1, Part D. 
Answers to problems: Appendix 2. 
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12. COMPLEX NUMBERS AND FUNCTIONS. CONFORMAL MAPPING 



12.1. Complex Nun 

1- 3~83 3*H i 2 =ixi = (0,l)x (0,1) s\ 

7il-{V-S- (0x0-1x1,0x1 + 1x0) = (-1,0) 4 
4<>1 s]o\ p = -!-§- "gi-cf. na)jl i 3 = t 2 x i »1 
in. i 2 = -1 t 3 = (-1) x i = (-1,0) x (0,1) 

•fe- (-1 x 0 - 0 x 1, -1 x 1 + 0 x 0) = (0, -1) = 

-i 7V 34. i 4 = i 3 x i = (o.-i) x (0,1) = 

(0x0- (-1) x 1,0 x 1 + (-1) x0)| ^-tMsM 
(1,0) = 1* ^4- = i-M*-^ "J33 *'&'t n 

ofl rflsfl t 4 " = lo)^. j4n _ ({ 4)n _ ^.g. 

oj- ^ ali i 2 = -l,i s = -«",i 4 = i* "i-g-ef-a 4 

-s-si ^*-§- <a# ^ ai4. ^, °J33 m «K qi 

*H m -£ 4S . 4^ 4^*14 44 0,1,2,3°J ^1 
l,t,-l,-t 7} 34. 



2. 



-2+4i 


o 2+5i 


0 




-1+i 






0 

h 




0 






0 




5-2i 



3. ziz 2 = (4+3t)(2-5t) = 8+10+i(6-20) = 18-14i. 

4. (32! -z 2 ) 2 - (12+9i-2+5i) 2 = 100-196+280i = 
-96 + 280i. 

5. 1/zi = 1/(4 + 3i) = (4 - 3i)/[(4 + 3t)(4 - 3i)j = 
4/25 - 3/25t. 

6. 25z 2 /2i = 25/2122 = (4 - 3i)(2 - 5i) = -7 - 26i. 

7. Re{z\) = Ke(-44 + 117i) = -44. 

8. ???(2! - 2 2 )/( Zl + Z2 ) = (2 + 8i)/(6 - 2») = 
7/10 + ll/10i. 

9. 2122" = (4 + 3t)(2 + 5i) = -7 + 26i, zTz 2 = 
(4 - 3t)(2 - 5i) = -7 - 26t. 

10. 1/z 2 = 1/(4 + 3i) 2 = 1/(7 + 24i) = (7 - 24i)/625, 
1/ZT 2 = 1/(4 - 3i) 2 = (7 + 24i)/625. 

11. zr/22 = (4 - 3i)/(2 + 5i) = [(4 - 3i)(2 - 
5i)]/[(2 + 5i)(2 - 5i)] = (-7 - 26i)/29, zi/z 2 = 



*Kr $±2. *4- 
•s. Complex Plane 



(4 + 3t)/(2-5») = -7/29 + 26/29i = -7/29- 
26/29i. 

12. ???(2 2 2 2 -)/(2 1 2T) = [(4 + 3i)(4 - 3i)]/[(2 - 5j)(2 + 
5i)] = 25/29. 

13. 1/2 = (x - iy)/(x 2 + y 2 )o|J2..S. /m(l/z) = 
-y/(* 2 +y 2 )°)4- 

14. ^x] 2 2 = x 2 - y 2 + t(2xy)°]-§- 2_°1 z 4 = (z 2 ) 2 S) 
Imaginary^-g-^r 2(x 2 - y 2 )(2xy) - ixy(x 2 - y 2 )°J 
•I- <& <=r 114- =L$5L Im{z 2 ) = 2xy°H4 
(Im{z 2 )) 2 = 4x 2 y 2 °l4- 

15. (1 + i) 2 = l-l + 2i4M (1+j) 4 = (2i) 2 = -4o|jt 
*l*r *W (1 + 0 16 = [(1 + «) 4 ] 4 = (-4) 4 = 256# 
Sl*r4- 

16. <?i*) z/z = z 2 /(zz)4M -g-ife- U=r i 2 + y 2 °1 
JL -S-^-fe x 2 - y 2 - j(2xy)4£- 4 A J* ^#4^ 
fie(z/z) = (x 2 - y 2 )/(x 2 + y 2 )* $ + Sl4- 

17. 16^ iS. -S-i-fe- 4al *4-b 2 3 »lH.5. 
£47} z 3 = i s - 3xy 2 + i(3x 2 y - y 3 )°,M 
Re(z 2 /z) = «e(z 3 /(zl)) = (x 3 - 3xj/ 2 )/(x 2 + y 2 ). 

18. zx,zi,z 3 % 44 xi + iyi,x 2 + «y2,i3 + 13/3S. ^ 
^is) U,i 2 ,a;3,yi,y2,V3S. ^^^7^5. tt4- 
zi + 22 = (xi + tj/i) + (i2 + iyi) = (11 4- 12) + 
i(yi + y 2 ) = (12 + n ) + «(f2 + yi) = (12 + »s/ 2 ) + 
(xi+iyi) = z 2 + zi. zi2 2 = (*i+iyi)(x2+iy2) = 
X1X2 - yiy 2 + i{x\y 2 + x 2 yi) = x 2 xi - y 2 yi + 
t(x2Vi +X!y 2 ) = (x2 + iy2)(n +iyi) = z 2 zi. 

(zi + Z2) + 23 = l(n + iyi) + (x 2 + iy2)] + 
(13 + iyz) = (zi + 12) + i(yi + y 2 ) + x 3 + iy 3 = 
[(xi+x 2 )+x 3 ]+i[(yi+y2)+y3] = [xi + (i2+x 3 )]+ 
i[yi+(y 2 +y 3 )] = xi+iyi+(x 2 +x 3 ) + i(y2+y3) = 
11 + iyi + [12 + «y 2 + 13 + iy3] = 21 + (22 + 23). 

2l(z 2 +Z3) = (xi+iyi)(l2+X3+iy2 + ty3) = 

xi (x 2 + x 3 ) - yi (y 2 + y3) + "1 (y2 + y3) + iyi (^2 + 
13) = xix 2 -yiy2+i(xiy 2 +yiX2)+xiX3-yiy3 + 
i{xiy3 + yiX3) = 2122 + 2123. 

0 + 2 = (0,0) + (x,y) = (x,y)(= z) = 
(x,y) + (0, 0) = 2 + 0. 



19. 21 ± 22 = 41 ± 23i = 41 + 23t, zj±z^= (38 - 
18i)(3 - 5i) = 41 + 23 i. 

2722" = 24 + 244t = 24 - 244i, zp? = (38 - 
18i)( 3 - 5» ) = 24 -244i. 
zi /z 2 = 

20. "l-J ziz 2 = 0o|4^ zTZ2 = 0 = 0<>14- 

2 i i 2I2221Z2 i 0o|4_ zTz~2~ziz 2 = 

(2l2l)(2 2 22") = 0o]i 44^. Z!ZT = 0°| 



12.2. POLAR FORM 
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Z2Z2 = 0o)4. z x zl = 0 

°13 *fl£ ^44. zi = i + iy(x,y± -y^r)3 4 



<3 zizi = x 2 + y 2 = 0o| S)ji x ,y7\ -y^o|D_ : 
x = y = 0«1 s] a. 2 = x + iy = 0o|t+. 



12.2. Polar Form of Complex Numbers Powers and Roots 

19. 3 + ix3. 



1. \/2(cos(7r/4) +isin(?r/4)). 

2. 2 V2 (cos(3tt/4) + i sin(3ir/4) ) . 

3. 5 (cos(tt + a) + i sin(x + a)) , tan(a) = 4 /3. 

4. 10(cos(0) + isin(0)). 

5. 3 (cos(5r/2) + i sin(jr/2)) , 3 (cos(37r/2) + isin(37r/2) 

6. (cos(37r/2) + tsin(3ir/2)). 

7. 4(cos(3a)-+isin(3a)),tan(a) =3/4. 
8 - ^f(cos(T/4) + isin(7r/4)). 

9. ^ (cos(/J) + i sin(/3)) , tan(/3) = 1 1/7. 

10. ^ («w(* + 7) + isin(7r + 7 )) , tan( 7 ) = 7/5. 
in i-it 



11. -tt/4. 

12. ir,arctan(l/10) - -a. 

13. ±arctan(4/3). 

14. -(3ir)/4. 

15. -(3w)/4. 

16. 0 + txl. 

17. 2 + tx2. 

18. 3 + ix 3n/3- 



o 

o iwiaoi 



20. (a) p661£] ^ 15°fl 0)^4, ( b ) Wl = 
v/FlVCl + cos(0))/2 + »V(1 - cos(0))/2]<HH r = 
|z|o)J2. rcos(S) = xolis. y/z_=±u Jl = 
±[v/1/2(| 2 | + i) + tstfl n(y)tyi/ 2(lz| - 1)]. ( c ) 
y/ 4? = ±y^ (l + i), V20 + 48i = ±2(3 + 2t), 
\/23 - 5v/8i = ±(5 - \/2i). 

21. 2 1 / 3 (cos(q) + tsra(a)) , a = tt/12 + 2n7r/3. 

22. 2 (cos(q) + isin(tt)) ,a = ir/6 + 2n7r/3. 

23. 6 (cos(q) + t sin(a)) , a = 2n7r/3. 

24. V2(cos(a) + isin(a)),Q = 2n7r/4 + tt/4. 

25. ±(3 + 4i). 

26. ±(l + 2i),±(-2 + i). 

27. (cos(q) + isin(a)) ,q = 2n7r/8. 

28. 2* r >!H*13 53 3-*-M3*r'!! |(5 + i±(l + 3i)). 

29. 24 »<H 3 3 53 ^-H 3 4>d 1 (7 + i ± (1 - Ji)). 

30. 24 HH933 53 ^ofl s)^^ ^ 
I (3 + 6i ± (3 + 2z))3 s) jL zj-zfs) sfl 3 + 4i,2tofl 
24 B <H33 *i-§-«il ^ 

31. 

32. [z i + z 2 | = ]6 - 3.5i| = v^ST ~ 6.95. |zi|+|z 2 | = 
V4 2 + 6? + V2 2 + 2.5 2 ~ 7.21 + 3.20 = 10.41. 

33. 3^-7} 3_ij- -S-olofuj ^^o|d.s. 3 
-ir ^gsMi sti4. n. *fl^-<HH *83 
4^ 2|ziz 2 |3 ziZJ + z 2 273 3.E.S. -§-*!l4 
€4- °1 ^ 3.^- 4r°\ 4Vi H^olS-S, 4a) o\s] 
4&-t uUsi-'d €4- ^ x 1 ,x 2 ,yi,y 2 <% 
tfl^l zi = xi + iyi,z 2 = x 2 + iy 2 z± 
4|ziz 2 | 2 - (zizi + z 2 zT) 2 = 2| 2i z 2 [ - (zjzi) 2 - 
(z 2 zi) 2 = —{z\z~2 + z 2 z7) 2 < 0. 

34. |z^± z 2 | 2 = ( 2l ± z 2 )(zi ± z 2 ) = 2l zT + Z 2 Z2" ± 
ziZ2 ±z 2 zl, *t zizj= \zi\ 2 ,z 2 zi = \z 2 \ 2 ")E.S. 3 

3 * -5]* 34^ ^4- 

35. 

36. z# 4Jt x.y-Hl z = x + iy £+j. ^ \Re{z)\ = 
\v,\Im(z)\ = \y\ zzejjz. |z| = v'x 2 + y 2 & 4 




9. interior::! ^-2-3. <$°$ i)|-f ofl disc* ^ 
Sife x 4 3^, limit point:^tr ^Ml^ 3 

iS. 5-4^ *t Sife ^, closure: interior pointif 



EQUATIONS 



limit points) 4^4. accumulation points 3)^4| 
-t-HI SI4 &A4 *J44 xj-f-s. 54* 5lt 3- 

10. /{I - t) = (1 - t + l) 2 + 1 = 4 - 2iol2.5. 
ite(/) = 4,/m(/) = -2o|4. 

11. f(7 + 2t) = l/(-6 - 2i) = (-3 + 0/204AS. 
«e(/) = -3/20, Im(f) = 1/2044- 

12. /(4t) = -20o| fle(/) = -20,/m(/) = 044. 

13. z<H| ki(k±r 43 4^)» O.^ /a) svo. ^ 
144- a-, £<d4=-o|4- 

14- €■ 4*r /<H) "USD / < \z\7\- 44 ^44- 24 OAS. 
44 /a oas 44- ^44. 

15. 27)- OAS. ?M •g-S.fe IS 7fj7 ^-4^. OAS. #4. 

■34H4. 

16. zoj| h(2 + i)(k$r 43 4*r)* 4°j3i S4 /3 Sj-g- 
l/(5fc)44- fcl- OAS S^ 4 OAS 4^4 

17. 4*4 224 AS ^<Q^ 2i. 

18. 4*4 8(2 -4i) 7 e|AS ^°J44 8 X 5 7 . 

19. D ]«. 0 | _3( 5 + 3i)/2 4 olAS t|^i^ -3(5 + 
3t)/(-7 + 24t) = -3(40 - 146i)/25. 

20. 4*4 36z 3 + 18iz 2 -2zo] s.S. 4°J44 -110+701. 

21. 4*4 42 3 - 4/2 5 o| cfl<y4^ 17/2(1 - t). 

22. 4*4 3 (3i2 2 +6 2 )(iz 3 + 3z 2 ) 2 4AS *«<y44 0. 



23. £A3 £4f. 4^uj i/ 37f ^. fecf . ^ 2 = 2i-t ^ 

4 3°J-H 4*fr 0°U 2 = 2i°iHfe 4* *7H4- 

24. (a) (1)* 4=344. =L$ lim MI0 Re/( 2 ) = R e ; 0 | 
a! lim z _> zo Im/(z) = Imi o|cf. :ze)ji <^jo 

5 -y^-f4 sItHH 41t> 33 ^ 4 ^ 
443, lim^ 0 Re/( 2 ) + ilim MZ0 Im/(2) = 
Rel + ilml »|2 44-H lim z _« 0 /(z) = 
lim z _« 0 (Re/(2) + iIm/(2))) = R e J + ilmi = I 
* £fe4- (b) =L ^44 ^7)o| 2 i, m o]Bfj7 7^4 
4- =L^e=\l-m\/2>Q<H 431 *}44<5i,524€- 

444 |Z-2 0 | < \f(z)~l\ < E »U |2-2 0 | < 

<*2 -* 1/(4 - m| < e o]4. ^ j = m i n< j 1) 5 2 o| cfl 
44 |2-2 0 | < 543 \l- m \ = \l-f(z)+f(z)-m\ < 
1/(4 - 'I + 1/(4 - m| < 2eo)4. % q<q =5 

£ > OHI <5 > 0 7f si 4 4 \ z -a\ < <H4 

1/(4 - /(4I < ^44- 2n4 as ^34as at 4 * 
444 n > ATofl 444 1*„ - a| < i»|4. „ > A^ofl 
"ASS |2„ - a| < i4is. |/(2) _ /( Q )| < £0|c+ 
^ limn-,,*, /(2„) = /(a)44- (d) 4 4^4 as 
P 666s) -i)(4')«H 1^^(2-20)1- -i-44- ^4s) -& 
443 444 €-^4 as ^-3 ^-44 ^4. zl«i|4 
lim z _ >I „(/(2) -/(20)) = 0* <y^4. /(2 0 )» -^-4 
4AS *4>^ , a 4s <d4^i# ■S«fl^-4. (e) 

2S ^34-fe- 4 A -1* 2 + ik(k^ ■*J i r)4 2 + 

-U^Os ; 8-4- ^.^ =534^1 q)4 4*7|-fe osloH 4 
44 ^4HS tfl4 7|*7]^ 144. 4**7>^.o| 
4.(^*1 Im(z)A 7 E v«. efl 7 |. ^J4) ( f ) z = x + fysj. 
to = a + i64| ^44 /(2 + w)- f(w)]= 2ai + 26y4 
4- f{z + w)-f{w)/z = 2(oi + 6y)/(x + i y )7(- s)j7 
a,6*444£.04 444^ -a^H ^ *fl 2 = iis 
4* "4, 44 2a, -26i4-fe- ^-4^- 4^-4. ^ 4 «. ^. 
4-S-44- 

25. CAS PROJ 



12.4. Cauchy-Riemann Equations. Laplace Equations 



1. u x = 6x 5 - 60x 3 y 2 + SOry 4 , v v = 6x 5 - 
60x 3 y 2 + 30xy 5 u y = 30x 4 y - 60x 2 j/ 3 + 6j/ 5 , 

= -30x 4 y + 60x 2 y 3 - 6y 5 7}- s)4. Ux - Vy o]^_ 
u y = -u x 4aS analytico]4. 

2. u x = 3ix(x 2 + y 2 )V2 ; Uy = 3iy ( x 2 + y 2)l/2^ g 
4- «i / %4AS analytico) 444. 

3. « x = e x cosy, v v = e x cosy «j, = -e^cosy, 
v x = e I cosy7f sjcf. u x = v y o}5L u y = -v x °\B_5_ 
analytic44- 

4. u r = -5/r 6 sin(50), v e = -5/r 5 sin(5e) t) r = 
-5/r 5 cos(5e), u„ = 5/r 5 cos(50)7} =34. Ur = 
l/ru fl o|jT rr = ~l/rug°]Z-3. analytic44. 

5. u4 x,ycfl tfl^J. x,j,») ^ 0 |^|4 v ^ 044. 

analytic4 444- 



6. u r = (1 - l/r 2 )cose, v th = (r - l/r)cosi/i 

= (1 - l/r 2 )sin0, u 9 = -(r- l/r)sin07f ^4. 
Ur = l/ru s 4^1 v T = -l/ru e o]E_£_ analytico]cf. 

7. u T = 1/r, v th = 1, v r = 0 = u e 7\ ^4. 
u r = l/rv 9 °lJl u r = -I /rug o]AS_ analytico) 
4. 

8. analytic 4^=s| 4^ AS S4 4 2.4 analytic^^ 
44. 

9. uS\ x,yofl c))^). d|«.^. x>y o) ^oj^,^ v ^ Oo)l -j. 

4, analytic 4 444- 

10. uS\ 0°% t))4 D )«.^. 10)44 t, r ^ 044. 4, ana- 
lytic4 4-44- 
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11. tife- x,ys\ tK 10 !*)^ vfe 0°\z\. analytic^) °\ 

12. u x = 2x, v y — -2xo)i4- ^, analytic] "^M^r- 

13. iii = Ut-t-x + usOx = v y = v T r y + vg9y u v = u T r y + 
u e B y = -v x = -(v T r x + v s 9 x ) H^M r x = x/r = 
cosfl, r y = sin0, $ x = -sinB/r, 6 y — cosfl/r. 

u T cos 9 — u$sin0/r = u r sin 6 + vgcosB/r , 
u r sin 9 + ug cos 9/r = — v T cos 0 + vg sin 0/r •§■ «g 

14. (a) i^-Bl^^H £];>1*H u x = tt y = 0°.S. 
Jfe) v s = v x = 0«]Et. ^ u = v = 0«|cj.. (b) 

a^t-atii-f^-H ^M*H vx = = 

Uy = u x = 0°|4. ^ u = v = 0°14. (c) p670£) 
^(4H 3*8 = <H4. a^-al'J-f-m 

3?1*H u y = v y = 0<=14- u = a = 0°|4- 
(d) u r = ug = OolJELSL SL^-el-ir^-H 
u r = v e = 0°14- ^ u = v = 0o|i4. 

15. M *\&7}*°\2.£. ojo)=l 2 »J rflgfl /' = Bc(/') + 
/m(/>]<4. p670^ 4] (4)<HH Re{f')-£ (5)<H1 

/m(/')£ /'-§■ ^3 /' = W) + 

/m(/') = ux - iu„7 r M (4)°fM 

Im(.f)-& (5)<4M Re(/')-& ?*W /'■§- ^*r<d 
/' = Re{f) + 7m(/') =v y - iv x 7\ T^rf. 

16. u = x 3 - 3xy 2 , v = 3s 2 y - y 3 »l4- *f "i-S-fr «x = 
3x 2 - 3y 2 , u s = -6xy, v x = 6xy, v,, = 3x 3 - 3y 2 
S. "l-Sr-S: /' = 3x 2 - 3y 2 +t(6xy)6]4. 

17. u x = (y 2 - x 2 )/(x 2 + y 2 ) 2 »M u S x = (2x(x 2 - 
3y 2 )]/(x 2 + y 2 ) 3 °14. u s = (x 2 -y 2 )/(x 2 +y 2 ) 2 °l 
* «,y = [2y(y 2 - 3x 2 )]/(x 2 + y 2 ) 3 o|c+. 
u xx + Uyy = Qe]3. 2.S}.-#^o|4. ux = Vy = (y 2 - 
x 2 )/(x 2 + y 2 ) 2 «!M v = (-y)/(z 2 + y 2 ) + A(x)°\ 
>*) u„ = Vx = (-2xy)/(x 2 + y 2 ) 2 °IM A' = 0£ °£ 
^ ttv = (-y)/(x 2 + y 2 )»14- 

18. Uxx + U»y = 4 jt Qo|cf. 2.S**J-^ 



19. Ux=x/(x 2 +y 2 ) 1 / 2 °M uxx = y 2 /(x 2 +y 2 ) 3 / 2 °l 
4. .2-3. u xx + u yy = l/(x 2 +y 2 ) I/2 ^ 

20. log-g-^fe- analyticolji Argfe- n Si^-T-^-olcf- ^, 
harmonic<>lt+. 

21. UxX = V, Vyy = £3j- ^£>14. Ux = 

Vy = — e^cosyolM " = e -I cosy + B(y)Sj 
ill u y - -Vx = e-^sinyojs.s. B = 0o]4. 
ti = e _I cosyo)cl- 

22. Ux = cos x cosh yo)jl u xx = — sinxcoshyo] 
cf. Uj, = sinxsinhyo) JL u yy = sinxsinhyoj 
4- «ixx + Uy y = OolJH. 2.S?-^r°)c).. Ux = 
v y = cos x cosh y°M v = cosxsinhy + C(x)S] 
tfl, u s = -v z = sinxsinhyofl ^1*11 C = 0»14- ^, 
v — cosxsinhy<>lt4- 

23. Vxx + Vyy =6x- 6o)S.S. £.3fy 

24. v x = 4x(x 2 - y 2 )»)l^ v X x = 4(3x 2 - y 2 ) 
vy = -4y(x 2 - y 2 )ofl^ v yy = -4(x 2 - 3y 2 )o] 

25. Uxx + Uyy = 6(ox + fry) = 0-^-, 0 = 6 = Ot>lcf . O. 

26. Uxx + u vy = 6a = 0 ^, a = Oolcf. HEj^l 
v = 6(x 2 -y 2 )/2o|4- 

27. Uxx + uyy -- (a 2 - 25)u = 0 a = ±5<>]4. a. 
eIjI v» = u r = ±5e ±Sl cos(5y)^ v x = -Uy<$>\ 
v = ±e ±Sl sin(5y)olci. 

28. Uxx + uyy = (o 2 - 4)u = 0 a = ±2«]c}.. ne) ja 
v s = u x = ±2 cos(±2x) cosh(2y)5V v x = -u s «J^ 
v = ± cos(±2x) sinh(2y)o)cf. 

29. (-v)x = -Vx = Uj,°|:n. {-v) v = -v y = u x o]B.S. 
u-fe- -vS] conjugate harmonocsclcl-. 

30. CAS PROJ 



12.5. Geometry of Analytic Punctions:Conformal Mapping 



1. real part 



imaginary part 



12.5. GEOMETRY OF ANALYTIC FUNCTIONS 



. real part 




imaginary part 




imaginary part 




u = x 2 - k 2 , v = 2xk»W v 2 - 4fc 2 (u + k 2 ). 
real part 



imaginary part 



7. real part 



imaginary part 



8. real part 



12- COMPLEX NUMBERS AND FUNCTIONS. CONFORM AL MAPPING 




imaginary part 




9. real part 




imaginary part 




12.6 

1. e^ 3 ™ = e 2 (cos(7r) + isin(jr)) = -e 2 . 

2. e 1+i = e(cos(l) +isin(l)). 

3. e 2 '( 1 +'» = e 2 *. 



10. real part 




imaginary part 




11. a»J^=V critical pointo|is. °I*i4 ^ofl/^-fecon- 
formalo)cf- 

12. z 3 = a£) ^ JZ--& ^•IM confor- 
mal<>]4- 

13. ±1, ±i* 4 *] tr °] ^ 3 3 °fM conformalo] 
4- ^-^H Sfe4-) 

14. ■£.€- 3<4M conformal°14. 

15. S.S. z = -2/6 ;g»)H conformalo]4. 

16. (z(t),y(«)) = (3cos(t),sin(t)). 

17. (x(t),y(t)) = (2cos(t) + 3,2sin(t) - 1) 

18. (x(0,y(t)) = (t,fct 2 ) 

19. (i(t),yW) = (4cosh(t),2sinh(t)) 

Exponential Function 

4. e 095 - 1 - 6 * =e°- 95 (cos(1.6) + jsin(1.6)). 

5. e - '*^ 2 = cos(7r/2) + isin(ir/2) = i. 

6. v/Ie''^ 4 . 
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20. (a) e z is entire (b) (1) z±q -Sl^-f-g- 0 ! irS\ $ 



a.^ |e"*| < 1°14- (3) ^ ^t+. (c) u* = 
ye z Vcos(x 2 /2 - y 2 /2) - xe*» sin(i 2 /2 - y 2 /2), 
«ix = y 2 e zy cos(x 2 /2 - y 2 /2) - 2xye l v sin(x 2 /2 - 
y 2 /2) - i 2 e x »cos(x 2 /2 - y 2 /2)o)j7 u y = 
ze^ccxKx 2 /^ - y 2 /2) + ye*" sin(x 2 /2 - y 2 /2), 
u sy = x 2 e x * cos(i 2 /2 - j/ 2 /2) + 2xye I » sin(x 2 /2 - 
y 2 /2)-y 2 e*v cos(i 2 /2-y 2 /2)o]x%. 3iS^ 
?r 3°1 «x = %°fl^ t> = -e z »sin(x 2 /2- 

y 2 /2) + F(i).|2 u y = -t-xoM F = 0o|4. (d) 
/'(z) = u x + iv x = u + iv = /(^r)ofl^-i « = u x , v = 
Vz o|cf. u = a(y)e x ,i; = 6(3/)e*7r s|ji u x = v y <%*\ 
a = yojcf. «„ = -Dj-ol-".-} a' - -bo]3.a"+a = 0<fl 
^ o = ccosy + dsinjfUtfl o(0) = 1,6(0) = a'(0) =r 
0»]cf. « = e 1 cosy + ie x siny = e z °]ty. 



12.7. Trigonometric Functions. Hyperbolic Functions 



1. z = x + iyE} 2cosz = e* z + e~ lz = 

e _v (cosx+tsiny) + e ! '(cosi — tsiny) = cosx(e v + 
"») + isinyfe* + e - ») = 2(coshxcosy + 
_,z = e -!, (cosx + 

■ e-y) + 



i sinh x sin y), 2sinz = e ,z — e" 
isiny) - e^cosx — isiny) = cosx(e ! ' 
i sin y(e + e -!/ ) = 2(sinh xcosy + i cosh x sin y) 



2. 4cosh(zi + z 2 ) = 2e iz i+' z 2 + 2e-"»-" 2 = 

e I2!+iz2 -f. e -"l-"2 -f g'M+'*2 + e ~'*l— "2 -f- 
e -«l+"2 _|_ e ««l-«22 — e -'Zl+»*2 _ g»*l-«'*2 — 

( e «i + e -"i)( e «2 +e -"2) + (e u i -e-"i)(e" 2 - 
e""2) 4sinh(zi +z 2 ) = 2e i *i +iz 2 - 2e""i-"2 = 

_ g— * z \— * z 2 4. g* 2 l+"2 — e — «1— »*2 _ 
g-izj+«2 4. e "l — iz 2 + g— «l+«2 — e "l— "2 = 

(e"i _ e -«i)( e «2 +e -"2) + (e iiS i +e-' I i)( e " 2 - 

3. 4 cosh z 2 - 4 sinh z 2 = (e 2 " + e~ 2iz + 2) - (e 2iz + 
e- 2 « - 2) = 4. 4 cosh z 2 + 4 sinh z 2 = (e 2iz + 
e -2iz + 2) + (e 2iz + e~ 2iz - 2) = 2(e 2iz + e -2 "). 

4. cos(l + i) = l/2(e- 1+i + e 1 "*) = l/(2e)((l + 
e 2 )cos 1 + (1 — e 2 )isin 1) 

5. sin(ijr) = l/2(e- ,r + e") 

6. 7)-«a^Bjl- cos(l/2ir - tir) = -iin(tjr) = 
1/2(6-" -e"). 

7. 1£| ^31-1: 1/2 cosh 3(e 6 + e~ 6 ) - 
(l/2)isinh3(e 5 -e- 5 ). 

8. -^sj l-xlisl ^34^ l/2sinh4(e 5 + e~ 5 ) + 
(l/2)icosh 4(-e 5 + e -5 ). 

9. cosz = l/2(e" + e~") = 3i«fl-*i e 2iz - 6ie" + 
1 = 0-i- ^JL e iz = i(1.5 ± Vl0)l- <a^-i+. 
z = 1.5 + \/l0 + iTr/2, -1.5 + i/lO - t7r/2. 

10. 2 cosh z = (e" + e - ,z ) = 0^ ^g. e 2 " = -1^ 5 
°M 2iz = iir, z = 7r/2. 



11. 2coshz = (e z +e- z ) = \<\^ e z = l,(l±iV3)/2o] 
tf. z = 0,±iir/3. 

12. 2sinz = (e" - e- ,z ) = 2000<HM 0.3. =V 
1"H #^ c" = (1000 ± 5?rtl0 6 -4)/27^ S)J1 
z=-i log[(1000 ± sqrtlO 6 - 4)/2). 

13. 2sinz = (e" -e"") = 2cosh3o]jl °i 

^ o.S. z = -ilog[(cosh3 ± s?r{cosh3 2 - 4)/2]. 

14. real part 




im aginary part 




15. real part 



12.7. TRIGONOMETRIC FUNCTIONS 




17. real part 



19. real part 
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12.8. Logarithm, 

1. In 1 = ln(e' 2rl1r ) = »2nir. In4 = log4 + ln(e i2n ") = 
log 4 + ln(e i2n *). ln(-l) = ln(e i2n * +,r ) = Unit + 
it. ln(-4) = log4+ln(e i2nir +' r ) = log4 + i2n7r+7r. 
lni = ln(e i2 '"+' r / 2 ) = iln-K + it 

2. ln((-i) x (-1)) = lni = i2nn + it ln(-i) = 
i2J7T - (1/2)tt ln(-l) = i2mjr + it 

3. u, = 1/r, v lh = 1, u« = v r = 0. 

4. e ln * = e lar e ie = re iS . ln(e*) = ln|e l | + 
iargCe*) = z + 2mci. 

5. log 5 + Mr 

6. log 4 + ia - t7r,tana = 4/3. 

7. logv^±5i/4. 

8. log(VlOO.Ol) ± i0,tan 0 = -1/100. 

9. log(\/IB~49) ± »7 ± Mr, tan 7 = 1.8/3.5. 

10. 1. 

11. 0. 

12. ln(-4) = log 4 + «r + i2jwr. 

13. -1-lr *i^iL hHM-H ^°J«r^ i((l + 2n),r- 
!)• 

14. log5 + ia + i2njr, tana = 3/4. 

15. *H — b-/2o] =.5. -i. 

16- _2ol3. zH -3/2o|o.5. 

e~ 2 (cos(3/2) -isin(3/2)). 

17. 3L=L7\ 4°U zM -30I3.S. e 4 (cos(3) - 

i sin(3)). 



imaginary part 




20. CASPROJ 
meral Power 

18. SLZL7} e°\jL Zf°l -7r<>l£.S -e e . 

19. real part 




imaginary part 




1 a 



20. (2i) 2i = (2e i5r / 2 ) 2i = e 2l °s 2i -' 0)5.5. principal 
valuefe 2 log 2. 

21. 3 4 - i = ^logS-il-gS^^ principal valued 
-log 3. 

22. (1 + t) 1 ~ i = (V2e"/4)i-i 7 i s)j, = 

e logv'2+>r/4+i(*/4-Iogv'2) 0 , 2JL pr i ncipa l valued 
71/4-^^2. 

23. (1 + z)- 1+i = (v5e i "/ 4 )- 1+i 

e - log y2- 5 r/4+i(-x/4 + log v^) 0 | o_ ^ principal 

valuefe- -w/4 + log s/2. 



24. (1 + Zif = (vTOe^J'olSS. principal valued 

- !ogv/l0-(tana = 3). 

25. (e**/ 2 ) 1 /^! principal value-fe tr/4. 

26. (-l) 2 - 4i = (e")*-* = e^+ i2 'o|n5. principal 
valued 0. 

27. (3 + 41) 1 / 3 = (elosS+tojl/s.,^ principal valued 
Q/3.(tan q = 4/3) 

28. ( e loKv^85 + ^ ) i2, 0 ,„^ principal value-fe 
2tt log v/L85.(tan a = 4/13). 

29. (-3) 3 ~' = ( e iog3+i>r)3-i 0 |^ principal valued 
w - log 3. 

30. (a) w - cos -1 z$5L ^-4. z = costo = 
l/2(e im + e- itu ) o] ji e 2 ^ - 2ze™ + 1 = 0o)cf. 
to = 7r/2°J "tl 3.4°J-£- 0 °\Z_3. ^"J^-M* #Jl 
n <$*\ 344- S.3.%- 344 to = -iln(z + 



Vz 2 - l)o)4. (b) to = sin -1 zbI-ji -^-4. z = 
sin to = l/2(e""-e-"") o] jj. e 2i »-2ze iu ' -1 = o°l 
4- » = 0°J nfl 4^-g: Oojas. o]S)-Bj-xj^^. -j_ 
4^1 H44- iJf 34^ to = -tln(tz + 

Vl - z 2 )o)4. (c) to = cosh _1 z4ji ^-4. jl^ 
z = coshto= l/2(e , " + e _u, ) °\5L e 2 ™ -2ze w + \ = 
<H4- to = 0°J nfl 4°142.4°J£r °)44 

^-M* f-Ji J- °J=4 444- 344 

w = ln(z + Vz 2 - 1)°14. (d) to = sinh^ze} 
jl ^-4- ^ z = sinhto = 1/2(6*" - e~ w ) o|jt 
e^-aze^-l = 0o|4.to = 0<y nfl *f.o|44o]^. 0 o) 

°l4»^' t -)l-f2a^s| -f-g-i- 344- 
?l*t l S«' = ln(z + Vz 2 + l)o]4. ( e ) z = tan w^jl 

^ z = tanh(tto) = \/i(e M - l)/(e 2wi + 1) 
•>U e 21 " 1 = (l + iz)/(l-iz)°l4. to = l/(2f)ln((i+ 

- *)). (0 to = tanh -1 zafji ^-4. je4 tto - 
tan-'izol^. ^ -g-^oJI 444 t„ - l/21n((l + 
z )/0 - *))- (g) to = sin -1 zeka #4. sin(to + 
2mt) = sintocos(27ix)+costosin(2nir) = sinto°lJL 
sinfir-io) = sin7rcos(to) + cos7rsin(— to) = sin too) 
4- f^tJ-*)-^ w + 2mt,2rmr + tt - to7|- Jj_-f- s)|o]4. 



12.9. Linear Fractional Transformations. Optional 



1- °144 t S cwz + dw = az + b, zg. (cto — o)z = 
-dto + 6. z = (-<*to + 6)/(cto - a). 

2- ^ -g-^llS. z = (to + i)/(iw + l)o|4 
(c + (y + l)i)/(ct + 1 - j/)o|4. linear fractional 
transformation^- -&44. 
unit discs' $ y§^s. \z\ < 1«| 

^144^ ^ 4^14 ^ 

4- 

3. § tUS. ^oj^ (to - l)/to = (z + t)/(z + 1) x 
(-1-0/2. 

4. (to - 3/4)/(to - 1/2) = (z - 2)/z x 1/2 o|« 
4 , a 2zto - 3/2z = toz - l/2z - 2to + l°]5L 
toz-z + 2to = 1»14. ^e 1 *)-^ ^4. 

5. Silvermannfij Complex Variables ^2.(pp47-61). 

6. (a) 4 3 444^ 4A^ Si^4°i1 D«II4 -goz. 

^-4^ -g-ife ^ sj-h ^3 

^43. 4 J r I S Linear Transformation »| 4. (b) 
z = 1 + ij/4 43. ^-ii-fr ai + fit/ + c = 0o|4 
44. to = toi + ito 2 S. # °->g 1 = toi/(tof + to^), 
y = -to 2 /(to 2 +to|) o)n.s. t|<y4 

<g c(to 2 + to 2 ) + awi + bw 2 = 0o) ^4. c ^ 0o|^ 

ti^-i: ^I4fe «2) «*^4°14- (c)K* tH<U4 
4 ^e14«fl €4- (d) (a)ofl^ ^^^4- (e) -ir/2^ 
^•^ 4 5 g'3ol4- <H7H <^^| is) ^ 

# ^44- ((-iz) 2 - i)/{-i(-iz) 2 + l). 

7. (to + l)/(to-l) = (z-l)/zxl/2o|i5. 2toz+2z = 
toz - to - z + 1-f ^e"4^ to = (1 - z)/(z + 1). 



8. (to - 2 - i)/(to - 3) = (z - i)/(z - 1) x io)H.s. 
ttoz - tto + (1 - 2t)z + 2t - 1 = toz - ito - 3z + 3i-§- 
H ^4^ to = (~(4 + 2t> + t + l)/((t - l)z). 

9. 00 0o|HS. to = l/(az + 6)2] ^t=)(o]4. 
0 ~+ co,l -> 1 u, = l/zo)4. 

10. (to - l)/(to - 1/3) X 1/3 = -z/(z - S)o] 2. 
5. toz-z-2to + 2 - -3toz + zf- ^e"44 

to = z/(2z - 1). 

11. to/(to - 1/2) = z/(z - t)o|^s. toz - ito = 
toz - (l/2)z» ^e)4^ to = -(l/2t)z. 

12. z/(z- 1) x (1+t) = to/(to- 1) x (-1 + i) 4e14 

to = (t - l)z/(2z - i - 1). 

13. to/(to + l) = (z-t)/(z + i)xl/26|aS. 2toz + 2toi = 
toz + z - ito - tl- ^e)4^ to = (z - i)l(z + 3i). 

14. -M (7)<H| fi)4°i to = (z -t/2)/(-(t/2)z - 1). 

15. (oz + fc)/(cz + <i)^z7f-a^ ojnfl ^^■i-44'H ^ 
«flo): ^4. ^eljiontooHot: 45.5. ^-i7l- 
4^4- ^ -U^r o,6«J az+b ^<>14.(6(c)4 *\3L) 

16. 10 = (az + 6)/(cz + d)4 v = (eto + f)/(gw + n)* 
4^4^ w = ( e (az + 6) + f(cz + d))/(g(az + 
6) + ft(cz + d)) = (foe + c /)z + (be + df))/((ag + 

cfc)z + (6 9 + dA))o| j, dj^il h}^ * 

^fae + cf be + df\ 

*■ \a5 + ch bg + dhj 1 H ' 



226 



12. COMPLEX NUMBERS AND FUNCTIONS. CONFORM AL MAPPING 



17. w - (az + 6)/(cz + d)°fH w : 
b-c,a = doj>S ^4- 



zS) ij|7f ±lo)=L. 



18. a = c = d = 0o]3. 6 # 0°)-g =J4. 



12.10. Riemann Surfaces. Optional 



1. 2 = e w (0 < 0 < 4ir)7 r 1°)H ^ Aj^uj-tflaj-^ o_g. 

^■a-t- -f^a # «a = = e**/ 2 ^ ^« 

* 2d #*1<>)M * 4?l-£-4. 

= o,i,n-i^i >hs.4* n*tm a-s-#d4- 

7)3f\£. lesg'Sd z^S) 0 < 0 < 2n7r^x|S) 

**^«4. 

4. W = Z 1 ' 4 , ID = Z^Sa) 4$, 5»J id 

w|>H I'd d4- 

5. to = lne* = tM.H.5. *|^-§- 44 -l-eWd 4>j 
•1 «4- 



6- 1-f- f-SiS. ^d polar coordinated H— 

.5-.5.S) branch cut-§- _a.^-tr4- 2* ^S.si # 
d polar coordinateeh °\± ^ HJ-^-S-S-S) branch 
cut-g- iL^tM- «}7H<q branchd 14 2# °Jd <3 
d ltd O-ofl ^ -y^-S^Si o^-tfiS. xJfi^cL. 

7. If d^tM-M*)^ ±lo\ branch point°H sheetd 2# 
°14- 

8. "SfHM*)^ polar coordinate* ±1,±27} 
branch points -yd 4d4- °] t^JS) ^o)|A^ 
#iL.5.S) branch cut-f- # .5. ^ -1<x<1°1H-<= 
71)7} 7_}-§- d'lld zM- *|d branch <>1 
T^HHd ii^S. branch?} $4- 

9. -3 - i/27} branch point°M sheets d #°14- 
10. ±l,±t7} branch pointoj^. sheetd d #°14. 



Chapter 12. Review 



1. (22 + 7i) + (3-2t) =25 + 5i. (22 + 7i) - (3 - 2i) = 
19 + 9t. (22 + 7t) x (3 - 2i) = 80 - 23». 
(22 + 7i)/(3 - 2i) = (52 + 65t)/13. 

2. 25 + 5i = 5\/26e <a ,(tana = 1/5). principal 
valued a. 19 + 9t = 21e^ , (tan 0 = 9/19). princi- 
pal valued &■ 

3. calculus°S -Hd vectors} i4x-S°l *|-§-s|7.} &d4 

44:^*13 2*H»«)M 23}*!.SL5.4 ^==po| 

■n* *idd ddd-t- 7}t-u ^s) ^ ^ swa-^i 

#^d ^S) 7}d). o|o| ^-i^S) l+^d ^S) 

slas. TMi °ld# 4ds) ^0)7} 7}d*r4- 

4. Analytic functions) d*! i^id z = u + q| 

«( U X = Vy,U y = -V x . °\^r o|^-5lcx) S£ ^^7} 

analytic'jT-ls) ^ 

5. ^s)« ■g^oD-H »J3-7r¥« 4i 

analytic functiono] z}- ^-cj-. 

6. ^sm<4|>H § 3£ 7l^^5.s}d * «|e}2| 4914 
o) zl 4 conformant ^4. 
analytic^d critical point 1- ^)s) 
tr -H.-& ^oj-H conformalo)c}.. ^^£) 71-S-714 7\t] 

7. <& 



8. 4^o)n.s. argument»)l ^ +&S\ ^£)7} 
=r H4- ^s)# D id4- 

9. z c = e c,DI; S.^2}tr4. 

10. hannonic^o)) r$-$ 0)^.3). <g^^- ^ ^4. J6^- ^ 

11. Linear transformation Jf-7l|S) ^.S. ^ £)£)"} 4^ 

12. ^^s) 7^^. jgig^. spheres. J 
d expended complex planeojc}. linear fra< 
tional transformation oj expended comple 
planers) ZLtfiS. ^iS. ^ ^ 

^^id expended complex planeo)Hd $ c 

4- 

13. z = /(z)* Jl^^o|s} *Luj ^ty^^ofl^ »H- t 

^sd4- 

14. sin(z) = -10. sins) 5t°l -y^ole)^ zs) 5)^^--; 
o| o°H°]: *cf. ^ z7f -y^o)^ °M°1i $7} #4-, 
4^*r4. 

15. <£*H5. T/2Sl^t, «^t))^, a»i) HQ, e 
^ *2%°W, HAS, « ti^s) ?)^)7|^ 
°14. 

16. (5 - 7i) 2 = 25 - 49 - 70i = -24 - 70i. 



CHAPTER 12. REVIEW 



17. (1 + i) s = ((1 + i) 2 ) 4 = (1 - 1 + 2i) 4 = (2i) 4 = 16. 

18. V5=7i = 

19. e™' 2 = cos(*-/2) + tsin(7r/2) = i, e'"' 2 = 
cos(-5r/2) + tsin(— 7r/2) = -t" 

20. (32 + 2i)/(17 - 15i) = 574/514 - 476/514i. 

21. -4 + 4t = 4e~ 3i,r / 4 . 

22. 12 + t = \/l45e' a , tana = 1/12. 

23. -25i = 25e-"/ 2 . 

24. -7.3 = 7.3e**. 

25. ( 2.60 + 0. 38i) 2 = 6.9044 + 1.976t = 
v/51.575315e ia ,tanQ = 1.976/6.9044. 

26. z 4 = 81.2) JZ.-& -g- ±3,±3i. 

27. ^4J^S. v\^3L x\^S\ 3^4. 
±VSe ia ,tana = -4/3. 

28. -1£\ S.^ e^+'^olii >-S^^.o| 
Til st-c- *rfe ±e"l A ,±ie ilr / 1 . 

29. -16 - 12i»_5S£_o.S. 4^ 20e i < a+ *>,tan q = 
3/4. ^ V-16 - 12t = iv/SOe^ 04 "*)/ 2 . 

30. -32t = 32e-'*/ 2 . ^, v /=32i = ±4V'2e-" r / 4 . 

31. lit = u v o!H v y = Zx 2 -3y°\3.v = 3x 2 y-3/2y 2 + 
/(x)°l4- u» = -Vx^l v x = -3x/ne^6xy + 
f'{x)o]^_s. analytical 

32. f- tf^^r 1/CI^1 2 ) • -a+Jf* 0 !^ ana- 
lytic^ » r Mc}- 

33. v v = ujofl^i u = -2x + x 2 + /(y)o|cf. v x = 
-u y <4M 2y = /'(j,)°U /(j/) = y 2 + a<>14. 
u = -2x + +x 2 + y 2 + a. 

34. sin(z)£) S)4^ -fg-o] ^H^l ^ol4. z=. «jMs)o|^ 
u = sm(2x)cosh(2y)°14- 

35. cosh47ri = \/2{e i '" i + e'***) = 1. 

36. e 4+2i =e 4 (cos2 + isin2). 

37. Ln(5 - 2i) = in(v/29) - ia, tan a = 2/5. 

38. sin(4x - iri/2) = -sin(7ri/2) = -l/2i(e-"/ 2 - 
e*/ 2 ) = -j. 

39. tan(l + t) = sin(l + i)/cos(l + i)°]4- sin(l + 
i) = sin 1 cost + cos 1 sin t = (l/2)sinl(e + 
e" 1 ) + (-i^coslte- 1 - e)4 cos(l + i) = 
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coslcosi - sinlsint = (l/2)cosl(e + e _1 ) - 
(-i/2)cosl(e- 1 -e). fl- q 34. 
40. real part 




imaginary part 




41. real part 




imaginary part 




42. real part 
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imaginary part 




43. real part 




imaginary part 




44. real part 




imaginary part 




45. real part 




imaginary part 



46. w7\ analytic <>12.S. w' = -2zsin(z 2 + l)s\ 
H, cirtical point cfl-H conformalo] 
0,±V2ri7r - 1. 

47. ^f- ^d€- ty*} ^H-^cf. «4eH analytic function^ 
3tr -^H cirtical point* 4^ -f-JMI-Hfe * 

48. (w - 2i)/(w - 1/2 - i) = z/(z + i)x2| *j 
e]* r ^ ioz + iu> - 2iz + 2 = 2zu> - z - 2HM 
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w = (z + 2 + 2i)/{z-i). 

49- Linear fractional transformation-^- transla- 

tion, rotation, #$1*H tfl^r ^Q, 
-21 sj^tr <>I^-H $t±. (12.92] ^-^ 6»} % 



50. u> = (az+b)l(cz+d)S\ 3L^^cz 2 + (d-a)z + b = 
0^.5. °) ±io|Bj^ 6 = c,a = dot^ 

*4. 



Complex Integration 



Integration in the complex plane is important for two reasons: 

1. In applications there occur real integrals that can be evaluated by complex 
integration, whereas the usual methods of real integral calculus fail. 

2. Some basic properties of analytic functions can be established by complex 
integration, but would be difficult to prove by other methods. The existence of 
higher derivatives of analytic functions is a striking property of this type. 1 

In this chapter we define and explain complex integrals. The most important result 
in the whole chapter is Cauchy's integral theorem (Sec. 13.2). It implies the useful 
Cauchy integral formula (Sec. 13.3). In Sec. 13.4 we prove that if a function is analytic, 
it has derivatives of all orders. Hence in this respect, complex analytic functions behave 
much more simply than real-valued functions of real variables. 

(Integration by means of residues and applications to real integrals will be considered 
in Chap. 15.) 

Prerequisite for this chapter: Chap. 12. 
References: Appendix 1, Part D. 
Answers to problems: Appendix 2. 



'Proved without integration or equivalent methods only relatively recently, in 1961 [by P. Porcelli 
and E. H. Connell (Bulletin of the American Mathematical Society, vol. 67, pp. 177-181), who make 
use of a topological theorem by G. T. Whybum]. 
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13. COMPLEX INTEGRATION 



13.1. Line Integral in 

1. At - 7ti(0 < f < 1). 

2. (4 - 9t) + i(3 - 4t)(0 <t < 1). 

3. 3cos(0) + 4 + i(3sin(0) - 2)(0 < th < n). 

4. 3cos(0) + 2sin(0)(O<t/i<2jr). 

5. t + i/t(l < i < 4). 

6. t + it 3 (-2 < t < 3). 

7. 5cos(0) - 3 + t(sin(0) + 1)(0 < 0 < 2tt). 

8. 2 cosh i + i sinh t(tfe- -&) ^). 

9. Rez7\ Analytic°| 4l).e.S. nj>g* ^ ^ 7 |- 

$4. * = 1 + 2< + t(l + i)(0 < t < l)o|n.s. 
f c Rezdz = J 1 (1 + 2t)(2 + i)dt = 4 + 2i. 

10. 0<HM 3 + 4i3. 7 r ^ ^1-43 

11. 5t* f-a«i «vtj v/5°j ^i* it ^ 

12. ^-y«) 2t«fl *U x.y^S) ^^^7^ 4,1°J =r 
«* HHHHr^.2.3. $ 43 £.<=. 

13. -1 + 3HH *tf*H y = 3x*S\ ^f- 44l + 3i.3. 

14. T 2 - y 2 = lo| ^-asj ^°IM (1,0)* 
(cosh(4),sinh(4)) 3. 7^ ^-g. 

15. tfez7f Analytic! "Hii 3H "JD* * <tA & 

Jo dt + / 0 2 (1 + f)dt = 1 + 2 + 2 = 5. 

16. sinz7 r Analytic°|i3. ^JsjH Hrti* 4-§-t!4- 
sin 2 z = (1 - cos2z)/2°l.H-.£. / c sin 2 zdz = in. 

17. z7|- Analytico] o^o 4 ^ uj-^^. ^ ^ 7 |. ^ 
4- ^-<d* "M^Sf- 4ji ^BJ»| Mj-tf* ^-f-^4. 
/ c zdz = / 0 1 (t-it 2 )(-2it)dt = / 1 (2t 3 - 2it 2 )dt = 
1/2 - 2i/3. 

18. Rez 2 °] Analytico) ^Isfl »}-<y* •£ 
&4- fo*{cos 2 0 - sin 2 fl)(- sine + icos0)dfl = 
/ 0 2,r (- sin 0 cos 2 0 - i cos 0 sin 2 0)d0. Til 4-4 ^3 
= 1/3. 

19. Rez 2 °] Analytic] 3J*j •Jj-'ti* # ^-7\ & 

/c( l2 - V 2 )(i + iy)dzS\ tJa} o. = 
SH HHJ* °l-§-*H MiTflsl JjL-g-0.3. ol^^lcj.. 
ti{-t 2 )(i)dt = -(l/ 3 )i. />(«» - l)dt = -(2/3). 



e Complex Plane 

/°(1 - t 2 )(~i)dt = (2/3)t. /°t 2 (-l)df = 1/3. 
-(1 + 0/3. 

20. ze z2 ol 2 AnalyUcoIa^. HJ-'ti-ir 4^4. 
/ c ze z dz = e { - e = e _1 - e. 

21. sinh7rz7V Analytical is. ^bJ?| Hh^-f- 

4- © ^5-* / c sinh7rzdz = (l/7r)cosh(0) - 
(l/ir)cosh(iir) 7)- S)ji ^5". 2/ir. 

22. C0SZ7} Analyticola^. ^«J^ «J->g-§- 

5- ^-S-€r f c coszdz = sm(o-) - sin(-ijr) = 
l/(t)(e— - e"). 

23. e 4i 7)- Analytic aJ->S* Af^lcf. ^. 
e 32/ 4 ( e -12i_ e -I2i-4,i)_ 0 

24. sec 2 z7)- Analytico)n.s. ^oj^ 

S- ^-S-S- / c sec 2 zdz = tan(i7r/4) - 1. =t4fe 
(e"/ 2 - l)/(e"/ 2 + 1). 

25. z = i + 5e' 9 (0 < 9 < 2n)Su f 2 * fdz = 
/ 0 2 "(3/5e-' e - 6/(25)e- 2 '«)r5e ie d« = f 2 " j(3/5 - 
6/(25)e- i9 )d9 = (30tt + 6)/5. 

26- / c [fci/i + k 2 h]dz = / c [(fciHe(/,) + k 2 Re(f 2 )) + 
i(fciJm(/i) + fc2/r7i(/ 2 ))](di + idj/)^7||tV ^ofl 4 

27. M = 3, C = i/501-E..S. upper bounds 3\/5. 

28. CAS PROJ 

29. (a)4i^HMI tUtr >}^-S-°ll SiH-^i potential* o) 
■§-«rfe «HJ>1 ^-S-g- ^1^ °1S)<H15. n 
"tf^ ^"i £3 ^»] 514- ^.e)<4 an- 
alyticitye)-^ ^l 0 ^ i^i* ^-4*r^l **4- M i^<Hl 
paths) parametrization* °l^-*rfe »)sfl "y-ty 

€• ^^s) 4S#°1bH? sa^hJ-, 0 J»i^<U % l 

514- <>i^ 4^-b u J-i]<>l c) ^e]44^ 3 

* (b) (i) potential* °|-§-4>g / c z 4 dz = 
(2i) 5 /5 - (-2t) 5 /5 = 64i/5. Line integral* o|-g-4 

* / 3 W 2 2 16e 4ifl 2£e'»de = £/» 32e= ;fl d0 = 64i/5. 
(ii) potential* 0^4^ f c e 2z dz = (e 2+4i - 
l)/2. Line integral* °|-g-4"a J,, 1 e ( 2+4i > i (l + 
2t)dt = (e 2 +« - l)/2. (c) Rezl- /„' i(l + 
ia cos t)dt = 7T - 2ia7 r ^14. Analytic functioniLS. 
zf-^4^ /J r (t+tasini)(l + tacost)dt = (7r) 2 /27 r 
s)a aofl s)§4^1 Sife4. (d) /mz# Sj 

/o" isint(icost - asint)dt = -ia7r/27f ^ 
4- Analytic function z-f- f* (a cost + 

i sin f)(i cost - a sin t)dt = 0°! s]2. o| a ofl sj 



13.2. CAUCHVS INTEGRAL 



13.2. Cauchy's Integral Theorem 



1- 343-^ >l 'Soil m± line integral* 33 7$$$ 
f Cl **** = (l + t) 3 /3-(l -i) 3 A Jc 2 z 2 dz = 
(1 - i) 3 /3 - (-1 - i) 3 /3, / 0j z 2 dz = (-1 - i)»/3 - 
(- 1 + i) 3 /3, / C4 z 2 dz = (- 1 + i) 3/3 - (1 + 1) 3 /37> 



c 1 +c 2 +c 3 +c 4 



Z 2 dz : 



2. l/(z 2 + 4)s) singularities* ±2toJ4. Jf- °j ( a ) 
|z - 2| = 2 (b) |z - 2| = 3 i* ifl-f ol) singular 
point* 2.$-*r*l o| 3*#* 0°14. 

3- 43€4 *}3-§- f-y£i 4* H}^ 10°] a|.o|£) 
■^"IM w = 1/z 2 * analytic°14. l°t|-H *l| 
3€ 343*8 33.* o| Analytic region v|)Jfofl °{ 
3*£* 343 &*4- 

4. (aH ^3-§- xfl^-ofl i#43 ^ o_oj (b)<H| Sfsl) 
±l,±i* M|JM| 3.^43 ( C )«9 s|«fl ±3i-f- i 

*43 tf* 

5 - ( x + 0 /o* cos [(* + it)]difi] tRI-o) shortest path in- 
tegral. Tfl-tHr"?! cos(£ + ii) = cos(t) cos(tt) - 
sin(t) sin(it)«>H cos(i£) = l/2(e _t + e f )o]jl 
sin(it) = -i/2(e-« - e*)o]E.S. 3-l}*fl4 4* 
3** ((1 + »)/2) ft cost(e-' + e')d£4 ((j - 
l)/2)J?Bta(t)(e-«-e«)*«lit. 

TjS) paths, 3*4* 3* /*cos(£)d£4 
/„* cos(w + ti)idt. cos(n + ti) = - cos(ti)o) ^. 
3**J 0 T -cos(ci)i(i£. 

6. Analytic^ 3*SM 343 ^4- ^, °1 annu- 
lus<H]3 analytico] ofyj £ -)a.«. 0 | 5J4. 

7. «• tittr 3** fc e ~ z2<lz 

ft" e-^' S ie' e d8 5. i3*U a. Tfl^ *|*3* 
* ttSi 3-8-43 Oo) 34. 

8. $ 3-*H rflSr 3** / c tan(z/2)dz 
ft*tan(e' e /2)ie ie d$ 3, i334 °)S\ Jf33*°l 
(i/2)log|sin(i0)|7 r S]B.S. 3*5t* 0°|4- 

9. € 3** / c l/|z| 2 dz = ft*ie i9 d0 = 
07} J34. 

10. € 3-*} -J tfl^r 3** / c l/(irz - l)dz = 
J 2 * l/(7re ifl - l)ie iS d0 7} s)^ 3**I#* -f3 
3*°] (l/ir)ln(7re <9 - l)o|°£. 0o)c l 

H. « ^dHl mtt 33-.gr / c l/(2z - l)dz = 
Jo 2 ' l/(2e ; * - l)ie ie dt? 7F s)nj aj4M4r£. ^ 
33-°l (l/2)ln(2e i * - l)o)^5. OoJcJ-. 

12. € ^ / c z 3 dz = S 2 *ie- 2ie d6 7\ 

5)^3**00)4. 



13. / 0 2rr e Sie ie i8 ^(l/4)(e 4 '" - e°) = 0. 

14. J 2 " e^ie ie d6 = (l/2)(e 2 '"' - e°) = 0. 

15. f 2 " isinfli(cos0 + isin&)<ie = J 2 " (cos(26») - 
l)/2dB = w. 

16. (a) C* ^3 f-tis) ^«»14. / c sinzdz = 
S 2 '^ e )ie is d9. = f 2 " 1 /(2i)(ie- 9 + i « - 
ie e += e )d9 = 0. / c l/(z + 2)dz. f c Im(z)dz. 
Ic V* 4 «k- /c V(* - l/2)dz. (b) (i) /(z) = 
(2z + 3i)/(z 2 + 1/4) = (3 - 2zt)(l/(z - 0.5i) - 
l/(z + 0.5t)) /(z) = 4/(z - i/2) - 2/(z + i/2). 
Cauchy Integral formulaHl s]^) z = e' 9 ± i/2, 
/^e-Oi^de = Stt, fi"2e- i °ie i »de = Or n. 
q*\ 12tt. (ii) / c ( 2 + l)/( 2 2 + 2z) = 0.5/z + 

0. 5/(z + 2) Cauchy Integral formula^ S)*if, 
z = e *V« -2, f 2 "0.5e-' s ie ie dB = T So 
2tt. (d) z(t) = t + ia{t - i 2 ),0 < £ < l. 

/c 2 ^ = /o + - i 2 ))(l + ia{l - 2t))dt inte- 
grand* the derivative of (1 /2)(£ + ia(£- £ 2 )) 2 0)4. 
So 0. J c Im{z)dz = J* ia{t - £ 2 )(1 + ia(\ - 2t))dt. 
Jp 1 io(£ - £ 2 )d£ = ta/6. 

17. Cauchy Integral formula^ S)*H, Jj j|=i l/( 2 - 
3 ')^ = / u+3i | =1 V( 2 - 3i)dz. f u+ Z 3i ^ l/(z - 
3i)dz = J 2 * e-^ieUB * 2tt. 

18. /(JlnCl - (-1 + £t))id£, /Ijlnfl - (1 +Hi))idt, 
J°la{l - (£ + i))dt, /-MnCl - M)id t . 

ln(2 - £i))£d£ = 

19 - /i^|= 2 e'/zdz: - / |z|=1 e^/zdz singularityzf <gqv)( 
<HI «4. 3*?. v * 0. 

20. /Ijxcir = 0, / 0 " cos 6ie i9 de. f-S. 4*^ /^(l + 
cos(2f))/2d6> = tt/2 and / 0 "(t/2) sin(2ff) = i/2. So 
(w + l)/2. 

21. the Cauchy Integral formula!- *H, -f- ^ |jz — 1| = 

1, |z+ 1| = H 3-§-4^ / 0 2x l/(2e ie )ie ie de = 7T 

an d Jo 2 " l/(2e ie )ie ie de = tt so f c l/(z 2 - l)dz = 
2tt. 

22. By the Cauchy Integral formula, use 
two circles \z - 1| = 1/2, |z| = 1/2, 
then / 0 2,r l/(2- 1 e is )i0.5e i9 de tt and 
/ 0 2 " l/(2- 1 e i9 )i0.5e i »de = tt so f c l/(z 2 - l)dz = 
2tt. 

23. (a) Considering that l/(z 2 + 1) = l/(2i)(l/(z - 
t) - l/(z + £)), we get /, z+l|=1 l/(z 2 + l)dz = 
ft* -ie~ ie ie i$ d0 = ft* de = tt. (b) Considering 
that l/(z 2 + 1) = l/(2i)(l/(z -i) - l/(z + t)), we 
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/,?"«» = *. 

24. J c coth(0.5z)dz,(|z - 0.57rt| = l,clockwise Let 
z = 0.5jti + e - ' 9 , 0 < 8 < 2n, then sinh has no sin- 
gularity inside the circle C. So J c coth(0.5z)«iz = 0 



25. f c f{z)dz = Jj z _ 2l=4 (2z3 + z 2 + 4)/(z« + 4z 2 )dz. 
Let z = 2 + e i9 ,(0 < 0 < 2it) then The integrand 
/ has no singularity inside C, so J c /(z)rfz = 0. 



13.3. Cauchy's Integral Formula 



1. z 2 /(z 4 - 1) = 0.5(l/(z 2 - 1) -1- l/(z 2 + 1)) = 
0.5[0.5(l/(z - 1) - l/(z + 1)) - 0.5t(l/(z - 
i) - l/(z + »))] / |2+11=1 2 2 /(^ - = 
Jjr+l|=i -0.25/(z + l)dz. By letting z = -1 + 
e i9 ,(0 < 6 < 2tt), / |2+1|=1 -0.25/(z + l)dz = 
/** -0.25e-'*ie ie de = -jri/2. 

2. By letting z = -i + e^.tO < 9 < 2tt), 
/ u+i|=1 0.25i/(z + i)dz = J^0.25ie- ie ie ie dB = 
-it/2. 

3. Cauchy integral formulaofl 5)^1, singular point7 r 

^-a 0. 

5. CSr |z - t/2| = 14°Hfe, aJ-g-^Bl singular- 
ities4 &4. Jj,_ 4/2|=1 (t/2 + eVfe-UuPdO = 
-(i/8)2irt = tt/4. 

6. ^-H^ *!4 |z + i/ir\ = 14°l°J-c- integrand^ sin- 
gular^ $4. o| ?J-t- 4**h *}-g-*-th§- 

*4- S [z -i M=1 e i+ ' i< ' /We~ ie ie ie d0. 444 

(i cos 1 - sin 1)/tt J 2 ' e^' d<?. /„ 2 * e e "dfl = . 44- 
#2} Residue theorem-tr 4^ 7 r -^. -1/tt 

7. a] Residue theorem-g- *H 1/2. 

8. Residue theorem-!- 44 sin(l/3)/81. 



9. CASPROJ 

10. (a) Cauchy's integral formula^ 4«)| 2ni(-i/2) s = 
-tt/4. (b) ^4 HH-2-3. 2wi. 

11- § 4%!* 2i°V 3.^44. Cauchy's integral for- 
muM £)«!) 2iri/4 = tt/2. 

12. -g- -^-tl* 04 3-444- Cauchy's integral formula^ 
Sfsfl 2iri4 - 

13- 44l€- 6* 2.444- Cauchy's integral formula^! 
2nLnb. 

14. e* = *J 7 r ln2 + iir/2°\2-S. 04 ^H^S -3- 
-*5^H Jin}. Cauchy's integral formula^ Si *fl 
27Ttl/(l - 2t). 

15. wife § ^-"d^) ifl^l 514- Cauchy's integral for- 
mula'fl 2iti cosh(-ir 2 — iri). 

16. l + i4°l $ «^ "441«fl 514- Cauchy's integral for- 
mula°fl 4«J e 2i /(2i). 

17. i°V<>l § ^ "3 Ml HI Sl4- Cauchy's integral formula^ 
B\n ln(t + l)/(2i). 

18. 44<H) 4|4i Cauchy's integral formulal- *i-§-44- 
27Ti(l/( 2l - z 2 ) - 1/(22 - zi)) = 0. 

19. Cauchy's integral formula!- 3 -§-44 27rt(tan 1/2+ 
tan(-l)/(-2)) = 27ritanl. 



13.4. Derivatives of Analytic Functions 



1- t'l-g- 1 ^^ Cauchy Integral formulal- *>d -Hit} 
45-€ ^eDS. 25ri/(3!)16cosh(0) = 

16/3ffj. 

2. Dl-g-^E^^l Cauchy Integral formulal d) 

% S-S. ^^4«1 27rie°cos0. 

3. 4-gr^E)|sl Cauchy Integral formula-!- ^-»1 4 

ij^s|jl 27ri(l/2) 2 /(2!8) = 7rt/8. 

4- 4-S«J 4^ Cauchy Integral formula-!- 4-8"4 <s 1 
27Tt/(32 2 X 5!). 



5. Cauchy Integral formulal- *H4 
27ri/(2!) = iri. 

6. -^•S Cauchy Integral formula-!- fe4- 
-2iri/(3!). 

7. 2n - l«i Cauchy Integral formulal 
sin<>l OolS.5. 0. 

8. 2n«i "l-g-^J Cauchy Integral formulal &4- sin°] 
0o|2.S. 0. 
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9- ■r-'ti D l!-€ Cauchy Integral formula* 4-§-4'3 
e 3 "/ 4 /(4 3 x (4!)). 

10. ifiy Cauchy Integral formula* 4-§-44- 

2 7 ri/8e 1 / 2 /(2!). 

11. 4>S *)-g4 Cauchy Integral formulal- °]-%-^ 

2m. 

12. b)^.^ Cauchy Integral formula* °|* 
Ki(-i-(i/2)(e + e- l )/2. 

13. 4S! Cauchy Integral formula-!- °!-§-^H 

2-ai In 2. 

14. 4si D l-g4 Cauchy Integral formula^ cfl <y -2?ri. 

15. trSi Cauchy Integral formula^ tfl»J 
2w(-7 + 4t)/(l + i) = tt(-3 + Hi). 

16. 4$ n l£4 Cauchy Integral formula^ tfl°J Tre" 4 . 



17. Cauchy Integral formula^ o]-g.°ll i|<y 
1.5sin(0.5)/4. 

18. Cauchy Integral formula^) ^"ti n l -§-■§- *j-§- 
-27riln2. 

19. -g- curved 47 r Cauchy Integral for- 
mula<HM n = 2i Ji^ 7ricosh(16). 

20. (a) 44 oHEr'd 4^7)- s)fe S^M SM4 |z| > 
K<H| bound K7\ ojji |/( 2 )| < /fo|4. Liou- 
ville's theorem<H| /£- 4^4^0)3. S.3r 
"I 1 *- (b) 44-N°S HN4fe n #■§■ £U44°1 
#4- €- 43* 4«i43. a. 42J 4^* mjsr 

44 ^44 ^-S.4 4ft 5U4- (c) e R "7\ 
f$ 3.7)* =i*J44- o\S\ =L7|fe ik(z)7f 4^r<>]4 

4*r°14»« 44 ?lxl7l:SL #-g.*i 0°fl 7\ 

t7li s r 4. (d) 44 /( 2 )»5 tfl*j| 

JL 4^ l//(z)i entire function 0)4. rz.e)ji (b)ofl 
3=1) l//(4*r 344 ^ 4°*4 -S-3M4- Li- 
ouville's theorem f {zp\ 4^°J* -frJE. 
si-Tj s)ji ojfe. ^«|tr i*°l4- 
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1. Complex line integral-g- -^-i^'^J'HM 4 

* 3°I44- 4-fe- 4^#4 n ^2) ;go]* 
3-4 3H <3)4 Wii 43«4- 

2. potential function* «!-§-«r^ =3^-014 Cauchy In- 
tegral formula* °]-§-4-te- Analyticity7 r 

parametrization-f- 4*4-c- ^4^11 3 

* HH-fr U434 4^*<H|i(Analytic°l o^v}) 4 
*44- 

3. Curve7f 7f^l 7].g4°J ^*)o| v\s, \^ ^o\x\. 
^4^4 ^**1^4<»i 44*it44fe4 

4. o] ^oflx^ ^-*Jo)| smoothness* 7}-^®^.^ 

5. l/zS\ 2)*<H]^fe 2** 14^^)011^^. o-i- -a^c}. 

6. «<? #^^>| JI^SIH 51* »fl o] ^ $4. <^^^ fe ^--tJ 
"5 line integralol -^-tj»( S)#«r7:l ?^fecrfe ZA 
»\ independence^ tflt!- 7))^o]cf. ^--^0) t^sf.<^ 
i ^^-3^ affl^I Analytic^ 

7. Cauchy's Integral Theorem^- Analytic region^ 
^ *j£&-s) invariance* ^"Jtr Cauchy's 
Integral formula-fe- singularity7f Jl* 
4, Tj^s}^ »^o)4. 

8. 3)4 M J^-* * ^EjS. 'dl-'H *_2.<3 o]^ simply 
connected o|r4. <$a] b^i4o}# «V^-|r -f-H 



^ doubly connected 4^1 ^-aej-n] ®H 

^9]S\ w.V'fcl jlcf. e|f. triply connected43. * 
4- •^ : ¥-^-a t fl *M counterclockwiseifl-f^-aoll tfl 
^1 clockwise^ *)-g-§- 4 3. o| multiply connected 
domain^ integrand?}- Analytico|ig Cauchy's In- 
tegral Theorem-^ ^^44 

9- ^°1M1 *H#-g- ^^-i- tt4- 

10. <3^<H|^S1 dI-S-7}^-aJo| Analyticom-. n.elJl Ana- 
lytic o)=j ^»J* Bl-.^li Analytic °| 4- 

H- 44 -^-r^-HI ^4^ ^(^*4i 

43. ^^^g-44 ^-S-44 ^4fe 

, S)SI4^ 4 °1 Linearity. 

12. -y^Sf *)^-f* 2i7«<H ^-ji aJ^^.*).^ 

^-Ajo) ^o|5. bound^4. 

14. -a^^ 4ofl^ -fi-TfloJ analytic4^rt 4<=r4*r£°] 
4- 

15. 4^^- ^^°1t;14 -f / = u + it>4 

Tfi'S ImJ c f(z)dz = J c udx - J ct ;dyo|51 
/c Im(z)dz - f c v(dx + idy). 

16. /J r (64e 6i9 - 48e« 9 )ie i »de = /* 64ie™ - 
48ie ie de = 2176/35 / c (z 6 - 3z 4 )dz = (-128)/7 + 
64/5 - 128/7 + 64/5 = 2176/35. 



13. COMPLEX 

17. Analyticol.E.3. (a),(b)S) ^afe ^4- /*£/ 2 (l - 
e 2i *) 2 t e ' 9 d0 = Ci 2 /2 (ie si9 - 2ie 3ifl + ie i9 )d0 = 
0.4i + 4/3i + 2i. 

18. /„" sin tdt = 2, /j, 1 sin(x + it)idt = (-1/2) /^(e"* - 
e')<ft = (l/ZXe- 1 + e - 2), ,£sin(f + i)dt = 
(l/2)(e- 1 +e) /° sin { = -(e^+e), f? sm(ti)idt = 
(1/2) JJ»(e~* - e ')dt = (l/2)(-2 -fe" 1 +«). fl* 

S--T- 0. 

19. J* it cosh(-t 2 )idi = (sinh(7r 2 ))/2. 

20. 2* i^^fe- ^■-'dolas. Cauchy inte- 
gral formula^) iiri. 

21- / o 2,r (l + e i »)ie i «^ = 0. 

22. Cauchy integral formulas! o|-g- ^Eflof] 

27ri/(3!) = wi/3. 



INTEGRATION 

23. Curve7 r singularity-!- 5. ■?)•*)- x) & o.jh.3. 0. 

24. 34 + 9tt(0 < t < 1)2. "(7|3ftr A d3-g-°l| 
/o 1 1(3 + 9i)dt = 3/2 + 9/2t. 

25. Cauchy integral formulas) n).g. ^e)|o)| $\-$ 
27riicosh(-l)/2 = jricosh 1 

26. Cauchy integral formulas) n]£. ^i]|ofl o|gj| 
27ritan(ir) = 0. 

27. Curve7f -2i>jl-§- Cauchy integral for- 
mula^ s)s|| 8ffi. 

28. f£ /2 l/33ie i$ d9 = (i - 1) 

29. Cauchy integral formulas) n|-g- S)s| 
2?ri ln(2i) = — it 2 + tiri log 2. 

30. -g- ^-^o) ,r/4°l-4- i#*r.H..S. Cauchy integral for- 
mulaHl s)*fl 27ricos(7T)/(7r/4) 3 = -128i/7r 2 . 



Chapter 1 4 




Power Series, Taylor Series 



Complex power series, in particular, Taylor series, are analogs of real power and Taylor 
series in calculus. However, they are much more fundamental in complex analysis than 
their counterparts in calculus, because power series represent analytic functions (Sec. 
14.3) and, conversely, every analytic function can be represented by power series, called 
Taylor series (Sec. 14.4). 

Section 14.1 on basic concepts and convergence tests for complex series is similar 
to the corresponding material for real series. If you are familiar with the latter, use Sec. 
14.1 for reference and begin with Sec. 14.2, a thorough discussion of power series. 
Sections 14.3 and 14.4 have been mentioned, and the concluding Sec. 14.5 concerns 
uniform convergence of power and other series. 

Prerequisites for this chapter: Chaps. 12, 13. 

Sections that may be omitted in a shorter course: Sees. 14.1, 14.5. 

Reference: Appendix 1, Part D. 

Answers to problems: Appendix 2. 
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14. POWER SERIES, TAYLOR SERIES 



1. I,k7\ <^H*J a n S] ^-tLH4 *\*h £ > 
0°fl ^4 N,M°] €*fl*)H n > N,m > M<H] tfl«H 
|i-a„| < £/2,|fc-a m | < e/2°)t}.. P = moiN, Af°l 
Ej- p > Pofl tflsfl < |/-a p | + |fc-o p | < £o| 
4. E7\ °}S]2] of^o|H.5. I = k. 

2. bounded, not-convergent. 

3. bounded, convergent with limit 0. 

4. bounded, not-convergent. 

5. bounded, convergent with limit ni. 

6. bounded, convergent with limit 0. 

7. bounded, not-convergent. 

8. bounded, convergent with limit 0. 

9. bounded, convergent with limit — 7r/3. 

10. £ > 0°l| cflsfl N,M°] #*I|*IM n > N,m > 
M<H| \l - a„| < e/2,\l' - a' m \ < e/2°| 
cf. P = moa:{JV,M}ole]- *t-<d p > P<* 

|J + I' - (o p + a;)| < \l - a p \ + \l' - a' p \ < e°] 

11. r = i-riyH| cfl «fl |z|,| y | < v / z 2 ~+3/ 2 °l 2.3. ^ 

«1 -MM'd 3. -y^si- m^s. ^o|cj.. 



14.1. Sequences, Series, Convergence Tests 



12. lim(a n+ i/a n ) = lim(20 + Z0i)/(n + 1) = 0°|H.5. 

13. lim(a„ + i/a„) = lim(n + l) 2 /ra 2 (i/2) = i/2»|.E.3. 

14. •f-g -Sl g nofl tfl^j Itfl^^ 3L7la]2.1- tr4- 
l/v / 5 r +T < l/(n 2 - l)ol£.S. 

15. 1/V5I4J^<HHS] ^^-ElliEfl- ^-§-*}-^ ^aV. 

16. lim(a n+ i/a n ) = lim l/(2(2n + l)) 2 =0°lS.5.^^. 

17. lim(a„ +1 /a„) = lim((n + l)/n)"/(3i) = e/(3i)°l 

18. g^cf. 

19. CAS PROJ 

20. (a)|ES=i^l < Efe! kM-E-iiS. 1 

#4- (b)-a^* 4i^rt 3<>)*1 

*4** 4*4^ *MM 3£ Si 

4- <f^4*<H 3UH-H3E. iJ<HM *r**r« HKI«-§- 
^S. nj-^-cf. (c)|a„+i/o n | < g < 1<HM z n+A: < 

Tfl 2v/(n + I) 2 + l/(2 n + 1 (n+l)) < 0.05°1 

nolcf. (e)44 $7] ^4. 



14.2. Power Series 



1. sl-i-^joll 3*11 f-tJ^r -iv^oUL 1. 

2. «1£#*<H S)^ 3«lJL CO. 

3. Bl^^oJ S]«fl *4J-& CO. 

4. b1£#*;H f^U* Oolji ^ u J^£ 4. 

6. 3^*3 <4 ^-9€- Trio) 2. \b/a\. 

7. ^aj o. { _ 2o)jl ^^«V7J^ y/2. 

9. .s jsfl f-g^ 0oU ^^«}^^ 

26/V14 2 + 22 2 . 

10. ul^-^jofl ^Sfl ^-y^ =r^Sr3-£- 4. 



11. ^ A J^r 0°U 2/27. 

12. B]^HH) S\n^-& 3i°|jl ^Sr^€- 1/e. 

13. °1 ^ f-y^g- -iroU ^3«r7j£ e. 

14. Bl#^<H| sl«« f-y^ 0oU ^iV^^gr 1. 

15. ^4J^ 2i°U ^Sr^€- 00. 

16. Bl**34| ^4J^r 0o]3. ^^«r^-Sr V2. 

17. 1/3, H 4 1/3- 

18. ^r^«i^ l/6,6ofl^ 1/6. 

19. CAS PROJ 

20. (a)^-l^-J] sjcf. (bJO)^^^^!")^^^ 



14.4- TAYLOR SERIES AND MACLAURIN SERIES 
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4- (d)-g-*!! 83f l6-§- Bl5L«1-^ 7^sf4. 



14.3. Functions given by Power Series 



H} 44- ^3 E*=iK + bj)zi = ^ =1 a jZ i + 

TO-ffe o 5. E°ii(<>i = 

E£= i a^^' + Eyi i MM 34- *H ^n*]JL £4- 

2. (logn)/n ->■ 0-§- S-^S. =!4- S.3]%S1 ^e)-f- A|-g- 

limn^ooflognj/n = limn-xx, 1/n = 0. 

3. (z/5) 2 -§- f»Ni ol-g-sj ^iLS. iL-Ji =r3»J-7j 
-8- 01- -f-*).°S. 5. 

0* f-Sjil 1. 

5. z - i-t #°MU SK! trl-g-^a 7jo.s. ^igu}. 7j.fi- 
i# 1/6. 

6. (z/:r) fc l- Jg-oHl j, fc«J 4 £3 7j 0.3. i-d 4^ u JtJ 

-£- oi- f-y ir. 

7. Cauchy-Hadamard formula!- i'd lim|a n+1 /a„| = 
(z 2 )(2)ol2.S. 0* f-y.5_S «i^-S: l/v^. 

8. Cauchy-Hadamard formula-f- *«d lim |a n +i/a n | = 
3/5z 2 ol£.S. 0* f-yii ^"J^* l/v^75- 

9. Cauchy-Hadamard formula-!- lim \a n+ i/a„\ = 
0o] -i-g- f4Jo_i ^^Hr^-a- 00. 

10. Cauchy-Hadamard formula* *<d lim |a n+1 /a n | = 
0o) 0-i- f-Aj o.s. 00. 

11. fcSi "l-S-^^J iS. S.^ -2-1- f^J o.S ^r^«V^€- 1- 

12. Cauchy-Hadamard formula-f-*^ lim \a n+ i/a„ | = 
4o]£.S 0-1- f-yo.3. ^"J^ 1/4. 



13. *<S n)^-s).j7. j£tj] ^z^ILS Q-i- f^]-?-S ^3 

1. 

14. Cauchy-Hadamard formula!- ^ lim |a„ +1 /a„ | = 

15. (a) 1/(1 -z) = Er=o^S ia. ^Si SL 
€• 3l4^r l»l3i xK^l- ^ 0 f^)<H) 4b}- ^ 4 

^+17|) olcf. 1/(1 _ z) 2 = E oo =()(n + 1)2 „ (b) 

1/(1 -z) = E£Lo zk * ^^H »l**r^ € 
4- 

16. (1 + z)P(U)««lM z r #£- 444 47(4* ^ 

z n x z--"(n = 0,...,r)4 ^e)|5. 44^4- »| zj-zj- 

( 2 -H)p+«s) 2 '^»J (P + ^47^4. 

17. jl£ «4 «q*H 0 = /( 2 ) - /(-z) = Er=o"t(i - 

(-l)*)z*ol Hi 4^71- 0olrf.(^sJ«J n|^«)7l- 

18. i€- s* rfl^Ai 0 = /(z) + /(-z) = Er=0"*(l + 
(-l)*)z*olaS. ^^71- 0o|4.(tr»i«) ol-S-^71- 

"i o-i- tfl-y^i^ ^4.) mi tfl^i^fe 4^7)- 

19. series expansion-i- o|^-^ (^*) 4^- Hr^-M^l «fl»y 
HI -§-§-14- 

20. (a)l ) 2,3,5,8 > 13 1 21,34,55,89,144,233 *-|-§-oll 1^3-, 4^. 

2f°) sjja, oyq l^g-nj A|A}, 2=. 3^, 

= EfcL 0 ak**°lsU ^*o] I0I4 

7A 00 = 1. lil-^-g- -1 + ai = 0<>lH.S. ai = 1 2*}- 
-1- l + a 2 = 00)5.5. a 2 = 2o|^t)| ^|^. 47^ 
4- (c) reference!- %£_Z\a]S.. 



14.4. Taylor Series and Maclaurin Series 



1. cosfi) Maclaurin series-H] 41 *y cos2z 2 = 
Er=o2 2 *(-l)V((2fc)!) 2 4A 

2. f-al-i-^S. ^7||s].^ l/(l-^ 4 ) = E^o 24 *- 

3. sin 2 z = (1 - cos(2z))/2i £_3L cosS) Maclaurin ^} 
7H^oll t( 0 J«r^ 1/2- l/2E£o(-4)V(2fc)!z 2fe - 

4. e z S] Maclaurin 7fl ^ ^| 4^-3). ^-o| cfl<>]-^4. 
Er=o l/(fc!)(-l/2)*z 2 *. 



EI°= 0 2 Z 2fc +Er=o^ +1 - 

6. 1/(1 - z)f- Maclaurin 3}7||4]-§- 

1/(1 - zf = Er= 0 (^ + 1) 2 *, -Mi 

(2 - z)# ^p-*H ^l- ^tr4. (2 - z)/(l - z) 2 = 
2 E|°=o(fc + I) 2 * - Er=o(* + 1) 2 * +1 

7. l/(z + 3i) = (-i/3)/((-iz/3) + 1) = 
(-i/3)Ef=o(W3)*- 



14. POWER SERIES, TAYLOR SERIES 



8. 43-4'd /'(«) = 2z/(z) + 1°I4- /(*) = 

Er=o«fc zfc * "UtW «4-(/(o) = 

0 -> oo = 0) ai = 1, (fc + l)o fc+ i = 2a )b _ 1 (fc > 2). 
4^4-Sr JE.Jp. 3)^4 Oojjn. -&^44 4<rfe a m = 
2/m • 2/(m - 2) • • ■ 2/13. *!4- 

9. 4-g-4'g 2/v/?e- 22 ol°.S. 4-g- 3 s! 34 series* 

/(0) = 0-1- o|.g-*jM ^44. 
e- 2= = ESLot- 1 )* /(*'■)*" H-M er/(z) = 
Er=o(- 1 )V(fc'x(2fe + l))z 2 * +1 

10 . 4-g-4'd sin z/z o)£_5. sinS] ^7)|^ o_5.«-e1 ^ t& 

Maclaurin 4-§-4 ^ *r 5Ul^l 

€4- Si(«) = Er=i(- 1 )V(2fe!)z 2 *- 1 . 

11. 43-4<d sinz 2 °|°.S. o]5| ^Tj^I-ir t^jI S(0) = 
0* °l-§-, 4*1 ^4-§-4°i Maclaurin 

4- 5(z) = Er=i(- 1 )' c /(2fc! x (4k + l))z 4fc + 1 . 

12. nl&Sr'd cos z 2 o\ 3.S. 44 ^^-k t"-4j1 C(0) = 
0* °|-g-, 44 ^43-44 Maclaurin *i44-§r ^fe 
4- 5(z) = Er=o(- 1 )V((2fc + l)!x (4fc + 3))z 4fc + 3 . 

13. CAS PROJ 

14. l/v^Fs) *>W* /(*) = E~«o«k***U *i 

^ / 2 = E*Lo* 3 * 7 r ^ «H «H1 4<r* "1^4^ 
«<H «LS. /(z)°ll mi Maclaurin ^^S\ *)<$Hfr 4 
4.4 :go] -^4. /(0) = lofl^i a 0 = 1«| 31 2aooi = 
0<>1M ai£ 044- 2a 2 a 0 + of = H14 o 2 = l/27 r 
sl a 2o 3 oo + 2a 2 oi = 0»i|4 03 = 044- alternate 
ing44 4*r4r04 4444 €4- 444-2.S. 4^4 
t 1 * /( z )4 344* 4*d ^-S-sfl^ €4tt ^4 
sin" 1 z = z + (l/2)z 3 /3 + (1 ■ 3/2 • 4)z 5 /5 + ■ ■ ■ ♦ 
"24^4- 

15. °24 m4tf(44) 0 ,r* 4*4*d (z - l/6z 3 ) = 
(a 0 +aiz+a 2 z 2 +a3Z 3 +a4Z 4 )(l-l/2z 2 + l/24z 4 )o 

4. 44.5- 4*r* 42-4'd o 0 = 0, ai = 1, o 2 = 0 
a 3 - l/2ai = -1/6 -> a 3 = 1/3, 04 = 044- ^ 
tan4 4444*1 -Jr z + l/3z 3 44- 

16. 1/z = l/(t - (t - z)) = -i/(l - (i - z)/i) = 
Er=o(-*)(l + i*) fe - 

17. 1/z = 1/(2 - (2 - z)) = 0.5/(1 - (1 - z/2)) 

18. 44JL -H44 4-g-Si* ^4^ -1, -5, 20, -60 
120, 120,0 • • ■ . z 5 = -1 - 5(z + 1) + 10(z + l) 2 - 



10(z + l) 3 + 5(z + l) 4 -|-(z + l) 5 . 

19. e* = e ^-°)+ 0 = e* ■ e~ a = T,%Lo ea V( k -)( z ~ 
a) k 

20. cos(7rz)4 1/2443 4£-&* *Hr4-g- 0 J44 ?M 
0°]jl -S-^rSl 4-S-°J 44 ±14 ^43- 444 
4- Er=o(- 1 )V(2fe!)(z-l/2) 2fc + 1 . 

21. Lnz4 W 4-S-£ (-l) fc_1 (fc - l)!z- fc o]c T . 
47]<H14 l-§- 4-fe- Taylor series^ 

22. coshzS] #7fl4<H| Z t)|^ z - TTi* 4U44 €4- 
cosh(z - TTt) = E~=o l/(2fc!)(* - *4 2 *- 

23. sinz4 7r/2<>il44 4-S-SM: Ji'd l,0,-l,0oj 
Hr^-Slfe ^S^i* 3Hr4^r ^# =r Si 4- °1 
* Taylor series^) ^-§-4^ T.f=o(- 1 ) k ~ 1 /( 2fc + 
1)!( 2 -W2) 2fc . 

24. 1/(2 + i) 2 = -i/(2 - (iz + 1)) 2 °I4. JLBIjI 
1/(2 - (tz + 1)) = Er=o(V2)((iz + l)/2) fe 4 H 
cfltr 4*44- V(^ + i) 2 = Er=ofc/ 2 i/ 2fe ( i2 + 
l)*- 1 . 

25. sinhs} ^7H4°»I ^°J4^ sinh(2z-i) = E*°=o( 22 - 
i) 2(t+1 /(2fc + l)! 

26. cos 2 z = (1 +cos2z)/242.j£. tt/2<>I|44 

C0S(2z - TT + 7T) = -COStU.UJ = 2z - 7T°J-t- 0 l-8"4 

4 ^^514- l/2 + Er=o2 2fc - 1 /(2fc!)(2z-7r) 2 ' 1 - 

27. e* 2 - 2 * = e-^t*- 1 )'* °l-§- *It1HM Taylor se- 
riesHl 4-y«« S-4- Er=o l/(«*0(* ~ i) 2 " 1 - 

28. (a) (e»y = E"-o **/(*!) = £Z - 
(cosz)' = E~=o(- 1 )* +lj;2 * +1 /(2fc + I)'- 
(sin*)' = EfcLo(- 1 ) fcz2fc /(2fc)!. (coshz)' = 
Er=o z2fc /(2fc)!. (sinhz)' = Er= 0 z 2,c+1 /(2fc + 
1)!. (Ln(l + «))' = ESLo(-l)***- ( b ) 
(e« + e-«)/2 - l/2Ef=o((«) fc + (-") fc )/fc'- 

= En=o( iz ) fc /*: ! = cosz - ( c ) sin ( z + *l 2 )* °^ 
^»J4 Taylor expansion. 4&&£ 1,0,-1,0°. 

3. ^*44- ^ ^'d'S 4*4°i ^4 sU 
sin(z + tt/2) = Er=o(- 1 ) fc+lz2fe+ V(2fc + !)!■ 
(d) sin(iy) = (-i/2)(e-f - e»)o]4. t/ ^ 0°1 
°I4 e~» ^ e»ol4- sin(iy) ^ 0°14- 



CHAPTER 14 REVIEW 



14.5. Uniform Convergence. Optional 



1. °go)<s] oj:^ e<H] 4^ m o] §4 

44 0.99 m+1 X 100 < £7} £)7i| ^ ^ ojcf 

|£2= m+1 (* - i) k \ < Y,t= m+l \{z - < 
E*= m+ i0.99* < 0.99™+* x 100. < 
0.99 o] °J4<H|4 uniformly converge 

2. ^4 of- e(<< 1/2)d| ^ mo) 
£41 44 10 2m /(2ro)! < e/27 r s) Tfl ^ °J 
4- l££ =m+1 * 2 V(2fc)!| < EL m+ i^ 2 V(2fc)! 
< £2;ri0 2m + 2 /(2m + 2)!(l/2)* < e . 

14 < 10 20 °J °3<sH4 uniformly converge^. 

3. cos£l 44 ^q i/n 2 s\ afro] 4 
4 ^^4—3. uniformly convergent o|4. 

4. 1/4 < \z\ < 1/2015.5. |z"/(|z| 2n +2)| < l/|z|" < 
l/2"o|cf. 444 uniformly convergent o) 4. 

5. (n!) 2 /(2n)! < 444- (n!) 2 /(2n)!z" < (3/4)" o| o 
uniformly convergent°|c|. 

6. tanh|z|/(n 2 + n) < l/(n 2 + n) < l/n 2 o|j7 
£ l/n 2 o) ^r^t\^LS. uniformly convergent ^lcf . 

r. \z + i\ < \/54-f4 ^t! 0 !^^^ uniformly conver- 
gento|cf. 



8. \z\ < 5444 t^oj^^ uniformly convergent o| 
4- 

9. |z - 1| < 2tfl^-£) £4°J4°fi4 uniformly conver- 
gent o|nf. 

10. e»(i-0»a| ^j^Mas. ^ ^ oj^,^ uni . 
formly convergent 0)4. 

11. |3« + t| < 14*4 ^t!°J-^ofl^ uniformly conver- 
gent 4 4. 

12. \z\ < VE^S\ £t]°J<sHH uniformly conver- 
gent o]cf. 

13. CAS PROJ 

14. (a)«J44 ^44 oj^eofl cfl$| 4<^^ m0 | ^^ t ).aj 

l^k=m. M m < £°I4- uniformly convergent o]cf. 
(b)/' -»■ ffS. / -> / GS. 7]x^ 4^4 f-Jl ^ &|34 
4*J-§- J2.tfl.sL 4*444 sjq, ( C )^ oj^ ^ 
bounds 44 a. oj^oflx^ boundicf 444 44. 
(d)-g- 4^°! compact domaino|4ig 44. a a] 4 <y 

43 «^ 4*1 ^4. 



Chapter 14. Review 



1- « -g"*r4 ^4*r4# S4*ft 4»8°-3.^ 
lim|a„ +1 /a„|4 limlanl 1 /"-^ -f-4^ 4^ ^qji 
"Ua^f-ol sl4. 4 4 qqs, a. ^ 
4-cr 4 444J£. 44- 

2. ^-a.^-^rl-HI 4444 analysis* t «W JI series 
expansion-!: °l -f-4-c- 4-f7 r 43- 444 n)|7 r 44. 
°1 series^. ^•^^! -3-^71- power serieso|4. o) a)) ^ 
tr series7 r -^sfl o^^. ^■■g-^-i- 

^fl^)^!- atF ^A^4- 

^r%tr4- °l «fl ^r^trt 'g^^- ^'fl °J<^ 
s. 4440} o|4 hj.^^. ^^^ 0 |e}. ^4. 

4. 4*ofl ^tfl^-l- *|4«1i ^7F o|. 

(absolutely convergence) o| 4 t!4- 
^44Hl; =|Tfl^^o) o|-4^ i^JjL^ (conditional 
convergence) o] 4*1-4 ^<Hx] oj^ofl^ ^t[^ t| 
-f oil- jz °J^o)| cfltV Sl-^^ol (uniform conver- 
gence) 4 tr4- 

5. 4^-^r(power series)o)| tfl«fl-H^- 3- ^^^o) ji^-s) 
H 0 ^ jjz. Xr-t 444 *J-tH| tflt!- ^4 ^-^s. 

^ SI4- ^<H14 -a^4^*o] a. 4^ u i 



^vflH14 D J- -y^^ 441- ^4- 

6. Analytic function «fl ifl^4-b localt!: 4-g-*r3!7fl7 r 

*h.4 €-4*4- 

7. ^^34 ^44«1| 4*4 tfltr ^-g-^4 4HH 
a. ^^s^4 ^sfl -S^4<H 514. 

8. Taylor series^ $ ^-i- 4^44 remainder 
termO.S. 5.^4^ ^444- 4444 4^7)- * 
44°11 44 remainder term o I 4^.44^ ^efl ^J-^ 

^^»J-^ifl-f<HI4 4^5. ^444- Maclaurin 
series-^ 0^-44 Taylor seriesf- 4^4^- -|-4ol4. 

9. Cauchy integral formula^] -^-g-4-g-# Tfl^ 4 -§-4 
44 ^^14^ 4^ Taylor's series?)- 4^4. 

10. 14.4«[4 ofl'fll-i- 4^- 

11. 0<H)4^ Ln27)- ^444 &^4. 444 Maclaurin 
seriesS. -jj 7 -^- ^ gJ4. 

12. f-4^-=r =Ei7||4 4-g. ^ 4 0 |^. 
£fe -3-44^4 ^7fl^ i^uiai ^sfl H j.^ 
4 Si 4- 
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13. ^3<>1| alH-H =l ^Sr^-t- oRr^^H 

*i°J -s-*il4 ^7is]^- <>>7i^ ^ ai4- "in 

3h§r S^r^ ^7l^tH, o|n|H cut off errors) 

bound* oH=. 3»| ^Jl«t4- "^Hl 7fl<ys)^ 7|)^ 
°] 4-S. uniform convergence^ 4- 

14. 7-l^^<q Tj-fq. #zj- afe *M*I^M saH-H 4 

15. i€- ^-t 1 ^ Taylor series approximation©) 7\ 
¥*r*l-& &4- «|-g-7Rrtr 1Hr4 *M4SL o| 
^7i) s)^ «fl;*|5.*r e- 22 / 2 7f 

16. ^#3* H4- */(!-*)■ 

17. ^3Sr3€-lol4- 

18. t - IS. 4^Hr3£ oo°14- 

19. ^r^^r^^- oo°l2. cos(7T2)lr S)o)tr4- 

20. f-a^- is. «rJl ^^ u J^-&4o)4. 

21. ^3 U J3-S- l/2o)4. -l/21n(l - 2z). 

22. ^SH* ooo)r4. 

23. ■f-y-i-iS« r a'r^Mr^-&l/s9rt2ir. l/(l-2jr(z- 

24. 2iS. SrJE »r7j a 5. 1/(1 - (z - 2i)/(4 + 
3i)). 

25. lima„ + i/a„=0o)£.S^^»J-5i-grOOolr4. 

26. e 2z B] k<d 2V ! oH aL«lH jri/2-t tfloJsV'g 
-2 fc °14- Er=o-2*/fe!(z - W2) fc - 



27. 7-1^^ ^Td^-i-^S. °l-§-4-?§ lA!z 4 *- ; 

28. l/(-3+4i-z) = l/(-3 + 4»)-l/(l-z/(-3 + 4i))s] 
m*A& "1**4- E*LoV(-3 + 4i)(z/(-3 + 
4i)) fc » 4**r*- EJLiVH* + 4i) 2 (z/(-3 + 
41))*-! 

29. sin 2 z = (1 - cos2z)/2°liS 1/2 - 
l/2Er=o(-l)V(2*)!* 2fc . 

30. «nz£l *MI*r 1/(1 - z) = V(4 - (3 - z)) = 
1/41/(1- (3 -z)/4)» ol-S-^cf. i/(l-(3-z)/4) = 
Er=o((3-z)/4) fc "H|^ in 2 = l/4Er=o((3-z)/4) A . 

31. 1/z = l/(3i-(3i-z)) = -i/3-l/(l-(3i-z)/3i)* 
•1*«4- V(l - (3i - *)/3i) = E*Lo((3i - 
z)/3i) fc H >H 1/z = -i/3 Er=o((3i - *)/3i) fc • 

32. n|^-5) i-m^s) 4^|s 1, -4», -12, 24i, 24, 0 • • ■ 
z 4 = 1 - 4i(z - 1) - 6(z - if + 4i(z - i) 3 + (z - z) 4 . 

33. 1/(1 -z)S] ^fl^-i-jpg "IS-Sr^f--^-*^ €4- 
l/(l-z) 3 =2Er=2*(fc-l)^- 2 - 

34. cosz = cos(z - 7r/2 + ir/2) = -sin(z - jt/2)°1M 
cosz = -Ef=o(-l)*(* - T) 2fc /(2fc)!- 

35. sinh(2(z - iri) + 27ri) = sinh(2(z - 7ri))<>l2.S 
Er=o(2(^-Ti))" +1 /(2fc + l)!. 

36. 30 + lOil- ^42.3. ^r^Sr^o) 1/2°] ^ <4|##<H 
£2*(z-30+10i)*ol ^ 

37. il- f-y 3.3. V27\ ^Sr^. 

38. 01- f-iJ^LS 7o) 

39. -i/41- ^3.3, ^r^«r^€r 1/4. 

40. -l^JiS^r^«r7|^-0. 



Chapter 1 5 



Laurent Series 
Residue Integration 



A Laurent series is a series of positive and negative integer powers of z — z 0 by 
which we can represent a given function /(z) in an annulus (a circular ring with center 
Zq) in which /(z) is analytic. /(z) may have singularities outside the ring as well as in 
its "hole." The series (or finite sum) of the negative powers is called the principal 
part of the Laurent series. 

An important special case is a Laurent series converging for 0 < | z — Zo | < r, in 
"a ring whose inner circle is degenerated to a point." The principal part of this series 
serves to classify the singularity of/(z) at Zo (Sec. 15.2). The coefficient of the power 
l/(z - Zo) of this Laurent series is called the residue of /(z) at z 0 . Residues are used 
in an elegant integration method for complex contour integrals (Sec. 15.3) as well as 
for certain complicated real integrals (Sec. 15.4). 

Prerequisites for this chapter: Chaps. 12, 13, Sec. 14.2. 
Sections that may be omitted in a shorter course: Sees. 15.2, 15.4. 
References: Appendix 1, PartD. 
Answers to problems: Appendix 2. 
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15. LAURENT SERIES, RESIDUE INTEGRATION 



15.1. Laurent Series 



1. cos zS\ Taylor expansion-i- o]-g-*>^ cos z/z 4 = 

k=0 

2. sin(7rz)S) Taylor expansion-!- °l-§-* r ^ sin(wz) = 

3. Er=o^ 2fc - 3 /fe!- 
e. £r=o(-5)^- 5 - 

8- E£o**- 1 (£S«ol/m!). 

9. l/(* a + l) = l/2(l/(*-t)-l/(*+*)H l/( Z +i) = 
(-i/2)(l/(X - (« - 0/20) = (-i/2)E£o((« " 
i)/2i) fc l- ^"J*^ €4- ^"J^-fr 2. 

10. 0.5e/(z - 1)# f«M^ e 2 -V(l - (z - l)/2)3 
Laurent series* ^4- e z_1 = E£Lo( 2 ~ 

1/(1 - (. - l)/2) = Efc°=o2- fc (* - * 1 

^g-oil 0.5e/(z-l)-f- -g-^ «4-^^^*2. 

11. ff<HH £43 -1,0, 1,0* 
Er=o(-l)' t+1 (z-T) 2i - 2 /(2fc)!. 

12. £-*Kr (z - l) 2 + 2(z - 1) - 3.2.3. i^S)°.S. 
l + 2/(z-l)-3/(z-l) 2 . 

13. z 4 <4 -2t<>IMsM3-5tfr 4^15. 16,-32i,-48,48i, 
24, 0-- o]s.s. 16/ (z + 2i) 4 - 32i/(z + 2i) 3 - 
24/(z + 2i) 2 + 16i/(z + 2i) + 24. 

14. sin z = sin(z — 7r/4 + tt/4) = l/\/2(sin(z - 7r/4) -+- 
cos(z - tt/4)) sin(z - tt/4) = E^oC-l)^ 2 - 
7r/4) 2fc+1 /(2fc + 1)!°U, cos(z - tt/4) = 



Er=o(-l)*(* - W4) 2 V(2fc)!ol-S. sin z/(z - 
V4) 2 = Er=o(-l)*((* - T/4) 2 *-V(2fc + 1)! + 
(z-n/i) 2k /{2ky.)7\ 3|lx+. 

15. coshz£] 7tHH£J 4-g-&-£- l/2(e ,r + 
e-' r ),l/(2i)(e-' r - e*)7\ m^S. 44^4- 
E?=o[l/2(e" + -x)(l+(-l) fc )-i/2(e--e-)(l + 
(_!)*+!)](, + „•)*. 

16. e a * = e 0 (*-»)e o6 H^ e az /(z - b) = E£L 0 ea6 (* ~ 
b) k - l /k\. 

17. z 2 - 3iz - 2 = (z - i)(z - 2i). l/(z - 
2i) = i/21/(l - (z/2i)) = i/2££° =0 (z/20 fc °M 
1/(2 - i) = i/(l - (z/0) = iEr=o(^) fc °14. 
(2z - 3t)/(z 2 - 3iz - 2) = l/(z - i) + l/(z - 2i)°l 

i/2Er=o(*/2t)* +iEr=o(^) fc »14. 

18. l/(z - i) = l/zl/(l -t/z) = EJLo^z 1 "* 0 !-^ 
i/2ESLo(*/M)* +Ef=oi^ 1 - fc °14. 

19. l/(z-2i) = 1/«1/(1-K/*) = Efc°=o(2i) fc z-*- 1 °l 

" Er= 0 i fc 2 1_ * +Er= 0 (2i)^-*- i o i4- 

20. l/(z - i) = l/((z + i) - 2i) = i/21/(l - (z + 

0/20 = i/2Er=o((^ + 0/20*4 !/(* - 20 = 

l/((z + 0 - 30 = i/3Er=o((z + 0/30M * 
i/2 Er=o((^ + 0/20" + i/3 Er=o((^ + 0/30* . 

21. CAS PROJ 

22. (a)^-c^^c] Annulus Rq < |z - z 0 | < Ki<H] tflsfl 
^ -f-7|js} Laurent series7)- *r*h /(z) = 
Er=-oo»fc(^ - zo) fc = EE.-.M* - *o) fc . °J 
sjs] M tf'iH (z - zo) fc l- -fsl-jl annu- 
lusMH zo-t t.Vwffi it ^dC<H) tflsfl 

^ / c (z-z 0 ) m dzSl 5te] m = -l«J m>LV27rio|jL 
"W^ (m # -1) 0o)H.S. a_ fc _! = 4£ 
4. A;7f ^^o|5LS. ^ (b) tanz^ Maclau- 
rin series^ ztfl-y 1/zf - tfl °J ^4- (c) 4-§-# 
t)f«fl Laurent seriesl- ^sj-JE ^-g-*!-^ €4- 



15.2. Singularities and Zeros. Infinity 



1. Z7\ *i*r°]i& =14- tttt SL^- 1. 

2. ±i,±l. i-f- f^^-i^ 4. 

3. -S-^r M tH^i (2fc + 1)tt. f^-ife 2. 

4. 5-ol Si4- 

5. ±i,2nwi. 1. 

6. 2n-K. 5. 



7. ±x/3,±v/2i. ^ife 3. 

8. (a) ^Sl.7\ n°\3.£. f(z)°\ n - 1% d)^- 
^ z 0 <H|^ 0«14- #, /'■& n - 24 ol^^l 
zoHl^i 0o)4. (b) z 0 <Hl>H4 ^i7l- no|=L 
S. zo-HM-e] Laurent series-fe- E?L„(z-z 0 )' : = 
(z - z 0 ) n E"i(z - z 0 ) ! ^ 31ti34. V/ = 
l/(z - zo)"9(z)°U s(z 0 ) ?t oo,0o]4. (c) ^3 

^r^ z n ^| qf«lj =L tt#o] y$ A;431 «r 
4. 9 (z) = /(z) - k± z n -§- ^7i| 334. 4 

^-o, ^ *ZHW. A = {o|/(z) = 

Oin some neighborhood ofa}. B = {a|/(z) ^ 
Ofor allzin some neighborhood ofa - {a}}. ZL^ 



15.3. RESIDUE INTEGRATION METHOD 
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344 z 0 s\ ^hj-^ii t))si)^ n 5-«g--b #4 

^ S-%14- ^ 34^ JZ.-?- 7||^^oU 4 

* "53 2 0 £) 5-HM4- ^sHhs. # <f^44b ^ 
^o|i ,47}- ^-^J^oi ov^p.s. b ? v ^4°)4. 

/ = A«I4- -2-^. 
9- 4=r* *M oj- ^ S<H | c|)o]«V^ 

€4- s4 °34^4 1=405. ^ 4^rb 44- 

10. z 2 - 1/z 2 = (z 4 - l)/z 2 o] ail ±1,±HM "f^i 
1°J 5-* 4:2. 0-HM 2°J pole-t- 4b4- 
■^tVrfl<H|^Sj 2°J 5-4 44- 

11. tan(7T2/2)^ 4<=MH pole^- 4^ 

^4^b io|4- 

12. -S-JL7V sinzo]iS. pole-g- n7r°l3. ■f-^-S.-fe S-f- 1. 
1-44 coszolH.5. zerob n7r + 7r/2°|3I "S^ib i 
-T- 1. 

13. poleb tU *llb rnr + 7r/4oH -f-Ji-tb 1. 

14. 2z~ 3 - z" 1 = (2 - z 2 )/2 3 o|s.S. poleb 0°|jl 
ib 2. sflb iv^olJl f-^-ib 1. 



15.3. Residue 



1. ±i»M Residueb 44 ^2t. 

2. cos z/z 4 l/3!lim z _>osinz = 0. 

3. l/5!lim 2 _> 0 32cos(2z) = 4/15. 

4. singular points fco)| r)|*(M (2* + 1)tto|j1 

lir n 2 -+(2*:+i)^ - sin z/siraz = -1. 

5. singular points 0o| jl lim^o l/(-e z ) = -1. 

6. singular pointb ^ fcofl c||s||a] fcjr + 7r/2o|j7 
lim z _^ x+x/2 -1/sinz = (-1)* +1 . 

7. singular pointb ±l°}3. lim z -+±i =p2/(z ± l) 3 = 
Tl/4. 

8. singular pointy 2i,-i°|:a lim z _> 2 i z 4 /(z + i) = 
-16t/3, lim z _ + _ i z 4 /(z - 2i) = i/3. 

9. singular pointb ^^r^H-*^ 4444- 
lim r _ tn cos(?rz)/(7rcos(7rz)) = l/w. 

10. singular pointb 711 lim*-^ e z = -1. 

11. CAS PRO J 



15. poleb ±2io|i fii- 1. 

16. pole-g- ±aio) ji -^-M-ib 2. 

17. -HM ^4ib 1. poleb ^^-i7V Jp-t!-q|. 

18. 0<HM pole^ -f^ib 1. 

19. n7r + 7r/4°fH poles] f-^i-fe- 1. 

20. ttiMM Pole£) f^ib 1- 

21. /(z) = (l-z 2 )/z 3 o|j7re i9 l- tfl«J«V^ |/(re i9 )| < 
(1 + r 2 )/r 3 o|^5. 0<H| r -4- 0o)u} 
|/(re">)| -* ooo|4. oju}^ o_s.i o)sV 4,2. HH 

■§■ 4*4. 

22. f-y^trlH *ll44b 4b 4£ « 
4- 

23. 4^-# *14b <4|*H 4^ 

24. 4^-#- f-<JiLS. 4b 4£ annulus. 



ation Method 

12. m-s) singular pointb 5,-lolJl 44s] 
residue-b -3,46)5.5. 27ri(-3 + 4) = 27ri. 

13. singular pointb ±1/2<>1j1 .44^1 
residue^ -l/w>]S.SL 2ni(-2/ir) = -4i. 

14. ^-<j singular pointb ±1/2 0)3. 44 o) 
residueb i-r- sin(l/2)/2o) 27risin(l/2). 

15. ^--ti vH^-£) singular pointb ±7r/2°lal 44^ 
residueb e ±lr/2 °}3.3^ 2ni(e ir / 2 + e - "/ 2 ). 

16. ^-<1 m-f-e] singular point-b ±l,0ol^i 44s) 
residueb e ±,r / 2 , -lo] o^s. 27ri(e' r / 2 + e - "/ 2 - 1). 

17. ^--ii MI-t-^ singular pointb 0°]jl residueb 
lim^ofCz + l)/(z - 2)]" = -3/4013.5. -37ri/2. 

18. ^-jj ifll-^ singular pointb i/2°|ji residueb 
"mz-^«/2Sinhz = (e -1 / 2 - e 1 / 2 )/2o]v_g_ 
^i(e-i/2 _ e i/2). 

19. ^--t! m^-s) singular pointb 0o|jr residueb 
lim J _ +0 e~ 22 /4cos(4z) = l/4o]s.s_ ^i/2. 

20. singular pointb ±2t, ±4io) ji residueb 
i-f- l/10o| 47ri/5. 
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15. LAURENT SERIES, RESIDUE INTEGRATION 



15.4. Evaluation of Real Integrals 



1. fc + cos(6») = fc + (z + l/z)/2 = (z 2 +2kz+l)/2z°] 
2.3. l/(k + cos(0)) = 2z/(z 2 + 2kz + \)o]r\. 
f c -2i/(z 2 + 2fcz + \)dz7\ ^4fe *l&o\ s\jl r&$\ 

HH314 4^ *4HC) 0 \—3- singular 
point (-fc + Vk2~=T)±r 4 331^ Ml-fH Sl4- 
7H<>) residue^ -i/(fc + Vfc 2 - 1)°14- 3-g-&£- 
27r/(fc + v / fc 2 ^ r T)o|i4- 

2. 25-24cos(<?) = 25-12(z + l/z) = -(12z 2 -25z + 
12)/z«|H.3. 1/(25- 24 cos(fl)) = -l/(12z 2 -25z + 
12)o|4. f c i/(12z 2 - 25z + 12)rfz7 r -?-4£r 3-g-°) 
S)jl singular point (25 - v/625 - 288)/24fe- 43 31 

0) ojc}-. <H7]>HS| residue^ i/VS37°\ S|2. 

3. (l+sin(0))/(3+cos(fl)) = (z 2 + 2z-l)/(z 2 + 6z + l) 
o] £5 / c -i(z 2 +2z - l)/[z (z 2 +6z + l)]dz 7 r -?4-fer 
*ig-°l €4- singular point -3-r\/8-c- i&9\% Ml-f <H( 
5)4. <^ 7] x-| residue^ -i(5 - 4v / 2)/(8 - 6n/2>1 
JL residue?} i°]2-3- 2tt[{5 - 4 v / 2)/(8 - 
6X/2) - 1). 

4. cos(0)/(3+sin(0)) = (z + l/z)/(6+z-l/z) = (z 2 + 

1) /(z 2 + 6z - 1) / 0 -i(z 2 + l)/[z(z 2 + 6z - l)]dz7f 
■?-*rfe ^-S- 0 ) ^4- singular point -3 + v / 10€- "tr 
^ iflJHl Sl4- o^7|^sj residue-fe- (HM 

residue^- H4- ^g-Si-S- 0. 

5. cos(0)/(17 - 8cos(0)) = (-l/2)(z + l/z)/(4z - 
17 + 4/z) = -(l/2)(z 2 + l)/(4z 2 - 17z + 4) 
/ c (i/2)(z 2 + l)/[z(4z 2 - 17z + 4)]dz7 r -^«rfe *j 
v.o] sjcf. o|o.5. singular point l/47 r 4$l-%! vfl-f 
<Hl Si4- "IT-Ha) residue-^ -17i/120o)i 0°lHsl 
residue^- -15i/120°14- ^g-it* 8ir/15. 

6. 5 - 3sin(0) = (lOz - 3z 2 - 3)/(2z)o] 3.3. 
1/(5 - 3sin(0)) = -2z/(3z 2 - lOz - 3)°14- 
f c 2i/(3z 2 - lOz - 3)dz7 r *jg-o] 44. sin- 
gular point (5 - V3A)/Z^°] 4331 Ml-f'Hl Si4- "l 
7H^ residue^- -i/(2\/34). ^, ^g-fr w/v/34. 

7. T"-4fe 3g-&- (i/2) / c (z 2 + l)/(6z 4 - 13z 2 + 6)dz°| 
4- 433! Ml-r-3 singularity^ ±^/2/3°M. 
residue^ 43. %-3L7\ 4*)H "S. ^^-^t^r 0o|4. 

8. ^4fe *jg-£ / c i(2z 2 + z + 2)/[z(4z 2 - 17z 2 + 
4)]dzo|4. 433) ifl-fSJ singularity^ l/4o)4. 
residue-^ -19t/30o]£.s. ^^-^ 19tt/15o|4. 

9. \z\ = RSI 33-4314 [-R,H]5. 4 
t! 33.* 44 *1 31 4<=)1 44-2-33 43g--£r 
444. 1/(1 + z 2 ) 2 3 singularity -g^H o] tJ 
3 ^Jr-Hl Sl^ 3}£ >l 7-1 «H -21 residue^ 
lim 2 _>i -2/(z + i) 3 = -i/4ol4. R -» oo«a 
uj-^ofl tfl4 l/o't/te^/Cl + R 2 e 2ie ) 2 d6\ < 
Jg R/(l + R 2 ) 2 de-t 02.3, 7\jl -y^^4 ^* 



g. ^4^. ^j^-iLS. 7J4. residue theorem-!- 
27ri(-i/4) = tt/2. 

10. fi-^<Hl^4 ^44^ °l Hs, m <H| 

Sl-c- singular pointy ±\/2 + y/2i°]5L residue^- 
(-1 - t)/[24v/2],(l - 0/12W2H4- ^ 4^«U 
°) ^45. ^^-5; jR -f oo«J «fl 0O.5. 7 r 

3. *)=t^t#3 -^4fe ^^--5-5- 7 J4- residue 

theorem-i- ^ ir/[6y/2]. 

11. <& ^-^1H1^4 ^ ^44-d °1 ^3. Mf<Hl 51 
fe- singular point-b e n,ri '' 4+ ' ri / 8 > n = 0,1,2,3 0)4. 
residue^ l/[8e n,ri +' ri / 2 ]olS.S. -i/8, i/8, -i/8, i/8 
71- 512. 4 i r«Usl ^4S. 4^»M51 it -> 

»H 0^.S. 71- 2. ^^^Sl ^4^ ^^.o. 

S. 7J-4. residue theorem^- i'd 0. 

12. "i ^4 <H1 *J 4 Tk-t H S-* A S 44^ °1 ^ S. Ml "HI alfe 
singular pointfe- i°14- <?-^-£-4 3°lH.S. residue^- 
-3i/167} ^4. 4t«US1 ^45. Sr-a <H| *i 4 

-gr R -> 00 °J nfl 0^5. 7)-jl -a^^Sl €4 
-fe- ^-S- 44- residue theorem ■§• 37r/8. 

13. a S-4i'H4 ^5.* -^^4^ "1 ^S. m°ll SI 
•fe- singular pointfe- i,2iolal residue-fe- i/6,-i/3°] 
4- 4'x»l3L^ ^45. IHH-Msl sj*^r R -»• ocy 
4 02.3. 7\jl *i^9\S\ ^-g-^ «*Kr 7 i 
4- residue theorem-f- 7r/3. 

14. °i £*M<H4 ^ ^44>d °1 H2. sa 

singular point-fe- l+2iolJI residue^- -t/64<>|4- 
4^r«l5!.sl ^45. 4^-Hl^sl R -»■ oo<a «fl 

05.5. 7 f Jl -y^^-^Sl ^*rfe 7 vi4- 

residue theorem-f- 7r/32. 

15. °i ^HIa-14 '144^ °1 ^S. 
4 <>1| Sl^- singular point-fe- i,2io]ji residuefe 
-i/18,-llt/288o|4. 4^b1jes1 ^45. SR!«tM 
-2) R -> oo<a -<ll 0°.S. 7)-jT -M^r^Sl 3 

^4^. sj^-iL5. 7J-4. residue theorem-f- *>d 
3tt/16. 

16. °i £*M 4 3 ^ 44^ °1 ^ 5. m oil oj - 

singular pointfe- i,Sio}3_ residue^- -i/16,i/48ol 
4- 4^r«lia^) ^4^. Sr^ofl-M^ ^^-S- R -»■ 00 <a 

4 o^ls. 71-jl -y^4^^1 €4fe 4 

4- residue theorem-ir iL^ tt/12. 

17. °J: *4 < Hl A 1 s r ^S.* '344^ °l H3, ^»\\ Si 
^- singular point-fe- i°lJl residue-fe- — icos(si)/2°l 
4. 4^aliZ.Sl ^4S. 43HM-21 ^-g-a- « -> oo°J 
4 0°. 3. 7)-2 -y^^sl ^4fe aj-g-iS. 7J- 
4- residue theorem-fr *^ 7r cos(si). 

18. 4 -Sr*lHM4 4-£- ^S.* ^44>d »1 33. Mli 

singular point-fe- (-1 + iv / 3)/2°l2 residue-fe- 
-sin(-l + v / 3t)/v / 3ol4- 4 £ r«lia- 2 l ^43 4€'H1 
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354-tt 315.5. 44- residue theorem^- *^ 
27rsin(-l + v / 3i)/v / 3o)4- 

19. °i 1*1HM4 ^5.* ^443 °1 35 MM 
Slfe- singular pointfe (±1 + t)/V2°] jl residue^ 

sin[3(l + i)/v/2]/[4\/2]5|- (1 - i) sin[3(-l + 
i)/\/2]/[4v/2]o]t+. ^al^s] 4SM43 

^i-a- r -»■ oo<a «a 05.5 ^kz. 4^33 

44te ^l-Ai residue theorem-!- 0°|4. 

20. 4 14M44 4-8: ^s.^. o] ^ £ oj 
■c- singular point-c- i°]jL residue^- — icos(2i)/4 + 
sin(2t)/2°)4. *Hr«U3 ^4-5. 4*H143 *j 
■§--£- R -> oo<y nfl 05.5 7 r :a ^^^S] *]*■ 
-gr 3)4^- 315.5 7^4. residue theorem-!: 
7r(e 2 -3e- 2 )/4°|4. 

21. 0,i<Hl*)S) residue^- z|zj-i,-2o]4.^., 1 ru-27ri = 7r. 



22. 0,2i°)H3 residue^ t/2,-i/2°l4. ^, (ttu - 
27ri)/2 = tt/2. 

23. 2,-1 + v^HHs] residue^ 44 1/6, -(1 + 
i\/3)/12olcf. s-, jrjl/6-27rt(l+iv/I)/12 = ny/3/6. 

24. -l,l,iofl43 residue^ 44 1/4, -1/4, i/4o|4. ^ 
-tt/2. 

25. CASPROJ 

26. (a) /(xje^-dr = /f^ /(x) cos( S x)dx + 

/!^/(x)isin(sx)<fso)4. Zj-Zj- AJ^u.sj. ■ & |^JjL.|- 

344 €4- (b) / c e- z2 + i2i>2 dz f- *J444. 
e" 62 J c e" (z " i2!,)2 ^5. IL4* 4^ :xe)jl 
"?34# °)-§-44 314fe J c , e-' 2 d Z o|4. ^ 

£)«fl °i 313 -y^-fi-i- 344 14. (c) 4 

<r«-°l 7|4^°lB.5 0o)4. 



Chapter 15. Review 



1. 4<H4 4*rf- *j«H4 3 MM =l <M ^34 

-fr^^S. ^7|]4fe 3°1 Laurent serieso)4. 

2. 4°M #^584- 22«3^-^ #2.. 

3. <>l*«r^4 4°13)4tS 4434S 
sl'r-s.a.^* 6l-g-«rfe 4>8f-°l 514- 

4. ^7fl*r-c- =8 4*14 annulus°)M -d^M T^4ir 
Laurent series-!- 4^-4- 

5. -§-S) xl^f- 7 r ^l -g-^S) 4*0) principal part°14- 
°]^- 3- ^ofl-Hsj poles) *M^f- 5444 31°li4 4 
-§-44- 

6. a ^»s. 5-44 *«, 4*r?W 4^5. 434*1 & 

5.^ singularityej- 4-8-4- removable singularity, 
pole, essential singularity?)- Sl4- 

7. €• ^-i: 443 ife M14<H1 4* singularityl- 
3.44*1 «fl, 27ri5. 4^ residue o] 
4- °] residue* °l-|-4 0 i ^r^JS. 44- 

8- ^Si- 0 ! 0o) s)^ ^o) zerool4. 

9. ^-trtHl- ^ i4 ^i^-d* sphereo)) tj-|- 
A )?)-fe l^ °) expanded complex planed) 7lj^o|r).. 
-f-^^olMIS) analyticityfe sphered -1-^ ^^(4 
iU"4fe € 4<H]^S) 41- °~5L 

4- 

10. ^°l) ZL^o] S14. 

11. meromorphic function-gr poleo|s)S) singularity?)- 
Si^ % Vi r-t ^1^44- -Sht^ ^d^HHi analytic-U 



4^-1- entire function °| e]- 44- 

12. pp782-784f- 

13. p784* %£l 

14. ^1^<N°1 -?-4lH a^i* Aols)^o|5f tVcf. 
711444- e ^°)s)2) <fl4 «!*.ol Oi 

S. 7 r 7)| 4fe Tji SM^OJ 4*0)4. 

15. C4 «^^fi) 4*)^-y / c i/^ m dzsl 

m > lo]ig 0o)4. 

16. simple poleoil^S) residue-fe- 0o) oJ-u)4. 

17. analytic°l Cauchy's integral theorem-i- ft 
<r SJ4- 414- 

18. Laurent seriesl- o|-g-4^ -f- 4^r i^-'Hl cfl «fl 
residue!- ^ Sl4- 

19. 4-8- 2.4^1 ^-4* 4-tJl o) 

«H4 ^■4'H14s) ^-g-ao) o«.5. 7]-;e.-3-4'£ 14- 

20. •y^^j 4i4^) sj-g-t- »)), ^^-i^^i^ »i 

14¥4 ^-°1^°1 H J-^S)^ ^-f, °l *)■£--§■ Cauchy 
principal value 4 44- 

21. *°l^^r ±2i°)i residue^- 1/2. ^-g-St-S- 2?ri. 

22. a-o|^^ 3o|ji residue^ 3. sj*5i:-e- 6tti. 

23. ^-ol^-g. 1°)JL residue^ 4. ^j*5t-g- 87ri. 
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15. LAURENT SERIES, RESIDUE INTEGRATION 



24. »o|^^-0,±3o|ji residue-^ -1,-2,3. 0. 

25. So tdt = 1/2, J,, 1 idt = i/2, J* t(l + i)<ft = 
-(l+<)/2. ^**0. 

26. *°1 3£ ±1/2o1ji residue^ sin(l/2)/8. 
7rsin(l/2)/4. 

27. ^-5d m^-o)| s.o|^o| 0. 

28. /°i(l + *0 3 e (1 + 4i )V ^^«.e] l/4e( 1 +") 4 o| o 
3. (e - e~ 4 )/4. 

29. residue^- cos(7r(n - l)/2)°|t)-. 27ricos(7r(n - 
l)/2). 

30. residue^- sin(7r(n - l)/2)olt+. -2-, 27risin(7r(n - 
D/2). 

31. Jo z l\ z \ 2dz = So x l* dz = It ~i^ iB d6 = 0. 

32. (H-M residue l-fr 7 r 7.|.H_5. *j-g-Sb&- 2ni. 

33. *-o|^o] 0. 

34. 3 + cos(0) = (z 2 + 6z + l)/(2z)o] HS. sin(0)/(3 + 
cos(fl)) = (z 2 - l)/(z 2 + 6z + 1)o|t4. / c i( 2 2 - 
l)/[z(z 2 + 62 + l)]dz7F^.Sl-^- sj^-ol ^4. singular 
point 0,-3 + ^/8^01 Hl^Hl SJ4- ^Ms] 
residue^- 2j.g-.g- 0. 

35. 13 - 5sin(0) = -(5z 2 - 26z + 5)/(2z)o]s.S. 
1/(13 - sin(e)) = -2z/(5z 2 - 26z + 5)o|c|-. 
S c 2i/(5z 2 - 26z + 5)dz7 r 7-§y^ ^.g-o] sjcf. sin- 
gular point 1/5°H c}.^^ i|«.o|| ojci. a]7|A]2] 
residue^- -t/12. tt/6. 

36. 34 - 16sin(0) = -(I6z 2 - 68z + 16)/(2z)o)ss. 
sin(0)/(34 - 16sin(0)) = -(l/4)(z 2 - l)/(4z 2 - 



17z+4)o|r4. S c i(l/4)(z 2 -l)/[z(4z 2 -17z+4)]dz7|- 
T"-«rfe *i-g- 0 l singular point 0, l/4°Y°] 
^-¥-°fl 514- a i7l^£] residue^ -i/16, -i/16. 
3£-°r Jr/4. 

37. \z\ = fl^Mi^ ol^-H^ tt! 3 

l/(l + z 2 ) 2 £) singularity -f^M o) 7j£. vfl -f4| SI- 
S' -cri 0 !^ T^HH-e) residue^- 0o) 4. R -> oo-y ofl, 
U J-$H1 <fltr | ii2 2 e 2 «/(l + Jl 2 e 2i *) 2 d«| < 

/o'fl/a + R 2 ) 2 d0^ 0»i ?U -y*M$.$l<>J *) 
#4- residue theorem-i- *<g 0. 

38. |z| = RS) [-R,R}3, ^t! H 

1/(1 + 4z 2 )£) singularity f-<HM o] ^s. i)| «-^| 
aife i/2o]31 7^7H^fi| residue^ -t°)4. 

ii -> oo °J ofl, «J-*H cfltr 0^.5. 7fj7 aj^ 

SJsRr 7+4. residue theo- 

rem^- 2?r. 

39. |z| = K£l *1^SR?4 [~R,R]S. ol^-H^ ^t! 5S 

1/(1 + 4z 4 )£l singularity f-ofl^ o] 7J5. M)4<H1 
?Jfe (±1 + 0/2°l31 ^7l»fl^£l residue^ 

(-1 - i)/2,(l - 0/2»14. R -+ oo»a OH, Hj.^o)| 

4- ^4- residue theorem^- 27r. 

40. |z| = RS\ *l=«r^3r °lf-<H^! >ttl 
^s.* «4Bf ^Ml u d^>S-^o.5.si $ ^-g-tr ^z]-*l-4. 
sinz/(z 2 + z + l)£l singularity f-<>)H o) 7js. vfl^- 
"Hi Sl^r (-l+iv/3)/2o]ji 717HHS1 residue^ 
-isin[(-l + ii/3)/2]/sgr«3ol4. R -> 00 <a =fl , Si€ 
<H1 tfltr OiS. 7U sj^-g: 

^■§r residue theorem^- 27rsin[(-l + 

iy/S)/2]/sqrt3. 



Chapter 16 



IS 

Complex Analysis 

Applied to Potential Theory 



Laplace's equation V 2 <$> = 0 is one of the most important partial differential equations 
in engineering mathematics, because it occurs in connection with gravitational fields 
(Sec. 8.9), electrostatic fields (Sec. 11.11), steady-state heat conduction (Sees. 9.8, 
1 1.5), incompressible fluid flow (Sec. 16.4), and other areas. (These references are just 
for orientation, not as a prerequisite for this chapter.) The theory of the solutions of 
this equation is called potential theory, and solutions whose second partial derivatives 
are continuous are called harmonic functions. 

If in a problem the potential 4> in a region of space depends only on two of the three 
Cartesian coordinates, say, on x and y, we call it a two-dimensional potential problem. 
Then Laplace's equation becomes 

(1) V 2 <D = + <$> yy = 0. 

Any such problem can be solved by complex analysis because solutions of (1) are 
closely related to complex analytic functions (as we know from Sec. 12.4). 1 This 
transition from real to complex also has the advantage that by the "complex potential" 
F = <P + we can simultaneously handle equipotential lines <E> = const and their 
orthogonal trajectories (the lines of force or flow = const). 

Furthermore, in solving the Dirichlet problem of finding a potential with given 
boundary values we may often use conformal mapping (Sec. 16.2). This concerns 
electrostatics (Sees. 16.1, 16.2), heat conduction (Sec. 16.3), and hydrodynamics 
(Sec. 16.4). 

Poisson's integral formula for potentials in disks and some general properties of 
potentials will be discussed in Sees. 16.5 and 16.6. 

Prerequisites for this chapter: Chaps. 12, 13. 
References: Appendix 1, Part D. 
Answers to problems: Appendix 2. 



1 No such close relation exists in the three-dimensional case. 

On notation. We write 4> and later 4> + W since « and u + iv will be needed in conformal mapping 
from Sec. 1 6.2 on. 
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16. COMPLEX ANALYSIS APPLIED TO POTENTIAL THEORY 



16.1. Electrostatic fields 

1. <E>(x) = 20x + 300°] M-E^c]-. 

2. $(z) = 20x + 300 + i(20y + 6). 

3. 110(2/ - *(*) = H0(y - x) - 110i[(y - x) + 6]. 



4. 100(j/ + l/2x). *(•*) = 100(y + l/2x) + 100i[(y + 
l/2x) + 6]. 

5. [100/ln(5)]ln(r). 

6. [220/ ln(2/5)] ln(r) + 110 - [220/ ln(2/5)] ln(2). 

7. [10000/ ln(10)]ln(r). 

8. [20/ln(2)]ln(r) + 10 - [20/ ln(2)] ln(2). _g.zz.ir 

l-^<i](concave)1H io .-E.-g. &°}°\ 34. 
r = 3<>.H 4f 21.9voltt>14. 

9. iC[ln|z + a|+ln|z-a|]. 

10. 4* source^ <g-$-§- «>7,| #7l ufl-g-°.| 
S.S.S. Ef^-«I4- 



11. jnn|(z-c)/(z+c)| = Cefca*W |(«-c)/(z + c)| = 
e c/K o)t4 _ | z _ c | . | 2 + c | = £ c/K . lo ,_o^ o)fe 

° r #3_^-r-^ *H4- 



12. -50x2/ +110. 

13. i^(z) =cos _1 z = u-f-iv.5. z = cos(u + iv)°] 
4- (i + iy =)z = cos(u) cos(iu) - sin(u) sin(iu) = 
cos(u) cosh(u) + i sin(u) sinh(u) o)£.£. cosh(u) = 
x/cos(u), sinh(u) = y/sinh(u)7]- £_4. u = constZ. 
■f-'g x 2 /cos 2 (u) - y 2 /sin 2 (u) = lo]____.s_ 
^■i- a.*.tr4- cos(ix) = x/cosh(u), sin(tt) = 
j//sinh(v)5. v = constSu -f-<g 4€-i- 3.*]tr4. 

14. F(z) = cosh _1 z = u + iuiL ifii.'d z = 
cosh(ix 4- iv)o\r\. (x + iy =)z = cosh(u) cos(u) + 
isinh(u)sin(u) o]B_g_ cosh(u) = x/cos(v), 
sinh(u) = y/sin(v)7} £]4. u — constS^ -f-^ 
x 2 /cos 2 (u) - y 2 /sin 2 (v) = l°]£L3. #^~ij-§- S. 
-Mtr4- cos(u) = x/cosh(u), sin(t>) = y/sinh(u)S. 

t; = const.?, -^ff! 4*)* 3.^1tr4. 

15. x 3 - 3xy 2 = 1°) z 3 s) ^^jfo) 220z 3 o|cf. 

16. CAS PROJ 



16.2. Use of Conformal Mapping 



2. u = e x cos(y), t> = e x sin(y)°l.E..£- * = e 21 sin2yo) 
4- harmonic conjugate^- e 2x cos2yo|ji <>_j 

-M harmonico|c|-. 2Aj--g-'g2) stripo|3. D'^ 

(0,1] x(-l,l]oH -S^-f , *.<=r-r-*r 44 4 

*^ 4°1 





3. $ = sin 2 (x) cosh 2 (y) - cosh 2 (x)sinh 2 (y). *\ 
4^°l-2. D*^- [0, 1] x [0,(e — e _1 )/2] »H 
-y^r-f, -sl-r-T-^ 44 4£4 4°] €4- 




4. * = sin(2x) cosh(y) sinh(y). <i>* =const-fe- 
(u,u)ol|^ ^-^d^-S. M-e^uJ-c)-. o.e]j7 Z 5g^<H!^ 
sin(2x) sinh(2y) = C%_ M-Efuin).. 



16.4. FLUID FLOW 
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-i/2U 2 z 2 . 

33171- 7§Z]S. 7\JL lfl-f7 r tfl-fS. #4fe <£ =^ 

<t ^1*H <3^Hr°14- 

\z\ = l(Ui = 0)4 |z - c| = c(t/ 2 = 110H 
*fl w = (z - 6)/(6z - !)-§- ol-l-sl-oi 0 r 0 , 



-2c 



-ro-i- °1 •§-*)• >^ 6 = ro, tq 



(1 



VI - 4c 2 )/2c-l- <^fet4. (z-r 0 )/(r 0 z-l)7l 
34- i'sO^'S- ** = 110/ln(r 0 )ln|u;|7|- S]jl 
$ = 110/ ln(ro) In |(z - r 0 )/(r 0 z - 1)1- 



16.3. Heat 

T = 20/dy. 

T = 15/2(y-x) + 10, T(z) = -15/2z + 15/2iz + 10. 

T = a6 + b, 2.7^ t)l°jsl.3. a,H tflsiH 
T = -280/7rarg(z) + 100-t ^-fe-c)-. 

°i^HH4 »1-*^^1S. Sr'd, T = 105/7rarg(z) + 
10. 

T* = 100 + 400/wsin _1 (z). 

^ if-^r Figure 3732) f-$1-SH ^*Itr HJ-*iS. 
CAS PROJ 



8. 12/7rarg(z). 

9. 10 5 /7r(7T - arg(z - 1)). 

10. w = (1 + it)/(l - it) - (1 - t 2 + 2it)/(l + t 2 ). 
(Reu,) 2 + (Imui) 2 = [(l-i 2 ) 2 +4t 2 ]/(l+i 2 ) 2 = 1. 

11. w = (z - i/2)/(-i/2w - 1). [(3 + 4t)/5 - 
i/2]/[-i/2(3 + 4i)/5 - 1] = -1. [(-3 + 4i)/5 - 
t/2]/[-i/2(-3 + 4t)/5 - 1] = 1. 

12. z = Z 2 . <5>(X,Y) = ReF(Z 2 ). Z»H zS. 7^ 

£ ^*)s) 145-^-i- ^1*^0.3. ji^ci. 

tf^ y-^-^r 4-51 x-s. 7J4. 

Problems 

8. (a) (T 2 - Ti )/7rarg(z - o) + Ti . (b) T 0 /2(arg[(z - 
l)/(z + l)]. (c) JL-g-Jg x-4*(x > a)<>lH Ti, of 

i€-5g x-Mx > a)«H|-H T 2 S. M-EJ-VJ4- 

9. ^^(argKcosh-^z) - cosh(i 7 r))/(cosh- 1 (z) + 1)]. 

10. T = 400/7rarg(z). 

11. T = 120/5rarg(z). 

12. z 2 Hl t)| , a«r'd,8.(b). 

13. T = 2(Ti - T 0 )/7rarg(z - a) + T 0 . 

14. T = 200/7rarg(z). 



16.4. Fluid Flow 



V = f = K(> 0)o)°.s. °)^- uniform *WI _2..g- 
#°-S- ^Sr-fc- flowl- 144^14. velocity vector-fe- 
(K,0), the stream lines-g- Jg^Stt -E--S- 'SH 
jL equi-potential line-g- y-^-ofl JL-g- -SHcr- 

velocity vector7j- (1, 1)5. ^H*l-H-£. V = 1 

V = F'(z)>$q F(z) = z - iz°M. 

flows) zl <?-<H ; 5! c r'd y-^-i- "JM 

flow£| -i- ^£ 514- ^^fl^ ^#»11 

-H-c- ^Hl-H ^flBiife- flow?)- x-^-i- -LVq-^-j »,J=S| x-^- 
tJ-^S. ?1<H^ q.7|-fe- harmonic potential 
S14. 
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4. V = 2iz°| V = -2y-2ix = -2(y+ix) = 2lzo] 
n|. o)^. ^ofl^S) velocity?)- 3. ^3)- «J 
^*]E)S) ^]7^^3.S.tt/2^ 5)^}S)Jl2m)=i ^<H) 
conjugate(y4?- TjoJ-t- 5)o|t!-i4- 
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5. F(z) = z 3 . 

6. F(z) = i(x s - 3xy 2 ) - (3x 2 y - y 3 ). F'(z) = Ziz 2 . 
V = -3i(x 2 - y 2 - 2ixy) = -6xy - 3i(x 2 - y 2 ). 

i = ±3/. 
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7. F(z) = z 2 . 

9. F(z) = * + i¥ = z + rg/z. 

10. F{z) = z 2 + 1/z 2 = x 2 - y 2 + (x 2 - y 2 )/(x 2 
y 2 ) 2 + 2xyi - 2xyi/{x 2 + y 2 ) 2 . 
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11. V = -1/z 2 = (y 2 - x 2 )/(x 2 + y 2 ) 2 + 2xyi/{x 2 + 
V 2 ?. 
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12. F(z) = cosh -1 (z). 11 14S3 #2.. 

13. 11 13$ 



14. 



(a) V — F' — c/(2n)z/\z\ 2 . Vi = c/(2tt)x/(x 2 + 
y 2 ), V 2 = c/(27r)y/(x 2 + y 2 )<»l » £ V 2 + V 2 = 
(c/(27r)) 2 t>li V = c/(2tt|z| 2 )z<>14. c > 0<>] 
radially outwardo)ji c < 0°]^ radially in- 
wardo|cf. (b) (a)af Bl^*]-^ V = iCz^^E-S. 
(a)<HH jr/2HV#S| *):?!-§• *|-8-*r -SBjMcMI 

3) ^HJ"^ circulating streamline-!- (c) 
Fi4 F 2 <H| rflMI-H W = (Fi + F 2 )' = F[ + Fj = 
Wi + W 2 . (d) F(z) = 1/(2ttz) ln[(z + a)/(z - a)], 
(e) V = rcosfl - l/r 2 cos(20) - K/(27r)si n e + 
i(F:/(27r)l/rcose - rsinfl - l/r 2 sin(25). ^-^<>1 
0°1 ^4^- ^^r 1^ *l^-T-7 r 5L^ 0o]^fe t°| 



16.6. HARMONIC FUNCTIONS 
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16.5. Poisson's Integral Formula 



1. *(r,0) = a 0 + £~ =1 r"[ n cos(n0) + 6 n sin(n0))] 
0)3. a 0 = l/(27r)/ 0 2,r $(l,a)rfa = 0. 
a„ = 1/wf 2 " sin(a) cos(na)da = 0. 6„ = 
l l v So" sin(a) sin(na)da = n = l<y nfloflij]- 
1. *(r,0) = rsin(0). 

2. ao = 1/(270/^(2 - cos(a))da = 2. a„ = 
1 / n fo*( 2 ~ cos(a)) cos(na)dad n = 1«1 ttfl«)l 
"V -1. 6 n - i/ n f 2 *(2 - cos(a)) sin(na)da = 0 °1 

*(r,0) = 2-rcos0. 

3. a 0 = 1/(2*) / 0 2,r cos 2 (a)da = 1/2. a n = 
1 / 7r / 0 2 ' rcos2 ( Q )cos(na)(iQ^- n = 2°J nfH-tf 1/2. 
6n = l/7r/ 0 2,r cos 2 (a)sin(na)da = 0. °|J2..S. 
*(r,fl) = l/2 + r 2 /2cos(20). 

4. a 0 = 1/(2tt) f**[cos(4a) - cos(2a)]da = 0. 
a n = l/7r/ 2,r [cos(4a) - cos(2a)] cos(na)da 

n = 2<U «H -1. n = 4«J nfl 1. fc n = 
1 / 7r /o 2 ' r [ cos ( 4Q: ) - cos(2a)] sin(raa)da = 0 
3. $(r,0) = -r 2 cos(20) +r 4 cos(40). 

5. a 0 = l/(2 7 r)/ 0 2 ' r [cos 4 (Q)]da = 0. a„ = 
I/tt / 0 2,r sin(5a) cos(na)da = 0. 6„ = 
1 /' r So* sin(5a) sin(na)da = 0. n = 5«J nfl 
1. $(r,0) = r 5 sin(50). 

6. cos(40) = 3/8 + l/2cos(20) + l/8cos(40)°|.EL 

a 0 = l/(27r) cos(4a)da = 3/8. a n = 
/o 2 " [3/8 + 1/2 cos(2a) + 1/8 cos(4q)] cos(nQ)dQ 
^ n = 2«J nfl, 1/2. n = 4°1 
1/8. 6 n = l/7r/ 2,r [3/8 + l/2cos(2a) + 
1/8 cos(4a)] sin(rca)da = 0. $(r, 9) = 3/8 + 
r 2 /2cos(20) + r 4 /8cos(40). 

7. 4sin(30) = 3sin(0) - sin(30). a 0 = 
V(27r)/ 2,r [cos 4 (a)]da = 0. a n = 
1 /T/ 0 2 ' r 4sin 3 (Q:)cos(nQ)da = 0. 6* = 



1 /T/ 0 2 ' r 4sin 3 (a)sm(7ia)dQ^- n = l<y Hfl, 3. 
n = 3<g nfl, -1. *(r,e) = 3rsin(0) -r 3 sin(30). 

8. a 0 = 1/(2tt) /** ada = 2tt. a„ = 

■V* Jo* acos(na)da = 0. 6 n = 

l/?r/o 2,r <*sin(na)da = -2/n *(r,0) = 2/ir - 
E~=i2r"/nsin(n0). 



9. a 0 = 1/(2tt) /* t ada = 



2tt. 



a„ = 

l/"/o" acos(na)da = 0. 6„ = 

l/T/o*asin(na!)da = -2/n(-l) n *(r,0) = 
2/t - E~=i 2(-r)»/nsin(n0). 

10. a 0 = 1/(2*)/' da = 1/2. a n = 
l/f/o'costraajda = 0. 6 n = 1/jr J* sin(na)da = 

[1 + (-l)» +1 ]/(nir) $(r,<>) = 1/2 + 
Er=ir"sin(nff)[l + (-l)»+i]/(n W ). 



11. a 0 = l/(2*)/»$F(a)ifa = 0. 



b n = 



1 /*'/_*/ 2 F(a)cos(na)da = 0. 
l/*/i*/2F(a)sin(na)da = 4sin(mr/2)/(n 2 7r). 
*M) = E~=i r"4sin(n7r/2)/(n 2 7r)sin(n0). 

12. -f-g-Slai ■g-xl-Tt-i- z*(z -r) - ?(*• - z) = 



z'z — z'z" 



■ zz* +zz = zz - z'z*. 



13. rsin(0)4 r 3 sin(3<?H ^Sfl^ zj-zj-s) harmonic con- 
jugated -rcos(t/i), -r 3 cos(30)o)4. rsin(0) - 
ir cos{th)Q r 3 sin(30) - ir 3 cos(30)7f analytic o}3. 

14. (a) (5H r = 0-i- ^»J«r^ ^4. ( b ) Au = 
d 2 u/dr 2 + l/rdu/dr + l/r 2 d 2 u/d9 2 «fl z)- $~g- tfl <y 
S]-^ harmonicy-i- °J- ^ jjcf. (c) ru r = u fl <Hl 

* = E~=i('"/it) n (a„ sin(ne) - 6„ cos(nfl)). (d) 

(7)4 (C)»F = * + i*ofl mog^ ^4. 

15. CAS PROJ 



16.6. Genaral Properties of Harmonic Functions 



1. f^(e ie - l/2) 2 )e- iB ie i6 d9. 3. 1/2* f^JL «• 
Sr^ 1°J «* #^<4. / 0 2,r (e 2ie - e ie + l/4)id0 = 
1/2 - 1 + 1 - 1/2 + 1 = t27r/4. 

2. 0^1- f-yiLS. ^5g 1»1 ^1* 
/ 0 2,r 5(e i «) 4 e- ie i e '«dfl = 0. 

3. 1* ^4} «.S. t.V 1«J ^* / 2 *( 3 + 
e ie ) 2 id0 = 187Ti. 



4. J 2w de-2n. analytic°l e)H ^Bfls]^ 

5. r = 0o|ja = ro 0.5. ^ ^4 



6. 1 



*(1,0) 



/ 0 " *(1 + cos a, sin a)da = 



/„ * [2 cos a + 2 cos a]da = 1. 

7. -8 = *(3,-3) = / Q 2,r *(3 + cos a, -3 + sin a)da = 
-8. 
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8. 2 = *(1,1) = / 0 2,r #(l + cosa,l+sina)da. 

9. CAS PROJ 

10. (a) (i) max-b (4 + 7i) 2 o)3. min£ (1 + 3i) 2 o]B_ 
JL 3-if- 514- (") maxfe -«<HHM *N 

<a«1i,inin-gr -y^-g-ol Sli^nfl 4£4- 2., Tj^oi) 
^4 4¥44- (b) ^3-g- ^44^1 *«4 
S. ^»fls|x) &£-4- (c) sin(7r/2 + iy) = cos(iy) = 
( e » + e -»)/2o|£.s. y7> zl ?144- 

(d) |F|fe D^sflolM a s^SM c o|4. 4<y Fsj ? 
°1 MI^MI &4^ \F\± D MI^HM c°14- 
u 2 + „2 = 0 <H1^ Cauchy-Riemann-f-^H *i-§-4 , d 
u = Cv7\ S]2. -y^-f 7]- i-^ ti- 



11. 4#-7l4^S<>fl Sl*H -8 < 2$ < 8ol4. ±47)- 
S)t)l, Slioljz. °| ft a. 7| 7 |l±(2v / 2,2v / 2)»fl^ 4£4- 

12. Sltflfe (M/2)<M (a,-37r/2)4M 4£4- 

13. cos(x-Hy) = cos(x) cosh(y) + i sin(x) sinh(y). °) ^ 
H&sl xj-l-g- (cos(x)cosh(j/)) 2 + (sin(x) sinh(y)) 2 . 
o)4. cosh(2y) + l/2(cos(x) - sin 2 (x))ol£.S. 
y = ±loU x = 0°J 4, V = 0, x = pi/2°J 
«», *l£a* 4^4- 

14. w = i<a «d, si^s-fr 4-&4- 

15. ^ 4€* DS, *-°-4 ^*fl *7i^J4. 

16. #£)3HI /(z) = z* -«3444 34. 0)740) 4 



Chapter 16. Review 



1. 2.44^ 4*4^ ■§-*]* 43-44- -f-Si ^ 

^■°J 4t=-°]:z. °1 434fe 4 i rf-£- i^tr 

°fl tfl4 4i°l€-* Hi- $5. -7-4 ^ a!4- 

2. linear fractional transformation4 ZL o|£|S) ana- 
lytic^, i4 4^** <>]-§-4 ^ sU 2. °|*- 4*r 
»f| °1 °l potentials-*!!!- f-fe- 
** *M44- 

3. ^-^7)- 2^o) £.5. £7^44. 

4. 4^4, *344*i <34, -fMl<343 ^^-y-tflofl tfl4 

i-f- 4*4^ 34- 

5. 4#4i -§-*!* 444^ 4*r4 iW«M i 

4 4<rf- ^^Jf^.o.5. analytic*^ TH^-f 
-g-o) harmonic conjugateo)4- 

6. 822s4) °1 7-1^6) 82454) o) 7:) 4^ s) 4i. 

7. "ill- t-H -§-$14<gr £r-£4 7^ A}-§- 0)0)42. zl<H1 
^*J°] 43 *iMr 44* 51H44- 4 
4 o] Hi 44«Hfl €■ ^<H7:|7|i 44- 

8. *l=r\ o| parts) i°J^l 
4=r7> ^^.44. 

9. ^H^l ^-S-^ filed?)- ^o^^i ^4^) tfltl 
^-g-* -a*l4jl4 4 =11 , harmonic(analytic)8lM tfl 
4 ^S-°l 7j:^^)7il4. 

10. o)^.o)|^o) potential theory^- 'U^JS. stable solu- 
tion^ ti)4 74014. ^s) iS. ^-^|o|4, <i ** 
°14fe.Ml-i- ; si-5-5. €■ 4°l* Jiol^l ^4. 

11. ^Tlia-ir x i*r3I vfl-f o)|4oj potential* ^4fe ^# 
Dirichlet problemo)4 44. 



12. steady-state-heat flowfe ajsfl^l 440)) q)sfl 4^sj 
°J 4^7)- ^-*i)X)2 o) 4EJ)7 r $ Sl^ S7j»l) rfl«H 

^47] S^t ^-Tj-S) flow* 2)0)44. 

13. 4-¥-7) "i^^M^ potential* ^4^4 % 

°fl »] Jt4 4-¥-7) *1* °J°4iS. transform a) 

3. potential* ^^4 ^l?lfe- 4^* ^ 

44. 0)7)^1 conformal mappingo) 7fl , yia4- 

14. ■H'fi ^^121 4S-°fl^^ ^rS-* aJ^I *S(Cauchy 
boundary condition) 2. 4-5- -^-g-*ll^fe. in- 
sulate(Neumann boundary condition) -«.l?lfe, 44 
o) 4-*JJ% t41 o)* mixed boundary value problemo] 

4 44- 

15. maximum principle, uniqueness for Laplace equa- 
tion. 

16. 10(y - x), -lOz - lOiz. 

17. 900/ln(10)lnr + 100. 900/ ln(10)in(z) + 100. 

18. 445.1- o)^.^ equi-potential line©] 
4^4- 
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-e -* -3 0 2 4 t 

conformal mapping^] harmonic property -c- 

J2.£.<gc|.. <J> - e* a -» 2 sin2xy. / = e^"" 2 , g = 
sm2xy, h = cos(2xy)ef -gj-x)-. $ x = 2xfg + 2yfh°} 

3- $xx - is a + 4i 2 /s + 4xj//h - iy 2 SgA €4- 

<S> V = -2y}g + 2xSh°}jL *„, = -2}g - 4.x 2 Sg - 
Axyfh + 4y 2 Sg°]JL * ra + <b yy = 0. 



21. 100 - 200/7rar 5 (z). 

22. x^-tc S-ZS-S. tyz. y^°\\ O^s] -&■§• ^sJcfJi «IH 

23. 20 - 40/irarg(z - 1). 

24. alnr + H'H a In 10 + 6 = 20, oln5 + 6 = 30o| 

a = -10/ In 2, 6 = 30-10 In 5/ In 2. -10/ In 2 In 2+ 
30 - 10 In 5/ In 2 = 30 - 10[ln 10/ In 2] . 

25. 15/2(2/ - x) + 5, -15i/2z - 15/2z + 5. 



26. 
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27. 

28. V = z + 1. 
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29. 

30. p814£l ofl^tl 2o\] 2z + l/(2z)S. €4. 

31. K\nz. 5)^-1- 4^ ifl-o.5. <47 r ^ 
o) stream lineolcf. 

32. w = (1 + tz)/(l - tz)S. * p805£) Fig 372Sf 

^ ^^7 r Sltf. yo j^ lOOoU J/ofl^ 

0°]cf. 100/7rarj7(iu) + 50°] potential ol;n. complex 
potential^- -100i/7rln[(l + iz)(l - iz)] + 50. 

33. w = (1 + z)/(l - z)S. ^ o.^ 20/Trarg(w) + lOofl 

-20i/vrln[(l + z)/(l - z)] + 10o)4. 

34. V = 2z- l/z 3 <H|^1 ±2- 1 / 4 ,±2- 1 / 4 i7 r stagnation 
point. 

35. a n - f° jr -sia(n6)dB + fgSin(n0)de = 2/n(l - 
(-1)"). b n = ^-<Ms{n0)de+^ cos(n0)d<? = 0. 



Chapter 1 7 




Numerical Methods 
in General 



Numerical methods are methods for solving problems numerically (that is, in terms 
of numbers) on a computer or calculator (or in older times by hand). The computer 
has become very important in engineering work. It provides access to problems so large 
that they were out of reach in precomputer times. Much computing today is "real- 
time"; it is done almost simultaneously with the process of generating data, for instance, 
in controlling ongoing chemical processes or guiding airplanes. Issues of speed, storage 
demand, and timing of portions of long programs then become very crucial. 

Computers have changed, almost revolutionized, numerical methods — the field as 
a whole as well as many individual methods — and that development is continuing. 
Much research work is going on in creating new methods, adapting existing methods 
to new generations of computers, improving methods — in large-scale work even small 
improvements bring large savings in time or storage space — and investigating stability 
and accuracy of methods. 

The purpose of this chapter is twofold. First, for the most important practical tasks, 
including solution of equations, interpolation, integration, and differentiation, the 
student should become familiar with the most basic (but not too complicated) numerical 
solution methods. 2 Such methods are needed because for many problems there is no 
solution formula (think of a complicated integral or of the roots of a polynomial of 
high degree) or in other cases a solution formula may be practically useless. 

Second, the student should learn to understand some basic ideas and concepts that 
are important throughout the field, such as the idea of an algorithm, rounding errors, 
error estimation in general, ill-conditioning, order of convergence, and stability. 

In the first section we explain some concepts that are basic in numerical work; this 
includes remarks on computing. Each of the other sections of the chapter is devoted 
to methods for one of the specific tasks already mentioned. These tasks are important 
throughout applied mathematics, regardless of the particular field of application. 

Prerequisite for this chapter: Elementary calculus. 
References: Appendix 1, Part E. 
Answers to problems: Appendix 2. 



2 This will be continued with those for numerical linear algebra and differential equations in Chaps. 
18 and 19. 



17. NUMERICAL METHODS IN GENERAL 



17.1. Introduction 



1. 0.2349E2, -0.3029E3, 0.5275E-3, -0.2570E5 

2. -0.89217E2, 0.50000E6, -0.22137E-2 

3. in 5S : 



0.81534 



35.724-35.596 ~ 63698 > 

in 4S = 35.7g|5 3 .60 = 6 - 794 ' 

in 3S 1 35°7-3 5 5.6 = 8 - 15 ' 

• oo . 0.82 

111 2S " 35=35 - 



impossible, 



4. in 5S : 



0.12345 _ 79c 
10.243-10.245 _ Ol.IZO, 

in 4S : 01235 



10.24-10.25 



= -12.35, 



in 3S : 



0.124 



10.2-10.3 

0.12 
10-10 



= -1.24, 



in 2S : tPttttt = impossible, 



5. in 5S, a 2 = 1276.2, b 2 = 1267.1, 
0.81534 f|^|±f|^f = 6.3901, 
in 4S, 0.8153 =6.461, 
in 3S, 0.815 ^+^ = 5.81 , 

in 2S, 0.815 jjll^ffoo = impossible 

6. ( 6)sj g-g- ^SflJi'a 

v/30 2 - 4 = 29.9333, 30 + 29.9333 = 59.9333, 

30 - 29.9333 = 0.0667000, 

4eM i 1= 29.9667, x 2 =0.0335000 

(7)Ss\ HJ-^^-S. n=29.9333, 

x 2 =0.0334076o) sH Zk^\ *M7r *J*!4- 

7. 4 S : (6)a| HHJ-° 5 ^JL^ 

V30 2 - 4 = 29.93, 30 + 29.93=59.93, 30 - 

29.93=0.07000, 

44^ xi=29.97, i 2 =0.03500 

(7)S| HHj.2.5. -5-& ii=29.97, x 2 =0.03337. 

2 S : (6)4 0.5. ^..g- 

V30 2 - 4 = 30, 30 + 30=60, 30 - 30=0.0, 

44-H xi =30, x 2 =0.0 

(7)51 ij-flii 5-1: t"-^ X!=30, x 2 =0.033. 

8. 5 S : (6)4 Bj-'g ^-§r ^«HJ1^ 

v/100 2 - 8 = 99.960, -100 + 99.960=-0.04, 

-100-99.960=-199.96, 

44>H X!=-0.02, x 2 =-99.98 

(7)4 «<HiH5. 5-1- x 2 £] SM 3.H.S.,x 2 =- 

99.98, x 2 =-0.0200. 



9. V9 + x 2 - 3^r |x|4 Oofl 7^1, 

^4, v^+x 2 " + 3* 4-§- V9Tx^ + 4 
Sr4- 

10. cosa - cosb = 2cos(^)cos( 2 f^)°l.E-.£. a - b7\ 
4^r 3~§-<«fl, Series *}t||* o]^-«l^ 

cosx = 1 - ad + a£ + ... o]n_5_ cos (s=6) 1 . 



Hi logo-logftrfl^J log f , e 0 -^ ^1- 4-§-tr4. 

12. ^ = 3.14285714285714 
fff = 3.14159292035398. 

44-H *£*4 34^3. Ji4 .2.44 4°lfe &4- 

13. 0.3141592654E1 

14. 65.43=0.6543E2°lJl, 17.0591 = 0.170591E2 o]s. 
5. 4S5. *|'ir4'd 0.6543E2 + 0.1706E2 = 0.8249E2 
44*1 [0.82485,0.82494H $14- 



15. (0.1+1)-1=0 :xii)4 0.1+(1-1)=0.1, 4 
31^tr4- 



o_ a a h 



3 



16. 8S3. -3 44^ 0.94999999£1 < x < 0.10499999S2, 
0.19499999£2 < y < 0.20499999E2, 
0.29499999^2 < z < 0.30499999E2 S.^ 
S = 2(xy + yz + zx)o] Z-Sl. 0.10407499E4 < x < 
0.11607498B4. 

17. first add and then round 

18. the error e of the sum , 

|e| == \x+y-(x+y)\ = \x-x+y-jj\ < |ei+e 2 | < 



19. JHH4 r L = l-x + x 2 <y* °]*4«l, 

X _ X+€l 



_ x+e t 1 _£±£i.( 1 _ 12. , £l , 



the relative error e r of ^, 4, 



l«r| = 
/3 r l + A-2 



£1 _ 5Z 
x y 



< |e r i| + |e r2 | < 



20. x 2 = ^-°13., 27} exact value°l£.5. 1M1 £l* r 

<H £r(x 2 )| = |er(xi)|.nrZM round^H 
*<H1 |e(xi)| < 0.005. HBlJH.5. ^(xi)! < 

|e(x 2 )| = |er(x 2 )x 2 | = |er(xi)x 2 | < 

0.05 



39.95 



• 0.0506 < 0.00001 



21. two-decimal table 



X 


/(*) 


X 


/(*) 


X 


/(*) 


0 


0.000 


7 


0.4375 


14 


0.875 


1 


0.0625 


8 


0.5 


15 


0.9375 


2 


0.125 


9 


0.5625 


16 


1. 


3 


0.1875 


10 


0.625 


17 


1.0625 


4 


0.25 


11 


0.6875 


18 


1.125 


5 


0.3125 


12 


0.75 


19 


1.1875 


6 


0.375 


13 


0.8125 


20 


1.25 



17.2. SOLUTION OF EQUATIONS BY ITERATION 
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22. 3.94 3 = 61.1630, 7.5 x 3.94 2 = 116.4270, 11.2 x 
3.94 = 44.128 44-M.3S.S. /(3.94) = 61.2 - 116 + 
44.1 + 2.8= -7.9 

nalM-, nested formes. ^-S^, 3.75 - 7.5 = 
-3.75, -3.75 x 3.75 = -14.1, -14.1 + 11.2 = 
-2.9, -2.9 x 3.75 = -10.9, -10.9 + 2.8 = -8.1°1 
€4- 

23. x 2 o| 1.0E100-i- ^<H7]-^ overflow^ «H!tr4. 44 
*\ ^i-k 4£ 44-B-fe HJ-'flol x 2 ^^ iS. 
4-§-4?l 4*4- 

24. (Essay) 



25. (a)x + y = 0.90476190476190, 
x - y = 0.23809523809524, 
xy = 0.19047619047619, 
f = 1.71428571428571, 44*| 





^chop 


^round 


x + y 


0.19048E-7 


0.19048E-7 


x — y 


0.47619E-7 


0.52382E-7 


xy 


0.38095E-7 


0.61905E-7 


X 

» 


0.14286E-6 


0.85714E-6 






£r,round 


x + y 


0.21053E-7 


0.21053E-7 


x-y 


0.20000E-8 


0.22000E-8 


xy 


0.20000E-8 


0.32500E-8 


X 

V 


0.83335E-9 


0.50000E-9 



17.2. Solution of Equations by Iteration 



1. Example x > 0°J nfl, gi(x)fe ^VtK^M "fl 
•§-<Hl -f 7 r ^°|°| ^H^lJn., Example 2<H|4 x > 0<£ 

<H*l7l &fe4- 

2. (l)2o=1.000, 11=0.000, 13=1.000, x 4 =0.000, 
x 5 =1.0d0, x 6 =0.000, • • • 

(2) x 0 =0.5000, n=0.8750, x 3 =0.3300, x 4 =0.9640, 
x 5 =0.1040, x 6 =0.9989, x 7 =0.3376E-3, 
18=1.0000,- • • 

(3) x 0 = 2.000, xi = -7.0000, x 3 = 0.3440E3, x 4 
= -0.4071E8, x 5 = 0.6746E22, x 6 = -0.3069E68 • ■ • 

3. the graph of f(x) = x 3 - 5.00x 2 + l.Olx + 1.88 




Numerical results 



n 




Xn 




X n 


0 


5.000 


4.000 


1.000 


-1.000 


1 


4.723 


4.630 


2.110 


4.130 


2 


4.702 


4.694 


4.099 


4.652 


3 


4.700 


4.700 


4.642 


4.695 


4 


4.700 


4.700 


4.695 


4.700 


5 


4.700 


4.700 


4.700 


4.700 


6 


4.700 


4.700 


4.700 


4.700 



4. g{x) = ±(x 2 + 1.01 + IM), 

1, 0.778, 0.806347, 0.798340, 0.800447, 0.799881, 
0.800032, 0.799991, 0.800002, 0.7999999, 
0.800000(exact) 



5. the grape of /(x) = 1 - \x 2 + ^x 4 - -L_x< 




x = 9(x)f- #^ x(0) = 3.9901, x(l) = 3.2169, 
x(2) = 2.7260, x(3) = 2.4720, x(4) = 2.4720, 
x(5) = 2.4019, x(6) = 2.3926,x(7) = 2.3917,x(8) = 
2.3916,x(9) = 2.3916, • • • £.4 2.3916.2.5. tr4- 



K T — 1 . 

cosh x ' 

1, 0.64805, 0.82140, 0.73706, ■ ■ ■ , 0.76501(5S ex- 
act) 

7. 4.4934 oj-oj: x - tanx-i- x = 13. 444*d sfl-fe- 
1.57085. ^^^4- 



°' x ~~ e* sin x 1 

0.5, 0.63256, 0.56838, • • ■ , 0.58853 (5S exact) 

9. x = #x + 0.12; 1.02874, ■ • • , 1.0372 

10. (a) ^7j H4 x = s (x)4 5-ol ^ 

h(x) = 9 (x) -li ^£]«r^ T 1 "^ I=[a, b]S, Jf- 

4- aei<d ^2]^ 9 ( X ) - x < o at 
p(x)-x > 00)4.^4 g( x )-x > 04^ g(b)-b > o, 

# ff(fc) > H4- O < S (x) < 6°1 7V^o ) ] i 

^■olJl, nj-of _ x < 05 ].^ p ( 0 ) _ b < 0 ^ 

9(a) < a°)4- o|^^- q < g ( x ) < 6°1 7 r ^ofl s_£. 0 ] 
4- 44^ /i(x) = 0°1 a < x < 64»H 
44 €711*4. 

(b)(l)^r 12 stepo)I4 1.56155(6S- value) <H1 
tr4- 

(2) -fe- 30step«H)/.i 1.56155(6S-value) ==r^-?r4. 

(3) £- x 0 = 1.5<HM -l«q ^344 x 0 = 2«H4 t-!} 
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tr4- 

(4) £ x 0 = 1.5MM 0°fl ^344 io = 2°fM ^ * 
4- 

(5) fe 7step<HM -2.56155(6S-value)Hl ^^4- 

(6) £ io = 1-5°1M -lofl ^44 x 0 = 2<HH f}^ 

#4- 

(7) 4- 4 step-HH 1.56155(6S- value) <H| ^3tr4- 

11. We havx = #c, hence /'(x) = x 3 — c = 0, /'(x) = 
3x 2 , and 



Xn+l — Xn 2^.2 — 3 

Thus starting xo = 2, 
xi = 1.91667, x 2 = 1.91294, x 3 = 1.91293, 
x 4 = 1.91293, ••• 
X3 is exact to 6D. 

12. We have x = #c, hence /(x) = x k — c = 0, /'(x) = 
fex* -1 , and 

Xn+l 



i((fc-l)Xn+^r) 



Thus starting xo = I, y/2 = 1.414214, #2 - 
1.259921, #2 = 1.189207, #2 = 1.148698 

13. X n +l = X n + hS. ■f-'g, f(x n + l) « /(in) + 
V(Xn) = 0, 

X n+ 1 =X„ - 

14. 0.906180 

15. (a) x 0 = 0.4, xi = 0.378125, x 2 = 0.377964, x 3 = 
0.377964, • • • 

o>>* 

16. xo = 5.0, xi = 1.748, x 2 = 2.425, x 3 = 2.473, • • • 
/(2.473)=39.02 

17. xo = 5.0, xi = 4.87727, x 2 = 4.80759, x 3 = 
4.76985, x 4 = 4.75015, x 5 = 4.74010, nJ-sH 
4.730045. ^tr4- 

18. 21, 21.20870, 21.20575 21.20575; x 0 = 20£ 2.36-5- 

*)4M n?\ -4*4- #€■ x 0 7f ^_s.* r 4- 

1Q _ g 4 — I-0.1 2 

19. X n+1 = X n 4l 3_ 1 , 

thus x 0 = 2.0, xi = 1.55226, x 2 = 1.25618, 
x 3 = 1.09542, x 4 = 1.04271, x 5 = 1.03722, ••• 

20. /(x) = /i(x) - / 2 (x), x 2 = 2.49756, x 3 = 2.47209, 
• • • converge to 2.47209. 

21. x 2 = 4.48457, x 3 = 4.66728,x 4 = 4.74888, • • • stop 
to 4.73004. 

22. x 2 = 0.577094, x 3 = 0.534162,x 4 = 0.531426, ••■ 
stop to 0.531390. 



23. x 2 = 2.39635, x 3 = 2.391573,x 4 = 2.39164, ••• 
stop to 2.39164. 

24. (a) Jf- *) (ao, f(a 0 )), (b 0 ; /(6o))* Hi" 

y = /(t0) = /(.0) (g _ + /(a() )0]4. 

<M xQ#°] C 0 °l.H-5, 

0 = f^&r 1 ^ - a °) + fM 

0 = (/(bo) - /(ao)) (co - a 0 ) + /(a 0 )(6o - ao) 

=,l ij a ° (/( 6 o)-/(«o)) -/(<>o)(l>o -oo) 

_ aof(bo)-f(ao)b 0 

Algorithm FP(f , ao , b 0 , N) 
False Position Method 

This algorithm computes an interval [a 

n, b n \ con- 
taining a solution of f(x) = 0 (/ is continuous), 
given f(aobo) < 0. 

INPUT : Initial interval [ao, bo], maximal num- 
ber of iteration N. 

OUTPUT : Interval [a n , b n ] containing a solu- 
tion or a solution co- 
For n = 0, 1, 2, - ■ ■ , N - 1, do; 
compute c„ - /(6„)_/( 0 „) 
If /(c„) = 0, then OUTPUT c„. Stop. 
Else continue. 

If /(on)/(c n ) < 0, then a n +i = a„, 6 n +i = c„. 

Else set a n +i = c n , and 

End. 

OUTPUT [ajv, 6jv], stop. 
END FP. 

(b) Newton's method : xo = 2, x\ = 3.14285714, 
x 2 = 2.7641141, x 3 = 2.69167585, x 4 = 
2.68909854, x 5 = 2.68909532, •••.•x 5 = 
2.68909532 is exact to 9D. 

The method of false position : (l)ao = 1, bo = 3, 
c 0 = 2.25, ci = 2.62055336, • • • , ciO = 2.68909532 
is exact to 9D. 

(2) a 0 = -1, i>o = 4o]^ c 29 = 2.68909532. 
"1 Jf- u <HJ-§- 4 2.4^ ^43 2*8 =^ 

Ti-i °i <r 2. The method of false 

position £ ^3 -*d^°i] 44 t^4tt ^5.4 *M 
4 3.4 

(c) x 4 - 2S\ 7§+ : a 0 = 1, 6 0 = 3_°5 -=pd 



n 


1 


2 


3 


4 


5 




1.025 


1.0472 


1.0667 


1.0837 


1.0987 


n = 98°J nfl, c 

COS X = i/xS- 


„ = 1.18920715. algorithm^ -i-44- 
^■f : a 0 = 0, 6 0 = 4.2.5 


n 


1 


2 


3 


4 


5 


Cn 


1.0948 


0.6894 


0.6512 


0.6437 


0.6421 



n = 14°J ^i, c n - 0.6417143715. algorithm^ 5\+ 
4- 

x + lnx = 2^ ^-f : q 0 = 1-, bp = 4°.g. ^ 



n 


1 


2 


3 


4 


5 


Cn 


1.6839 


1.5675 


1.5580 


1.5572 


1.5572 


n = t 


i°J "H, c n = 1.55714565. algorithm ° 


^4- 



25. (a) Algorithm BISECT(f , a 0 , b 0 , N) 
Bisection Method 



17.3. INTERPOLATION 
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This algorithm computes an interval [a n , 6„] con- 
taining a solution of /(x) = 0 (/ is continuous), 
given f(a 0 b Q ) < 0. 

INPUT : Initial interval [ao, bo], maximal num- 
ber of iteration N. 

OUTPUT : Interval [a n , b n ] containing a solu- 
tion or a solution co- 
For n = 0, 1, 2, - • ■ , N - 1, do; 
Compute c n = \{a n + b n ) 
If /(c n ) = 0, then OUTPUT c„. Stop. 
Else continue. 

If /On)/(c„) < 0, then a n +i = a n , b n +i = c„. 

Else set a n +i = c n , and fc n+ i = 6 n . 

End. 

OUTPUT [a N , b N ], stop. 
END BISECT. 

(b) Newton method : xq = 23. ^-JL zf*k<£ , 



n 


1 


2 


3 


4 


5 


x„ 


1.9245 


1.8448 


1.7606 


1.6713 


1.5764 



n = 18°i "H, x n = 0.739085133. algorithm^ 
4- 

Bisection Method : qp = 0, bp = 2.5.3. 



n 


1 


2 


3 


4 


5 


Cn 


1.0000 


0.5000 


0.7500 


0.6250 


0.6875 


n = 33U n)|, cn = 0.7390851335. algorithm^ ^ 
4- 

(c)e-* = lnx£| ^-f : o 0 = 1, to = 2.5.3. -f^ 


n 


1 


2 


3 


4 


5 


Cn 


1.3974 


1.3211 


1.3112 


1.3100 


1.3098 


n = 9"i H||, c n = 1.30979953. algorithms 
e 1 + 1 4 + x - 22) 7$-$- : a 0 = 0, 6 0 = 1 


S-S. ^ 


n 


1 


2 


3 


4 


5 


Cn 


0.2689 


0.3662 


0.4043 


0.4194 


0.4254 



26. 



17.3. Interpolation 



1. L 0 {x) = -2x + 19, Li(x) = 2x - 18, ZLiH 
.E.3. pi(x) = L 0 (x) x 9.0 + Li(x) x 9.5 = 
0.1082i + 1.2234, In 9.3 « pi (9.3) = 2.2297 

2. ei(x) = (x - 9.0)(i - 9.5)^, 9 < t < 9.5, JL^S. 

S.€i(9.3) = 2^4^ 
0.00033 < ei(9.3) < 0.00037 
<4h1-/H 0.00033 < a - a < 0.00037 
4eM 2.2300 < a < 2.2301 
aelH.S. 2.230-& 4D»1M ^^^V 

3. e-°- 25 « 0.8033 , nJ-sH e" 0 25 = 0.7788 o|o.3 
£ = -0.0245 

e -o.75 ^ 0.4872 , a^ei^ e -°-25 = 0.4724 °|.H.3 
e = -0.0148 



5. 



_ (s-o 



Q(z-0.5) 
0(1-0.5) 



4eM 



P2(i) = Lo(x)e° + Li(x)e 05 + L 2 (x)e l 
= 0.3096x 2 -0.9418x + l. 
e -o.25 w 0 .7839 , q^ej.^ e = _o.0051 
e -o.75 w 0.4872 , 4eH e = -0.0045 

e 2 (x) = (x - 9)(x - 9.5)(x - ll)* 1 ^ 
£2(9-2) = 2:036. 9 < t < H°|J5L3, 
0.000027 < e 2 (9.2) < 0.000050 
0.002874 < £ < 0.0078125 



r„f T , l - (»-l-02)(x-1.04) 

M>W - (i.oo-1.02)(1.00-1.04) ' 
j ( s _ (i-1.00)(x-1.04) 

— (1. 02-1. 00)(1. 02-1. 04) ' 

^2W - (1.04-1.00)(1.04-1.02) ■ 

p 2 (x) = L 0 (x)1.00 + i, 1 (x)0.9888 + i 2 (x)0.9784 



x 2 - 2.580x + 2.580. 
r(1.01) « 0.9943, T(1.03) 



i 0.9835 



6. p 2 (x) = (x 2 - 20.5x + 104.5) x 2.1972 - ^ (x 2 - 
20x+99)x2.2513+i(x 2 -18.5x + 85.5)x2.3979 = 
-0.00523X 2 + 0.205x + 0.7759 



8. 



X 


9.4 


10 


10.5 


11.5 


12 


p(x) 


2.24077 


2.3029 


2.3518 


2.4417 


2.4828 i 


In x 


2.24071 


2.3026 


2.3513 


2.4423 


2.4849 


£ 


6.0E-5 


3.0E-4 


5.0E-4 


-6.0E-4* 


-2.1E-3 




6x 2 + llx - 6) , Li = | (x 3 - 5x 2 + 



4x 



L 0 = 
6x), 

L 2 = -|(x 3 

ps(x) = 
0.223891 + L 3 

0.335187x 2 + 0.03974017x + 1 
p 3 (0.5) = 0.9436539372 
p 3 (1.5) = 0.5101158018 
p 3 (2.5) = -0.04799286375 



+ 3x), L 3 = £(x 3 -3x 2 +2x) 
L 0 (x) + Li(x) x 0.765198 + L 2 x 
x (-0.260052) = 0.06064483x 3 - 



L 0 {x) = 
Li(x) = 
L 2 (x) = 
p 2 (x) = 



(l-0.5)(l-l) 
0. 25-0. 5)(0. 25-1) ' 

(z-0.25)(g-l) 
0.5-0.25)(O.5-l) ' 
(z-0.25)(l-0.5) 

l-0.25)(l-0.5) ' 

Lo(x) x 0.27633+Li (x) x 0.52050+L 2 (x) x 
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0.84270 = -0.44304x 2 + 1.30896a: - 0.02322, ne) 
3.S. /(0.75) « p 2 (0.75) = 0.70929. 

10. e 2 (x) = (x-0.25)(x-0.5)(x-l)^^, e 2 (0.75) = 
-0.005208/"' (t) 

=L^] f"'(t) = 5|(1 - 2t 2 )e-' 2 . 
»H, f iv {t) = ^(-3 + 2t 2 )e-* 2 # 0. 

-0.00433 < a - <0.00967 



11. Newton's forward difference formula. 



i 




fj 


v/ ; - 


V 2 /i 


0 


1.00 


1.000 


-0.0112 




l 


1.02 


0.9888 


-0.0104 


0.0008 


2 


1.04 


0.9784 







13. Newton's forward difference formula. 



n)-eH x = xa+rh, , r = §-^U nj, p 2 (x) = 

1.000 + r(-0.0112) + ^^^(0.0008) = x 2 - 
2.580x -1- 2.580. 

p 2 (1.01) = 0.9943, p 2 (1.03) = 0.9835, p 2 (1.05) = 
0.9735 

12. Newton's forward difference formula. 



L.JZL 



1.0 0.94608 

1.5 1.32468 

2.0 1.60541 

2.5 1.77825 



XL. 



v2i 



0.3786 

-0.09787 
0.28073 -0.01002 
-0.10789 

0.17284 



r = 2fi = 2(x - 1), x = 1.25°J r = 0.5 
pi(x) = 0.94608 + r0.3786, pi(1.25) = 1.13538, 
e = 0.01107 

p 2 (x) = 0.94608 + r0.3786 + Ili ^p 1 (-0.09787), 
p 2 (1.25) = 1.14761375, € = -0.00116375 
p 3 (x) = 0.94608 + rO.3786 + r < r ~^ (-0.09787) + 
'•('•- 1 H'- 2 ) (-0.01002), p 3 (1.25) = 1.1469875, 
e = -5.375E - 4 



j 


£j J 4 
J •* J 


Vfj 


v 2 / ; - V a /, 




0 


1.0 5 












13 






1 


2.0 18 




6 








19 


0 




2 


3.0 37 




6 








25 


0 




3 


4.0 62 




6 








31 






4 


5.0 93 








nj-e}^ x = 1 + r, p 2 (x) = 5 + 13r + 3r(r - 1) = 


3r 3 +10r-r5 = 


3(x- 


l) 2 + 10(x-l)+5 


= 3x 2 +4x-2 


Newton's divided d 


fference formula. 




3 




fi 


[fj, fj+i] [fj 


/j'+i> /j+2] 


0 


9.0 2.1972 












0.1082 




1 


9.5 2.2513 




-0.005233 








0.097733 




2 


11.0 2.3979 







p 2 (x) = 2.1972 + (x - 9.0)0.1082 + (x - 9.0)(x - 
9.5)(-0.005233) = -0.005233x 2 + 0.2050105x + 
0.7759785 

15. Newton's divided difference formula. 



j 


Xj 


h 


[fj, fj+\] 


[fj, fj+i, fj+2] 


0 


0.25 


0.27633 


0.97668 




1 


0.5 


0.52050 


0.6444 


-0.44304 


2 


1 


0.84270 







p 2 (x) = 0.27633 + (x-0.25)0.97668+(x-0.25Xz- 
0.5)(-0.44304) = -0.44304x 2 + 1.30896a: + 
-0.02322 



16. t = p 3 (x) = 1.337435 + r0.082266 + 

^j^0.012562 + '" (r+ 3 ) , ( '" +2) 0.000697 
r ='-2.4, p 3 (0.56) = 1.160944632 



17. Newton's divided difference formula. 



Jback x j 


1st Diff 


2nd Diff 


-2 0.2 


0.2227 








0.2057 


-1 0.4 


0.4284 


-0.0302 






0.1755 


0 0.6 


0.6039 





_ 1-O.6 



, p 2 (x) = 0.6039 + rO.1755 + 
^tli (-0.0302) 

r = -1.5, p 2 (0.3) = 0.3293, Error=-0.0007 



17.4. SPLINE 
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18. Newton's forward difference formula. 



j 


Xi 

J 


fj 


j j 


V 2 /,' 




J J 


V 5 /,- 

J 3 


0 


0.0 


0 


0.09950 










1 


0.2 


0.09950 


0.09653 


-0.00297 


-0.00289 






2 


0.4 


0.19603 


0.09067 


-0.00586 


-0.00267 


0.00022 


0.00005 


3 


0.6 


0.28670 


0.08214 


-0.00853 


-0.0024 


0.00027 




4 


0.8 


0.36884 


0.07121 


-0.01093 








5 


1.0 


0.44005 













r = =5s,p 5 (i) =0.09950r+^^(-0.00297)+ r(r - 1 3 ) l ( '- 2) (-0.00287)+ r(r - 1)( ' 4 7 2)( '- 3 > (-0.00022) + 

r(r - 1)(r _2) (r _ 3Kr _4) (00Q005) 

r = 0.5,p 5 (b.l) = 0.04995058593750, r = 1.5, p 5 (0.3) =0.14831113281250 ,r = 2.5,p 5 (0.5) = 0.24228730468750. 
r = 3.5, p 5 (0.7) = 0.32887285156250 , r = 4.5, p 5 (0.9) = 0.40486652343750 



19. (Essay) 

20. (a) pi(xH tfl*H 



19 - 2x, 



10-^1 

= -18 + 2i 



L 0 

Lo : 

il-xo 

olS-S. pi(i) = 1.22396 + 0.10814xo]4. aj-eM 
pi(9.2) = 2.21885. nelS-S. In 9.2 = 2.21916°)°. 
3. ±^ 0.00035. 

P2(x)i tfl-sH 



(z-Il)(l-X2) _ 



104.5 - ^x + x 2 



L o(x) - (« 0 _ Sl )(*o-xa) 

Li ("xi — , (x ~ J!0 H J ~ X2 \ — _1 QO _l. 80 T _ i_2 
~ (ij-xij^i-ij) ~ "^+3 a 3 X > 

1,2 W - (*2-x 0 )(x2-*i) ~ 8 ' 5 6 X + 3 X 

p 2 (x) = 0.779466 + 0/204323x - 0.0051994x 2 °|t+. 
4eH P2(9.2) = 2.21916. as) B.S. .2.^ 0.00004. 
p 2 (9.2) -pi(9.2) = 0.00031 
(b)difference table-g- 4-f_-3l- =£4. 





fj 






0.2 


0.9980 


-0.0294 




0.4 


0.9686 


-0.1243 


-0.0949 


0.6 


0.8443 


-0.3085 


-0.1842 


0.8 


0.5358 


-0.5358 


-0.2273 


1.0 


0.000 







nJ-eM xo = 0.6, n = 0.8, x 2 = 1.0*1 ^-f New- 
ton's formula<H| 

0.8443 + 0.5 • (-0.3085) + . (-Q.2273) = 

0.7185. 4eM -2.*rfe- -0.0004. °1 _2.* r 7 r 4|7 r ;q ^ 

x 0 = 0.4, xi = 0.6, x 2 = 0.8°J ^-f Newton's 
formula^] s]i\<^ 

0.9686 + 1.5 • (-0.1243) + 1 5 ^ 0 ' 5) ■ (-0.1842) = 
0.7131. <4eM SLty^r 0.0050. 
xo = 0.2, xi = 0.4, x 2 = 0.69J ^-f Newton's 
formula^! 4*H 

0.9980 + 2.5 • (-0.0294) + . (_ 0 .0949) = 

0.7466. 4eH ixl-fe- -0.0285. 

extraploation(^l »i44 ^-f)°] interpola- 
tion^ 4 -f-SiH^ ^-f ).SL4 -2-*r7r 4 a4- 



17.4. Spline 



1. (Essay) 

2. /(ay) = fj, f{x j+ i) = fj+i, x - Xj = F, x — 
x j+1 = G3, -f^g, 

p(xj) = f j c 2 G 2 (l + 2c j F) + fj + ,c 2 F 2 (l-2c j G) + 
k jC ]FG 2 + k j+1 c 2 FG 2 . 

x = Xj°]T£ F = 0o| j?, Cj {xj - x J+ i) = 10)^5. 

Pj {Xj) = /jC?(Xj - Xy+i) 2 = 

4**MI x = Xj+i°.<3 G = 0«]°.S. Pj(x J+1 ) = 

/ J+1 C 2 (X J+ , - Xj) 2 = / J+1 .45H (4)7V *«go] « 



4- 

ZLe]i p^.(x) = /_,x 2 [2G(l + 2cjF) + 2c,G 2 ] + 
f j+1 cj [2F(1 - 2 Cj - G) - 2 Cj F 2 ] + fc, c 2 [G 2 + 2FG] + 
k j+l c 2 [2FG + F 2 }. 

x = Xj<*L A, F = 0o}s_3, p'^xj) = }jx){2G + 
2 Cj -G 2 ) + kjc]G 2 . 0.^01 2G(1 + C] G) = 2( Xj - 

*i+*> (! + x^j) = 0- 4*M pJ(xj) = 

fejC)j 2 (x J+1 - Xj) 2 = fcjO|cf. 

x = x i+ i<y "fl, G = 0o]=LS. 
Pj-fe+i) = /j+ic?[2(x J+ i - xj) - 2cj(x i+1 - 
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*j) 2 ] + k j + lC?{x j + l - Xj) 2 = k j + 1 . 44*1 (5)71- 
€4- 

3- p'J{x) = f j cp(l + 2c j F) + 8c j G} + fj + lc?[2(l- 
2c j G)-8c j F]+k j c 2 j {4G+2F]+k j+1 c 2 {4F+2G]. 4 

eh x = I, -a m , f = o, cj(z j+ i - xj) = i°j -i- «i 

-g-^p^xj) = / jC ?(2-8)+/j+ic|[2+4]-fc jCj -4+ 
fc i+ i Cj -(-2) = -6c|/ i +6c|/ i+ i-4c j fe J -2c i fc J+ i. 
(7)ol 34. 

Bl^-«t-7)l 1 = x i+1 °J 141, G = 0o]2.s, p'jxj + 1 = 
6c?/; - 6cp j+1 + 2cjkj + Acjkj+i. (8)o) -g^f°| 
€4- 

4- p"(x,) = -6c? /j + 6c?/ i+ i - 4c j /cj - 2cjk j+ i, 
Pj-l(xj) = 6c?,!/,-! - 6c?_ ; /j + 2c,- + 

4c,-! fcj o| »i p^/_ ! (Ij ) = pV ( Sj ).SL +3 

Cj_ifcj_i + 2(Cj-_i + Cj)kj + cjkj+i = 
3[c?_i(/(x,-) - /(x,-!)) + c?(/(x J+1 - /(*,))]. 

5. c,- =c i _ 1 = ^|°^ 

i(fc 7 -_l +4fcj +fc J+ i) = 3t^(/, +1 - Sj-l) 
fcj_i + 4fcj- + k j+1 = 3±(f j+ i - fj-i) 

6. (7H £1*H o i2 = ip^xj) = i(-6c?/(x,) + 
6c?/(xj+i) - iCjkj - 2c,fc J+ i) = i^C/j+i - 

/;) - sfe+i + 2fc ;)) = ^(/i+i - /i) + £( fc ;+i + 

2Jfcj) 

(13)5. -¥-3 P?(x) = 2a i2 + 6a; 3 (x - x } ) 4eM 
Pj'^j+i) = 2a,-2+6a,3(x J+ i -*,-) = 2o,- 2 +60^-3/1. 
«H?M (8)^§- ol-§-«f^ 

2^r(/i+l - fj) + s-( fc J+i + 2 *j) + 6a js* = 

- ^/(*j+0 + + ^i+i- °1 4* 

7. This is simple and straightforward. 

8. xo = -1, xi = 0, x 2 = l°i "A, 2}-^ 1, 0, 1°] qua- 
dratic interpolation polynomial p 2 (x) = x 2 °14- 4 

/(x) -p 2 (x) =x 4 -x 2 , -1 < x < lolM 3H 
4«M /'(x) - p' 2 (x) = 4x 3 - 2x = 0, 

x = ± 7f- 

4eM sitfl *Msl 1/(75) -J*(^j)| = i 
spline o(x)<Hj tfl-sH x > 0<y nfl, /(x) - g(x) = 
x 4 - (-x 2 + 2x 3 )°l.EL5L !W#-§r $1*M 
/'(x) -g'(x) = 4x 3 +2x - 6x 2 = 0, x — |. 
44^ Sltfl ^olSj ^ - = Tg- °i a 
£. 25%°|4- 

9. fc 0 = 0, fci = 12, fc 2 = 12, K 3 = -12, /o = 
1, /1 = 9, h = 41, /a = 41 oju.3. 

aio = /1 = 9 
an = fci = 12 

ai2 = f (41 - 9) - §(12 + 2 x 12) = 6 

ai3 = |(9-41) + i(12 + 12) = -2 

44^1 Pi (x) = 9 + 12(x - 2) + 6(x - 2) 2 - 2(x - 2) 3 

Q20 = h = 41 



a 2 i = kz = 12 

a 22 = f (41 - 41) - i(-12 + 2 x 12) = -6 

a 23 = |(41 - 41) + £(-12 + 12) = 0 

44^ P2(x) = 41 + 12(x - 4) - 6(x - 4) 2 

£4, p' 0 (x) = 3x 2 , p 0 '(x) = 6x°lH.5L p' Q (2) = 

12, p' 0 '(2) = 12 

p[(x) = -36 + 36x - 6x 2 , p'/(x) = 36 - 12x<>lS.5. 
Pi (2) = 12, p'/(2) = 12, pi (4) = 12, p'/(4) = -12 
p' 2 (x) = 60 - 12x, p' 2 '(x) = -12o| B.S. p' 2 (4) = 
12, p' 2 '(4) = -12. 
4eJ-H s(x), ff'(x), fl "(x) 

10. 3^ 3^)S.ty-^ ^^o]ji p(x)^ 3«1- 

4^-*) 0.5. c] = ^^ 5li°s. s"'(x)^ A -7-^-44 

^J-^r'?)-T i ol4-(#! piecewise constant function) 42]- 
-H ff'"(x)7 r <a#ol^ ff'"(x)*r <S^m 
4e^-<1 g"'(x) = M{M± ^)sl *r-3L f-<d ff "'(x)fe 
3*1- 4*-M«14- 

11. fo = 0, /1 = 4, / 2 = 0 o)n^ (12)JL -fEi 
fe 0 = 0, A:i = 0, fc 2 = 0. 

aoo = 0, aoi = 0, ao2 = 12, ao3 = —8 

aio = 4, an = 0, ai2 = -12, 013 = 8 

p 0 (x) = 0 + 0(x + 1) + 12(x + l) 2 - 8(x + l) 3 = 

4(x + l) 2 (-2x + l) 

pi(x) = 4 + Ox - 12x 2 + 8x 3 = 4(x - l) 2 (2x + 1) 
po(-x) = pi(x)o) 2.3. g(x)^r ftT°l4- 

12. So = 1, h = 5, Si = 17 o]S-S. (12)3. ^-t] 
k 0 = -2, fci = 10, fc 2 = -14. 

aoo = 1> 001 — —2, ao 2 = 0, 003 = 1 
aio ~ 5, an = 10, oi 2 = 6, 013 = —4 
po(x) = 1 - 2(x + 2) + 0(x + 2) 2 + (x + 2) 3 * 
pi(x) = 5 + lOx + 6x 2 - 4x 3 

13. So = 3, Si = 5, Si = 31 °\3.3. {12)3, ^ 
fco = 0, fci = 2, fc 2 = 4. 

aoo = 3, aoi = 1, 002 = —2, 003 = 1 
110 = 5, an = 5, ai 2 = 4, ai 3 = 0 
po(x) = 3 + x - 2x 2 + x 3 
pi(x) = 5 + 5(x-2) + 4(x-2) 2 

14. So = 0, Si = 1, h = 6, / 3 = 10 o\s.3, (12)5. -f 
El fc 0 = 0, fci = 3, fc 2 =6, fc 3 = 0. 

000 = 0, aoi = 0, ao2 = 0, 003 = 1 

aio = 1, an = 3, ai 2 = 3, ai 3 = -1 

i 2 o — 6, a 2 i = 6, 022 = 0, a23 = —2 

p 0 (x) = 0 + Ox + Ox 2 + x 3 

pi(x) = 1 + 3(x - 1) + 3(x - l) 2 - (x - l) 3 

p 2 (x) = 6 + 6(x - 2) + 0(x - 2) 2 - 2(x - 2) 3 

15. So = 1, Si= 0, {2 = -1, /s = 0 °)}L3, (12)3. -f 
Ei fco = 0, fci = -2, fc 2 = 2, fc 3 = -6. 

aoo = 1, aoi 1, ao2 = 1, ao3 = 0 
aio = 0, an = -2, 012 = -1, ai3 = 2 
a 2 o = —1, 021 = 2, 022 = 1> 023 = —6 
po(x) = 1 + x + x 2 

pi(x) = -2(x - 1) - (x - l) 2 + 2(x - l) 3 
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p 2 (x) = -1 + 2(x - 2) + (x - 2) 2 - 6(x - 2) 3 
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16. fo = 0, /i = 0, / 2 = 1, / s = 0, /« = 0 o| d,^. 
(12)5. fc 0 = 0, fci = 0, fc 2 = |, k 3 = 0, fc 4 = 

_ 3 
4- 

aoo = 0, a 0 i = 0, a 02 = -f , a 03 = | 

aio = 0, on = f , ai 2 = §, ai3 = -f 

120 = 1, a 2 i = 0, a 22 = -|, a 23 = | 

a 3 o = 0, a 3 i = -|, a 32 = -f , a 33 = -| 
Po(x) = -f(x + 2) 2 + f(x + 2) 3 = 3 + 6x+i£x 2 + 

~ 3 <~ • - • f(x + l) 2 - f(* + ns = 

' 5^2 _ 5 ,.3 

if,. _ ll2 _ 



3_ 3 

Pl(x) = f (x + 1) + |( X + 1)2 _ fi (a . + 1)3 = 

P2(x) = 1-1x2+5! 

" 4 V"- - -r 5 



P3(X) = -f (X - 1) + |(x - l) 2 - f (x - l) 3 - 

3-6x+^x 2 -fx 3 

PO(-X) = P3 (x), Pl(-X) = p 2 (x)o|o_S. 

interpolation polynomial : p(x) = 1 - |x 2 + l x 4 

17. f 0 = -1, /i = 0, / 2 = 1 a)o.S. (12)3. ^ 
*0 = /'(-f ) = 0, = A: 2 ==/'(f)=0. 
aoo -- — 1, a 0 i = 0, ao 2 = 0, ao 3 = -% 
«io = 0, 011 = 4, ai 2 = -l|, a 13 = ^ 
P0(x) = -1 + £(z + f ) 3 = fx + i|x 2 + £x 3 
Pi(*) = f*+£* 2 + £x 3 

18- /o = 0, /i = 0, h = 0, /, = 1, / 4 = 0,/ s = 
0,/ 6 = 0 o| njE. ( 12 )i ko = 0, *! = -1, fc 2 = 
4, fc 3 =0, A: 4 = -4, fc s = 1, k 6 = 0. 
aoo = 0, aoi = 0, 002 = 1, ao 3 = -1 
aio = 0, an = -1, a i2 = -2, a J3 = 3 



a 2 o = 0, a 2i = 4, a 22 = 7, a 23 = -6 
a 3 o = 5, a 3 i = 0, a 32 = -11, a 33 = 6 
a 4 o = 0, a 4i = -4, a 42 = 7, a 43 = -3 
O50 = 0, a 5 i = 1, a 52 = -2, a 53 = 1 
p 0 (x) = (x + 3) 2 -(x + 3) 3 = -18-21x-8x 2 -x 3 
Pi(x) = -(x + 2) - 2(x + 2) 2 + 3(x + 2) 3 = 
14 + 27x + 16x 2 + 3x 3 

p 2 (x) = 4(x + 1) + 7(x + l) 2 - 6(x + l) 3 = 

5-llx 2 -6x 3 

p 3 (x) = 5-llx 2 +6x 3 

p 4 (x) = -4(x - 1) + 7(x - l) 2 - 3(x - l) 3 = 
14 - 27x + 16x 2 - 3x 3 

p 5 (x) = (x - 2) - 2(x - 2) 2 + (x - 2) 3 = 

-18 + 21x-8x 2 +x 3 

4eM po(-x) = P5 (x), P1 (_ X ) 

P4(x), p 2 (-x) =p 3 (x)o)D_s. 9 (x)fe -f^o|c).. 
interpolation polynomial : p(x) = 5 - 6.80556x 2 + 
1.94444x 4 - 0.138889x 6 . 

19- fo = 4, /i = 0, h =4, f 3 = 80 (12)iL + 

E) fc 0 = 0, fci = -8, fc 2 - - 32, k 3 ■ 0. 
aoo = 4, aoi = 0, ao 2 = 1, a 03 = -1 
aio = 0, an = -8, ai 2 = -5, ai 3 = 5 
a2o = 4, 02i = 32, a 22 = 25, a 23 = -11 
Po(x) = 4 - x 2 - x 3 

Pi(x) = -8(x - 2) - 5(x - 2) 2 + 5(x - 2) 3 
P2(x) = 4 + 32(x - 4) + 25(x - 4) 2 - ll(x - 4) 3 

20. (b) x(t) = it + ft 2 - 2i 3 , y(t) = I + (1 V3 - 

(c) x(t) = t + 2t 2 - 2t 3 , y(t) = t+aV3-2)t* + 
(1 - §V3> 3 
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1. Rectangular rule-§- A)-g-*|.oc} 

J « 0.2[/(0.1) + /(0.3) + • ■ - + /(0.9)] = 0.748053 

2. A < J < B, A = hJ2Aj, B = hJ2Bj, A s and 
Bj being lower and upper bounds for f in the jth 
subinterval. nj-sf^ 0.681< J <0.808. 



3. h = 


1°J ml, Ji =0.5 




h = 


0.5 o J nfl, Jo.s = 


0.375 


h = 


0.25 -y «H, Jo.25 


= 0.3475 


4. h = 


l<y nil, 7j =0.5 




h = 


0.5°J Jo.5 = 


0.28125 


h = 


0.25 <y «H, J 0 .25 


= 0.2270 



nl-eH e 0 .5 = |(0.28125 - 0.5) = -0.07292, 
eo.25 = |(0.22070 - 0.28125) = -0.02018 

5. h = l°4 «H, 7! =0.5 

h = 0.5U nfl, Jo.s = 0.60355 

h = 0.25<y nfl, Jq.25 = 0.62841 

•4sH «o.s = |(0.60355 - 0.5) = 0.1035, e 0 .25 = 



|(0.62841 - 0.60355) = 0.02486 

6. A||e 0 + £i +•■• + £„_! 4- || < [(6- o)/n]nu = 
(b - a)u, u is round-off unit. 

7. 0.693254 exact to 6D : : ln2=0.693147 

8. 0.693150 exact to 6D : 2j-g-£ : ln2=0.693147 

9. 0.073930355 exact to 9D : : 0.073928106 

10. 0.073928162 exact to 6D : : 0.073928106 

11. 0.785392157 exact to 9D : *j-g.# : 0.785398163 

12. 0.785398153 exact to 9D : : 0.785398163 

13. Jo.25 = 0.785392157, J 0 .i 25 = 0.785398153, 4 

eo.125 « xs (0.785398153 - 0.785392157) = 
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5.996B - 6 

14. h = 0.5 JLZ)2-3, (9)°(HC = 44*1 
-0.000695 < £ < -0.000094. 

(10)<HH Ji = 0.868951, 7o.5 = 0.864956, a.e]H.S. 
eo.5 w ^(0.864956 - 0.868951) = -0.000266. 

15. 0.945078781, 0.945832072 

16. 0.920735492, 0.945078781 

17. 0.46118764 

18. 0.471624346 

19. 0.91936 

20. 0.91973 

21. | x f (cos(0) + 3cos(0.5|) + 3cos(0.5| x 2) + 
cos(0.5| x 3) = 1.001004923 

/ 4 = cosi«|S.S. M - 1, M* = 0 44*1 
9.3951669592e - 04 < t < 0 

22. /'(x) = -^olos. M 2 = 2, M* = i, 44 
^ 5-DigM 1 ^^-!: ^J2.e|<5§ |KM 2 | = 1^2- < 
il0- s -t- 444* 7^4 4* n* 183°j4- 
f W (x) = ^olS-S. M 2 = 24, M 2 * = ||, 44*1 
5-Digit^ *j4*J-§r <3 °-34 |*M 2 | = Tso^F ^ 
ilO" 5 -!- 444* A% 4* 2m* 14614. 

23. ^&[a, f>]°J t= j^(x-t|£)S.^ t*l ^ 
if [-1, l]i 44*, / a 6 /(x)dx = /i, /(t)dt x tjt. 

a = 0, 6 = %o\ji n = 5°14 guauss inte- 
gration^ sl4°l l.OOOo) 4*4- 

24. /(x) = e -1 

1st Step : Ju = 1.135335, J 2 i = 0.9355470o| 
S.S. £21 = 2^1(^21 - Ju) = -0.066596, 

Chapter 17 

1. Newton's Method, Secant Method 

numerical method* 4-§-4* °14* ?J 
* solution formula^ SM4al44*14£-4*ll 

2. a* a^r 4^ *1 °J «H , a - -2-44 44- 
Relative Error = = *=* 

Error Bound 0 : \a - a| < y9«U 0 

3. ^4 74144 4, °J X J4 4el <! r(4:£*4H4* »1e) 
7]4(chopping) 4*ig(roundmg)47l ™H -S- «H| -*j7] 
■fe .2-4-s- rounding error4 44- °1 f--8-4 °1 
o-i. o]sH1^ t-S* 4 44 

*\ 0°)4 0°fl 7V4* "T^ *J ^ 51 7| *l|-g-°fl(°] it 

I7.l*js| **M-*1 -f**l 4f-Sd40 "£444 *A 



J22 = J21 + £21 = 0.868951 

2nd Step : J31 = 0.8826040<>1.H.3. £31 = 
55^(^31 - J21) = -0.066596 44*1 J32 = J31 + 
£ 31 = 0.864956,ne]5L £32 = 31^1(^32 - J22) = 
-0.000266, J33 = 0.864690, Thus J33 is exact to 
4D. 

f(x) = |Trx 4 cos(i7rx) 

1st Step : Ju = 0, J 21 = 0.555360, £21 = 
0.185120, 7 2 2 = 0.74048 

2nd Step : J31 = 1.06115, £31 = 0.168597, J32 = 
1.22975, £32 = 0.003262, J33 = 1-26236 
J 41 = 1.20857, £41 = 0.049142, J42 = 
1.25771, £42 = 0.001864, J43 = 1-25958, £43 = 
-0.00004, J44 = 1.25953, Thus, J44 is exact to 5D. 

25. f(x) = x 4 ol3S. fo = 0, fi = (0.2) 4 , f 2 = 
(0.4) 4 , f z = (0-6) 4 , /4 = (0.8) 4 4eM,/'(x) = 
ix 3 °\2-£- 

/'(0) = 0, f 0 « -0.048, £ = -0.048, 
/'(0.2) = 0.032, f[ w 0.064, e = 0.032, 
/'(0.4) = 0.256, f 2 « 0.176, £ = 0.08, 
and in (15) f 2 w 0.25600, £ = 0.00 

26. 0.240 ^^-tr tk°] 4M4- e = 0-016 

27. A/ 0 = 0.104, Ai = 0.28, A 2 = /3 - h = 
0.5904, A3 = U ~ h - 1-0736 

first order : 0.520 

A 2 fo = 0.176, A 2 /i = 0.3104, Delta 2 f 2 = 0.4832 

second order : 0.08 

A 3 / 0 = 0.1344, A 3 /i = 0-1728 

third order : 0.3733 

A 4 / 0 = 0.0384 

fourth order : 0.2053 

28. Sec 17.3°fi <Ufe *\ (14)* H tfl*H 4*4^ 
m^l = hf'(x) m A/o + ^A 2 / 0 + 
3r2 -* T + 2 A 3 fo--- . <^7H1 x-x 0 o|^ r = O0IS.S. 
/'(x) « i(A/o - i A 2 / 0 + |A*/o • • • )■ 

Review 

^°J7 r 7V *)l-f ^A44- °1 £S.a 

^£1 sizeofli ^^-1- 4^4- 

^r«l* 4-r3 °14 kti^ 4^4^1^ -r^r ««, 

(1) (k+l)4e1^ $-4-& 4S14- 

(2) "J-4 k+ltiH 4s|s] ^t7> 1/2JL4 4^ k»}^ 
4 el 3 ^rfe €-4- 

(3) 44k+i^3^ 451^1 1/2JL4 3-^ k<dH 4 
ejs] ^ofl 1* r-isHS-4. 

(2) 44 k+isl^ 4s! 2 ! ^7V i/2°l^ ksiJfl 451 s ! 
^<H) 44 44* 4^rS- 4^4 €-4- 

4. floating point.3. ^44 4, ^«H4 4i*4^. ^14 
44- 

overflow^- ^144 sl^ 4^ *4?r ^^71- 

4 =r Slfe- *4i4 ^1 €• SM 4-i: 44^, 



CHAPTER 17. REVIEW 
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underflow^ A]^ e)^ 4- 5.47). 3^71- £4 
% 51^ 3r4->2-4 3 4* #°\ 4* ufll- ^4- 

5. 5W stable44^- ^£ initial dataS] <gS|-7f 4-fr 
<4 0.<H1 ^-§-5]^ zj4°] «§4;sL <*H ^-i-nJH- ^t!" 
4- ^-e^l "fl* unstablee}^! 44- 

6. 3|4 ^i7V -fs)-^. 

7. Solution of equation by iteration : (l)Fix point 
iteration (2)Newton Method (3) Secant Method 
1. Interpolation : (1) Lagrange interpolation 
(2)Newton's Divided Difference Interpolation 

2. Spline : (1) Cubic Spline 

3. Numerical Integration : (1) Trapezoidal Rule (2) 
Simpson's Rule (3) Gauss Integration formula 

8. Solution of equation by iteration : (l)Fix point 
iteration (2)Newton Method (3) Secant Method 

9. Interpolation : xH xo, xi, ■ ■ ■ , i„«| t|sH 44 

fo, h, ■■■ , fn°\ ^°\*\ al-fr «fl, /(x)4-fe 3 
0)4. 

spline interpolation : -r^^ *t7\\ 4-fe- 4-g- 

3- tt* tV^flSj ^°.3u °H ^ /(x)4-fe- 7jo|4. 

10. algorithm°14 3 = <M7 r ?||4-§- ^ 4, 43-ofl Jjuoj-g- 
^ ^4*] 3*fl*-£ -JHr^ tTS]S] 

11. <d*11 ^^*fl ^ stop ruleol f' 
-£44. 

12. Numerical Integration : (1) Trapezoidal Rule (2) 
Simpson's Rule (3) Gauss Integration formula 

*l-iH <Hej-t- =H4 IJ-^4 x»u«j 
sj ^44 43 «fl 4-§-tt4- 

13. adaptive integrations] 'jz]A 4^ /(x)£| ^3)-7|- 
€• ^■ofl'Hfe step size /i* 4t(| 4jl, ^ /(x)s| 
44 4* *°fM^r step size ft* 3.7f| *H 71144^ 
33- 4*3 °!4- Example 6-§- ^-JLtr-d ^. 

14. *<)4^H£°14- 

15. <r^4fe 4fS.7\ mesh sizes] ^°11 Blell«rt 7\% 

44MlfeH| 33.3.44. 

16. 17.3**| 4|(5)* 7]^44. 

17. Simpson rule°IH 4 9 x 4-£ *l|£]4 4^7:1 

-f- x 4*$ Lagrange polynomial p 2 (x)l- 4-§-4S3l4. 
444 tfl-iHI Hb) 3* *14fe 4-ii# Newton 
interpolation-!: °!-§-4<*j t"-4^ ^4. 

18. °J^4 [a, b]<HHs] ^, ^4 
4 ^ 5H l"H7r7] open formula4^ *r- 

a. Ht-tfl-1 closed formula4Jl -^--g-4- J- 
°i ^ open formula^- Gauss integration formula(4 
11)°| J>, closed formula^ trapezoidal rule(4 2)4 



simpson rule(^ 7)o]4- 

19. Bezier curved Hemite interpolation polynomial^ 
slfe p8684i)3. ol^-H^ ^-ii'i n + l7)]S) *H1 
-H p(x)4 p'(x)s) 43. aJ* < 2n + 1 Sfe n. 
i4 *fr 4^ 4**1* ^ ofl 4-1-44. 

20. H^-fi] ^2\5. ^ <^^7,]4 f. c| Zk-ir ^7) 
^^-Ji Lagrange polynomial-!- 4-S-*M °^ I H : 5!4. 

21. -0.4268E1, 0.8002E4, -0.5188E-2, 0.1782E-1, 
0.3333E0, 0.4285E-2 

22. 0.14910E2, -0.91842E-1, 0.30303E4, -0.81818E-1, 
0.97656E-3 

23. 4.266, 4.38, 4.25, impossible 

24. 8.2586, 8.258, 9.90, impossible 

25. 24.885 < d < 24.995 

26. 26.855 < d < 26.965 

27. relative error^ ^4^| Si-fe-4. 

28. ^--g'Hl^-b raletive error-b t-)S||^]4. 

29. (6)2] <g->S = 1/2(200 + 5gr t200 2 - 4 x 4 ) = 
0.20002£ - 1, x 2 = 1/2(200 - V200 2 +4x4) = 
1.9998E2. 

(7)s) "J-^^s. xi = 0.20002£ - 1, x 2 = 1.9998£2. 

30. -g-i, y/ x 2 + i 6 + 41 . ^ 2 # 

Vi 2 +16+4 

31. -0.11979406 

32. x 4 = 0.7390851, 9 (x) = °- 74 1 J: + 4 cosz , s '(s) = 

0 -Tt4° x > 444 |s'(*)|t «l x =0.7390815^o|| 
^ 4^*1 471 «11*<H1 (|s' (0.739085) = 0.038) "f^ 

33. -1.895494(x 0 = -1), 0(x 0 = 0.5), 1.895494 
(x 0 = 2) 

34. 0.641714 (x 0 = 1) 

35. -2.120601(x 0 = -1), 2.801386(x 0 = 1) 

36. 0.450184 (x 0 = 1) 

37. 0.80901(x 0 = l),-0.80901(x 0 = -1) 

38. linear interpolation : pi(x) = g^j x l+f5§ x — 1 = 
-2x + l, 

pi(0.3) = 0.4 

quadratic interpolation : p 2 (x) = fcjjjj"', 1 x 1 + 
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(g-0)(s-2) , (E-O)fs-l) Q 1/2 _ 3- , 

(l-0)(l-2) * 1 + (2-0)(2-l) x u - 2 V 1 

2) + (x 2 - 2x), 

p 2 (0.3) = 0.085 

(z+0.5)(l-l) „ (x+0.5)(x-0) , 
(0+0.5)(0-l) X ° "+" (l+0.5)(l-0) * l- 1 '^ 

p 2 (0.3) = 0.33388. 

40. P3(1.3) = 2.969 

41. So = 0, Si = 0, / 2 = 4o)n.S., fc 0 = -1, fci = 
2, fe 2 = 50)4. 

ooo = 0, aoi = —1, 002 = 0, ao3 = 1) 
aio = 0, an = 2, ai2 = 3, ai3 = -1, 

p 0 (x) = -x + x 3 , Pi(x) = 2(x - 1) + 
3(x-l) 2 -(x-l) 3 ol4. 

42. So = 3, /i = 1, / 2 = 23, S3 = 45olo S; 
fc 0 = 3, fci = 3, k 2 = 15, fc 3 = 3°14- 4ef 



4, 

aoo = 3, aoi = 3, ao2 = —6, ao3 = 2 
aio = 1, an = 3, ai2 = 6, ai3 = -1 
a20 = 23, a2i = 15, a22 = 0, 023 = —1 

po(x) - 3 + 3(x+l)-6(x + l) 2 + 2(x + l) 3 , pi(x) = 
1 + 3(x - 1) + 6(x - l) 2 - (x - l) 3 , p 2 (x) = 
23+15(x-3)-(x-3) 3 . 

43. 0.634226224 

K — -X- v -L - 1 

n ~ 12 * 25 ~ 300 

S"(x) - 6x, nj-sM M 2 = 6, M 2 * = 0, -0.02 < e < 
0. 

44. J 0 .5 = 0.90266, J0.25 = 0.90450, e 0 . 2 s = 0.00012 

45. n = 3°J 4, 0.847077059. 
n = 5"i nfl, 0.84913877. 



Chapter 18 




Numerical Methods 
in Linear Algebra 



In this chapter we consider some of the most important numerical methods for solving 
linear systems of equations (Sees. 18.1-18.4), for fitting straight lines or parabolas 
(Sec. 18.5), and for matrix eigenvalue problems (Sees. 18.6-18.9). These and similar 
methods are of great practical importance. Indeed, many engineering or other problems, 
for instance, in statistics, lead to mathematical models whose solution requires methods 
of numerical linear algebra. 

This chapter is independent of Chap. 17 and can be studied immediately after 
Chap. 6 or 7. 

Prerequisite for this chapter: Sees. 6.1, 6.2, 7.1. 

Sections that may be omitted in a shorter course: Sees. 18.4-18.6, 18.9. 
References: Appendix 1, Part E. 
Answers to problems: Appendix 2. 



18. NUMERICAL METHODS IN LINEAR ALGEBRA 



18.1. Linear Systems-.Gauss Elimination 



1. n = 7.3, i 2 = -3.2 

2. X2 = (25/42)xi, ii is arbitrary 

3. xi = 0.699x2 + 1-2057, x 2 is arbitrary 

4. xi = 3.1, x 2 = -5.2 

5. xi = -1.533x2 + 10.667, x 2 is arbitrary Determi- 
nant is 0(or rnak is 1). 

6. xi = 120, x 2 =0.3 

7. xi = 3, x 2 = -5, x 3 = 7 

8. xi = 5.3, x 2 = 0, x 3 = -2.1 

9. xi = 3.9080, X2 = -1.9980, x 3 = 2.5570 

10. xi = -|x 3 , x 2 = |x 3 , x 3 is arbitrary; rank of 
the matrix is 2. 

11. n = -x 3 + 5, x 2 = -x 3 + 3, x 3 is arbitrary; rank 
of the matrix is 2. 

12. -M 5xi + 3x 2 + x 3 = 2 <g=^°fl 2* iH\jL, -M 
-4x2 + 8x3 = -3 •tfSHI -3-1- 

e| ci*r^ 10xi - 6x 2 + 26x 3 = -o 0 ! 1 *- ^.34 
10xi -6X2+26X3 = 0.M-IM °1 ^HHH^ *«-£■ 

13. X2, X3 arbitrary, n = I.8OX2 + 0.80x 3 , the rank 
of matrix is 1. 



14. xi = x 2 = |, T 12 

15. xi = 0.142856, x 2 = 0.692307, x 3 = -0.173912 

16. xi is arbitrary, X2 = 3xi - 5, x 3 = -5xi + 14, the 
rnak of matrix is 2. 

17. xi = 1.5, x 2 = -3.5, x 3 - 4.5, 14 = -2.5 

18. xi = 4.2, X2 =0, x 3 = -1.8, x 4 = 2.0 

19. (Program) 

20. (a) (i)a ^ 1 to make D = a - 1 ^ 0; 
(ii)a =1, b = 3 

(b) xi = -|(3x 3 - 1), x 2 = £(-5X3 + 7), x 3 ar- 
bitrary is the solution of the first system. The 
second system has o solution. 

(c) det A=0 can change to det rm A ^0 because 
of round-off. 

(d) (1 - \)X2 = 2 - io]-^ £ °' ^ 
t£ E2. ~ i 0.3. ^. ^ X 2 = l°M- a, 

Xi = ^f 2 - « 0. 

4fe X! = jij, x 2 = 1r«t e -> 0°\* 

Xl - 1, 12 - 1°14- 

(e) exact solution : xi = 1, X2 = —4. 

without pivoting : n = -4.5, 12 = 1.27(3-digit) 
with pivoting : X2 = -6, xi = 2.08(3-digit) 
without pivoting : xi = -4.095, 12 = 1.051(4- 
digit) 

with pivoting : x 2 = -4, n = l(4-digit) 



1- L ~V°- 333 1 00 /' \° 

xi = -2, X2 = 3 

„ _ A .00 0 \ TT f-3 
2h ={-2 1.0oj' U= U 
H = 4.25, X2 = -3.67 

„ T A.00 0 \ A .8 



18.2. Linear Systems: LU-Factorization, Matrix Inversion 

14 A 
0.333,/ 



Xl = 3, X2 = 3 



.6\ 

■V 



/1.00 


0 


0\ 






2 




4. L= 1 


1 


0 


I-- 


(• 


1 


0 


V 5 


4 








0 




Xl = -1, 


X 2 = 


2, 


x 3 - - 


-1 







5. L= 



1.00 0 0\ 

1 1 0 , U= 

0.5 -0.125 1/ 

xi =0.2, x 2 = 0.4, x 3 = 0.8 



9 
4 
0 



6. L= I 



1.00 



0 

1 

13 



13 1 
61 



0\ /5 

o],u=l 0 



9 

_§1 

5 

0 



0.375 V 



_ 13 
4S 5 



xi =2, 12 = 0, x 3 = 7 



61 



/3 0 0\ /3 2 4 

7. L= 2 3 0 J , U= 0 3 1 

\4 1 3/ \0 0 3 
xi = 17.4, x 2 = 23.6, x 3 = 30.8 

/0.1 0 0 \ /0.1 

8. L= 0 0.4 0 , U=( 0 

\0.3 0.2 0.1/ \0 
xi =2, x 2 = -1, x 3 = 4 



0 

0.4 
0 



0.3^ 

0.2 

0.1V 
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23.9. Regression Analysis. Fitting Straight Lines 



1. y = 6.74074 + 3.0679i. 




2. y = 2 — 0.55x. 




3. y = -0.367 + 0.1151, R ■■ 



0.115 



= 8.70. 



4. y = 2.99x, k = 



2.99' 



5. y = 0.32923 + 0.00032a:, 2/(66) = 0.35035. 

6. y = -120.5 + 9.15i, t/(35) = 200. 

7. 90 = 6.377, c = 4.30, K = 0.853, 

CONF 0.95 {2.215 < «i < 3.921}. 
5 

8. x = 2.5, s| = -, 1/ = 7.475, s 2 = 14.9225, 
3s iy = 14.95, fci = 2.99, 90 = 0.067, c = 4.30, 
4-fKE- 2,K — 0.35197, 
CONF 0 .95{2.63 < ki < 3.34}. 

9. go = 157.65, c = 4.30, K = 1.707, 
CONF 0.95 {7.44 < ki < 10.86}. 

n n n 

10. - x) 2 = ]T 1? -2x ^ Xj +nx 2 

3=1 j=i j=l 

n 2" n /l n \ 2 

= X>? -- X>j +n - 5>j 



n - 1 



Chapter 23 

1. 5.-S- : £4 *H>sMM f-*l 43.3. 4^4 3- 

: £.43 *H4<>1 
J2-*J44 3.7] 7f ^ f ^ E - £ 4 «|^.ol tfo] 

t- 3+. 

2. #4- 44*1 4°I4 44- 

3. -f-^ofl 44 ^43 *I444- 

4. 4# 444-^ 4. 

5. Poisson -g-i. 

6. *7^. 

7. 43 54, 74 5-4. ^43 «!4 
3. ^4* i4 4313. <*14 oj 7) 4 ^ ^ 

4 ?4» 43:44- 

8. 5-4 (likelihood) 4t* ^t|£ 5^1 4^ ^7fl 
♦ 5-4- 

9. 3-f 4<r 4 -?4-§- 5)<H 4»ISi*r 3* 
4*| *44- 

10. i^HH ^-#4 a.£4M 4^- =i4* 443. 71-4 
si 4*11- 41-3. 4^!4fe- 4HJ. 443 ^7{. ^ 4 

-M* 7]7^ 7j-f4 f.^ 7}4* *H4 7|+- 

11. 7}-g : i^^-si cfltt <H"S! °I14- 

-S-Sl ^§ : 4*i ^-f-ofl^ 7] £-.2.3. *J4 41-- 

12. f-H €-4- 

13. #<H -g-4- 



Review 

14. t)l4 ^4 £-i°il 5-44^ 3.5-3 f-ji d. $ 

i44fe 7|4-. xjfl. ^- 4t v ^ 
5. b1k4 3-f . 

15. ^f- ^-i ^^7} ^-i* 4 = fe 41- 

16. *i ^4 °i^44 ?*SJ-7l4 ^^445. * 
1*1 2°J-€ tlfe- ^-f- ^-f°fl ^4- 4 

17. 7)4<*|o| o}^ 7|^-4 2.ofln> J}- 7J4-. 

18. UCL, CL, LCL * <>1^-. 

19- ^"l •a^°14'il^Hl 44 m, A 

4«4- 

20. 7j^ o|^-4^ q& 4-g-o.i 4^^: 
S14- ^-i- ^Ife ^7)1- s^44- 

21. F ^-i ^f-. 

22. ^-d«ll4 4 ^<H1 "ls-fe 4^S| $±.7} 
s)^- ^j-ii-i- ^44. 

23. fa. 

24. -fHL. 

25. ^V^l -¥• 41- •d^fe 44 4317} $4. -f- 41- ^ 
^7f 44 4^14 ^ aI4- 

26. i = 20.325, s 2 = 4.551, s = 2.133. 

27. x = 0.268, s 2 = 1.052, s = 1.026. 

7 

28. A = 20.325, <r 2 = -s 2 = 3.982. 



23. MATHEMATICAL STATISTICS 



29. p. = 0.268, a 2 = 0.947. 

CO" 

30. k = — = 0.44, CONF 0 95{21.56 < /x < 22.44}. 

31. ^-7jo| 2 BflS. 34- 

CO" 

32. fc = — = 3.0, CONF 0 .99{ 28.4 < fx < 34.4 }. 

33. CONF 0.99 {27.94 < fi < 34.81}. 15% 4 *)4- 

34. 24, Hil °1-S-, 
fc = 2.06 ■ = 2.9, 

CONF 0 .9s{ H3.1 < /j < 118.9}. 

35. CONF 0.95 {29.85 < <r 2 < 94.84}. 

36. n - 1 = 3, x 2 --g-iiL °|-8-, 
F(ci) = 0.025 => ci = 0.22, 
F(c 2 ) = 0.975 => c 2 = 9-35, 



fcl 
fc 2 



= (n- 



0.05 



: 0.227, 



^ ci 0.22 

(n - 1)— = — = 0.005, 
v c 2 9.35 

CONF 0.95 {0.005 < a 2 < 0.227}. 

7}*l : no = 15.0, : /n = 14.5, 

*(X < c)i 5 .o = $ t C 7 15 ' 0 ) = 0.05 



V'0025 . 
c = 14.74 > 14.5, 



O J 

!)-' 



7Hi 7|Z|. 



38. ^ 3*, — = 0.025, $2.3. °|-§-, 

n 

(c — 15 0\ 

=> c = 15.31, 
-T-^^ 44 ^ : 15.0 - 0.31 = 14.69, 
x = 14.5 < 14.69, 7)4. 

/ 14.74 - 14.50 \ 

39. * ] = 0.9355. 

V \/ao25 y 

40. -f ^4 3*, n - 1 = 19, t-l-Ii o|-§-, 
*(T > c)„ 0 = 0.01 => *(T < c) M0 = 0.99 



T = 



41. 



X - no 

s 



=»c = 2.54, 
7.35 > c, 7}-a 7] 74. 



-f 34 3^, n - 1 = 99, t-S-ii <>]-§-, 
*(T > c)u 0 = 0.01 *(T < c) M0 = 0.99 
=*■ c = 2.37, 



T = 



Mo 



s 



= 5 > c, 



45 
46 



7K 7|7+ ^qs\ o]Sl 43- 

42. *Hf:£ 2, a - 5%, c = 2.92, 

x = 376.3, y = 335.3, sf = 1009.3, s 2 . = 869.3, 
to = 1. 64 < c, 7 pj 71 

V0.00024 

43. 2.58 • = = 0.028, 

V2 

LCL = 2.722, UCL = 2.778. 

44. 3.7] n o] ^-^\7] «fl.£-o|4. 

(a) (i-er. 

(b) (i -e) 5 + 59(i -e) 4 . 

6 = 0.01, a = 1 - (1 - ef = 5.85%, 

0 = 15%, 0 = (1 - 0) 6 = 37.7%, 

„„ , 20 2 + 30 2 + 0 2 + 20 2 + 30 2 

47 - *° = iI5 

= 5.42 < c = 9.49. 
7p4 ^fl^J - 

48. 7j 0 | 7 f 7^ ^7] ^7«^ *fla), ^ : 18, 

(7J ^r)lfii ^clls] S^o) I), 
^3 : =JiL Si*, 

°144 *M7> 4* 
P = (§) 18 (1 + 18 + 153 + 816) = 0.0038, 

7|z^. m& 

49. y = 0.2 + 0.067x. 

50. y = 3.4 - 1.85i. 
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/2 0 0\ /2 3 4 

9. L= 3 5 0 , U= 0 5 8 

\4 8 7/ \0 0 7 

Xl —8, X2 = 0, X3 = —4 



10. L= 



ii 





0 


0 


0\ 




r 1 


-1 


3 


2\ 




2 


0 


0 


,u= 


0 


2 


-1 


0 


3 


-1 


3 


0 


0 


0 


3 


-1 




0 


-1 


4; 




\o 


0 


0 


4/ 


2, x 2 




-3, 13 


= 4, x 4 = 


- -1 









11. L 



/"2 0 0 0\ 
110 0 
2 110 
\0 2 1 2/ 
x\ — 3.5, X2 = — ■ 
-7.1429 



^2 1 2 ON 
0 112 
0 0 11 
^0 0 0 2/ 
0.5714, x 3 = -0.7143, x 4 



12. 



—A : x T (— A)x = — x T Ax < 0, not positive defi- 
nite. 

A T : x T (A T )x = (x T Ax) T > 0 positive definite. 
A + B : x T (A + B)x = x T Ax + x T Bx < 0 pos- 
itive definite. 

A - B : x T (A - B)x = x T Ax - x T Bx Jf 31* *j 
^ 4 1 &4. not positive definite. 



13. (Program) 

14. (a) L = [l jk ],OLt\ JL U = [i^eU**, 
'ji = a jl >j = 1> ••■ ,n 

Ulk = hf" ,* = 2,---,n 

'jfc = - "]0,h» u *k <3 =*>••• .«! < 2 

5 = 1 



fc = J + 1, • • • ,n; j < 2 

xi = 4, X2 = 3 

/I 0 0\ /I 
L= -4 9 0 , U= 0 

V 2 12 4/ \0 
xi = 278, x 2 = 41, x 3 
(c) Doolittle method: 

/I -4 2\ 
L= -4 1 0 U= 

V2 § i; 

Cholesky factorization 

/ 1 0 0' 
L= -4 3 0 
\ 2 4 2 
3.5 
3 




16. 



n 

2 

-7 



-5 

23 

_ 3 4 

3 



17 



18 



0.1224 -0.4082 0.0612N 
0.0816 0.0612 0.0408 
-0.9184 1.0612 0.0408/ 

0.2222 -0.2222 0.1111 \ 

0.1111 0.2222 0.2222 

0.2222 0.1111 -0.2222/ 

19. det(A)=0 not exist inverse matrix. 



20. det(A)=0o|x|^V round error nfl-g-ofl 

det(A)#0-a ^ 4eM U%<&Wi*\*\ ^ 

SWI «4- 

(a)-0.00000035, (b)-0.0001998 (c)-0.00028189 
(d)0.002012, (e)0.0002 



18.3. Linaer Systems :Solution by iteration 



l. 9 ste P <HH siH] 44-6-4- 



n-step 


Xj 


^2 


x 3 


0 


1 


1 


1 


l_ 1 


3.2 


-0.8 


4.375 


2 


2.21 


1.135 


3.89688 


3 


2.01425 


0.94487 


4.01711 


4 


2.00418 


1.00750 


3.99613 


5 


2.0004 


0.99805 


4.00071 


6 


2.0001 


1.00033 


3.99985 


7 


1.99999 


0.99992 


4.00002 


8 


2. 


1.00001 


3.99999 


9 


2. 


1. 


4. 


10 


2. 


1. 


4. 



7 stepoJM *M 4^ 


r*4. 


n-step 


*? 


x 2 




0 


1 


1 


1 


1 


5.5 


-9.625 


5.84375 


2 


2.84375 


-9.07812 


5.98047 


3 


2.98047 


-9.00977 


5.99756 


4 


2.99756 


-9.00122 


5.99969 


5 


2.99969 


-9.00015 


5.99996 


6 


2.99996 


-9.00001 


6 


7 


3. 


-9. 


6. 


8 


3. 


-9. 


6. 
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3. 4 step<HH *M 44-g-4- 



n-step 


X, 


x 2 


ij 


0 


1 


1 


1 


1 


0.4 


0.46 


0.514 


2 


0.5026 


0.49834 


0.49991 


3 


0.50018 


0.49999 


0.49998 


4 


0.5 


0.5 


0.5 


5 


0.5 


0.5 


0.5 



4. -^sMSH -M^-4^4- 

9 stepoj)^ «H 44-S-4- 



n-step 


Ij 


■ L 2 


x i 


0 


1 


1 


1 


1 


-1.8125 


3.0521 


3.95 


2 


-2.6943 


2.2157 


4.6554 


3 


-2.5734 


1.9604 


4.5587 


4 


-2.4974 


1.9800 


4.4980 


5 


-2.4947 


1.9998 


4.4958 


6 


-2.4994 


2.0013 


4.4995 


7 


-2.5003 


2.0002 


4.5002 


8 


-2.5001 


1.9999 


4.5001 


9 


-2.5 


2. 


4.5 



-M* 4?4. 
9 stepjH «H 44-8-4- 



n-step 


l! 




~n 
x 3 


0 


1 


1 


1 


1 


17.5 


2.2778 


11.0347 


2 


15.6146 


4.7172 


11.8110 


3 


15.0786 


4.9493 


11.9740 


4 


15.0128 


4.9928 


11.9959 


5 


15.0019 


4.9989 


11.9994 


6 


15.0003 


4.9998 


11.9999 


7 


15. 


5. 


12. 



10-dH stepofl^S. «H 2, 0, HI &^4. 



n-step 


z? 


x£ 


Xg 


0 


1 


1 


1 


1 


1.33333 


0.22222 


1.37037 


2 


1.72890 


-0.15638 


1.23320 


3 


2.02652 


-0.16430 


1.03709 


4 


2.09717 


-0.05712 


0.95426 


5 


2.05333 


0.01272 


0.96021 


6 


2.00478 


0.02493 


0.98850 


7 


1.98721 


0.01193 


1.00455 


8 


1.99053 


0.00012 


1.00627 


9 


1.99783 


-0.00346 


1.00260 


10 


2.00144 


-0.00221 


0.99978 










30 


2. 


0. 


1. 



(a) xi = 0, x 2 = 0, x 3 = 0°J ^-f 4 step^H «8 
0.5, 0.5, 0.5»tl 44S-4- 

(b) (a)4 u\$7Ws. 5step<HM *H 44-S-4- 
4-eM "i^xl*. 2, *l*NHr 3H -tf*«M ^3*4. 



10. 



1 0 0\ /0 0.1 0.1 

-0.1 1 0 0 0 0.1 
^-0.09 -0.1 1/ \0 0 0 

(0 -0.100 -0.100> 
0 0.010 -0.090 
0 0.009 0.019 
4=H ||C|| = 0.2 < 1. n.^2.2 iterations] 
4- 

(b)«HM 

C = -(l + L)- 1 V 
1 0 0' 
-10 1 0 
99 -10 1 

ro 1 10 
0 -10 -99 

\0 99 980 

—A — 10 -99 
99 —A 4- 980 
= A(A 2 -970A + 1). 
4=H *m-^ za-JMlfe 

tion°| t-il-tl-cf. 



0 


1 


10 


0 


0 




0 


0 


0 



1J2.4 3.2.2. itera- 



9. (Program) 



5»H stepofl^^ 
44-E-4- 



■ *M 44-S-*! 12»H step<H| 



n-step 




x 2 




0 


1 


1 


1 


1 


5.5 


-10.75 


8.5 


2 


2.5625 


-7.75 


5.5625 


3 


3.3125 


-9.2188 


6.3125 


4 


2.9453 


-8.8437 


5.9453 


5 


3.0391 


-9.0273 


6.0391 










12 


3.0000 


-9.0000 


6.0000 



Gauss-SeideHH 
9.00015,5.99996 



Step 



2.99969 



11. 5»H step<HHfe «qm 44.2*1 znfr 
*\°\ 44*4- 



10«1^ stepofl 



n-step 


X, 


x 2 


*% 


0 


1 


1 


1 


1 


3.2 


-0.25 


4.25 


2 


2.15 


0.825 


4.16875 


3 


1.9675 


1.04687 


4.02812 


4 


1.97938 


1.02219 


3.99054 


5 


1.99934 


1.00043 


3.99684 










10 


2. 


1. 


4. 



Gauss-SeideHI-H 5 Step : 2.0004, 0.99805, 4.00071 

12. ^4 4^ -&].£. 45-4. 5SH stepofl^fe- «fl 

<4| 44-H-*! I8<*i^ stepolMo): 441-4. 



8. (a)<HM 

C = _(l + L)-iU 



18.4. LINEAR SYSTEM : ILL-CONDITIONING, NORMS 



2T3 



n-step 


*f 


x " 


^3 


0 


1 


1 


1 


1 


-1.8125 


2.583333 


1.7 


2 


-2.29583 


2.81875 


3.95 


3 


-2.63593 


2.14930 


4.33667 


4 


-2.51691 


2.07710 


4.60875 


5 


-2.53287 


1.96657 


4.51352 










18 


-2.5 


2.0 


4.5 



Gauss-SeideHH 5 Step : -2.4947, 1.9998, 4.4958 

13. aiti'S ^aMI'SH ^^^z^^i^M-^,^ 
/ 1 1/4 l/8\ 
%A= 1/6 1 1/3 Ul 34.44^ / - As] 
\ 1 0 5/4/ 

A 3 - 0.1417A + 0.0667 = Qs] H&o\s_z. 3) 
-0.5196, 0.2598 + 0.2466i, 0.2598 - 0.2466o|cf. 



tr4- 

14. I -AS] JL-fr*}^ 0.5, 0.5, 3.-frx\S] 

°] 1J2-4 ^t.\ #4. 44^ Jacobi iteration °1H *& 
^4- 

15. (9) a/128 = 11.3137. (10) 12. (11) 13. 

16. (9) v/52 = 7.2. (10) 6. (11) 6. 

17. (9) v/3(2t 2 + 1). (10) |2t + l|. (11) |2t + l|. 

18. (9) 3a . (10) 3a. (11) 3a. 

19. (9) V230491 = 480.0948. (10) 520. (11) 520 

20. (9) v/300 = 17.32. (10) 10. (11) 10 



18.4. Linear System : Ill-Conditioning, Norms 

1. (5) 24 (6) v/218 = 14.7648 (7) 12 , [X _ i JL 0 ] 

2. (5) 12 (6) n/50 = 7.07 (7) 5, [f f - l] 

3. (5) 9.3 (6) V0.8 2 + 7.1 2 + 1.4 2 =7.2808 (7) 7.1, 
L7. l 1 7.1 J 

4. (5) 5 (6) s/E (7) 1, [1 1 1 1] 

5. (5) 24 (6) 12 (7) 6, [l 1 1 l] 

6. (5) 1 (6) 1 (7) 1, [0 0 0 1 0] 

7. matrix norm : 
h vector norm°J 4 
loo vector normU nfl, 5 



inverse matrix 



l(2 - 1 ) 
*\0 A J' 



condition number : 
h vector normU ul), 4 • 5 = 20, 
loo vector norm°J «fl , 5 • 4 = 20. 

8. matrix norm : 

h vector norm<y «fl, 2 
loo vector normal nfl, 2 



inverse 



. . f-0.75 1.25 \ 
matnX U-25 -0.75,) ' 



condition number 
h vector nornry «H , 2 ■ 2 = 4, 
loo vector norm<y «fl, 2 • 2 = 4. 

9. matrix norm : 

1 1 vector norm°J «(, 22 
loo vector norm^ nfl, 20 



inverse matrix 
condition number : 



/4.5 6.5\ 
V2.5 3.5/' 



h vector nornTti nfl, 22 ■ 10 = 220, 
loo vector norm'y nfl , 20 -11 = 220. 

10. matrix norm : 
h vector norm^ nj) ( 5.5 
loo vector norm*) sfl, 5.5 

/ 10 -60 60 
inverse matrix I 3 -12 10 

V-12 64 -60/ 
condition number : 
h vector normal nfl, 5.5 • 136 = 748, 
loo vector norm'y n)|, 5.5 - 136 = 748. 

11. matrix norm : 
h vector norm"y nfl , 200 
loo vector norm'y nfl, 200 

/-0.05 0 0 
inverse matrix I 0 25 0 

\ 0 0 o.osy 
condition number : 
h vector normlJ wfl , 200 • 25 = 5000, 
loo vector norm°J nfl, 200 • 25 = 5000. 

12. matrix norm : 

h vector normal nfl , 19 
ioo vector norm'y nfl , 21 

/6 4 3\ 
inverse matrix 14 3 2 , 

V 3 4 V 
condition number : 

h vector norm^ «J|, 19 • 13 = 247, 

loo vector normal n)|, 21 • 13 = 273. 

/ 58 \ 

13. Ax = 39 , 44^ \\Ax\\ = 167. 

V-167/ 

||A|| = 21, ||x|| = 15, 44^ ■ ||x|| = 315. =L 
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(li)tis) vfl-§-4 24. 

14. bi°J tfl, xi = 1, x 2 = 1 

b 2 °J "fl, xi = 0.845455, x 2 = 1.27273 

£<xj vector normiL.5. condition number-ft- -f-sHJi 

>d k(A) = 200.8. condition numbe-fe- 3.^)^ 

tr tfl^l^-b ill-conditioning-§- 2L<|) ^ &4- 

15. bi«) «J, xi = -2, x 2 = 4 
b 2 °J «D, X! = -144, X2 = 184 

ioo vector norm^.5. condition number-1- -T-sllJL^ 
k(A) = 21318,Thus this system is ill-conditioning. 

16. The residual is [0.145 0.120] T 

17. x=[-2.03 4.038] T S. ^ Ax = [5.1994.0999] T . 4 
eM residual^- [0.0001 0.0001] T . 

18. (12) 3*M 

l = \\I\\ = \\AA-*\\<\\A\\\\A-i\\ = K (A). 
Frobenius norm°fl tH*H, Vn — < *(A). 



19. n = 2, 3, 4, 5, 6°J nfl, condition number^- 27, 
748, 28375, 943656, 29070279. 

20. (a) ||x||eo =max \ Xj \ < El*fcl = ||x||i < 
nmax|xj| = n ||x||oo 

<i| (18b)^ (18 a)<|»£ -fEi n£ 3^ 
<a<H*!4- 

(b) To get the first inequality in (19a) consider the 
sequare of both sides and then take sqare roots on 
both sides. The second inequality in (19a) follows 
by means of the Cauchy-Schwarz inequality and a 
little trick worth remembering, 

E to I = E i • < VT^VZW? = ^||x|| 2 

(19b)fe- (19a)# y/n°.S- ^2.3,*] "SH34- 

(c) Let x # 0. Set x = ||x||y. Then ||y|| = 
||x||/|| y || = 1. Also,Ax = A(||x||y) = ||x||Ay 
since ||x|] is a number. Hence ||Ax||/||x|| = ||Ay||, 
and in (9), instead of takin the maximun over all 
x 5^ 0, since ||y|| = 1 we only take the maximum 
over all y of norm 1. Write x for y to get (10) 
from this. 

(d) 13*?HM "ill- JiSia #344. 



18.5. Method of Least Squares 



1. n = 4, Exj = 10, = 1, X>? = 

38, EijW = -11 
y = 2.8462 - 1.0385x. 



2. n = 5, 2>j = 11, E»j = 5, E*? = 

39, E <*SVj = -7 
y = 3.6757 - 1.2162x. 




3. n = 5, E*j = 10, EVi = 8.3, £x? = 
30, E*j% = 17.5 
y = 1.48 + 0.09x. 



4. n = 5, Ex,- = 220, Ew = 350, £i? = 

19000, E*w = 10050 

;/ = 95.2575 - 0.5740t. t = 0[min]^- 12:00*11 
tr4- 




5. y = [0.2171 0.2222 0.2316 0.2495 0.2940] T ol^ 
JLn = 5, E*i = 220, E%" = 1-2146, E^ ? = 
19000, E^yj = 59.4250 

y = 0.2147 + 0.0006t. t = 0[min]£- 12:00<H| sfl^ 
#4- 



18.5. METHOD OF LEAST SQUARES 



2 



6. n = 5, 5>j = 2950, Efj = 7010, E*f = 
1822500, T,XjVj = 4490000 
y = -1145.79 + 4.321. 




7. C7(i) = 18.7009 + 47.8879 * i, nJ-eM R = 47.8879 




8. s(F) = 0.033 + 0.314F, k = F/s = 3.185. 




9. ^(i) = -0.4 + 0.86t[mi] v = 6i. 




10. n = 4, Ex,- = 5, E* 2 - 15, E*f = 35, E*j = 
99, Efj = 12 > E*j% = 20, E*?»i = 66 
y = 0.9545 - 1.1591a: + 0.9318x 2 . 



11. n = 5, Ess; = 23, Ex? = 123, E*f 
719, Exj = 4419, E»i = 11. HxjVj 
54, E^% =284 
y = -8.3571 + 5.4464x - 0.5893x 2 . 




12. n = 5, E*i = 5 °. E^ 2 = 563, E ^ 
6875, E*j = 88828, E % = 23100, E*jW 
232000, E*?Vj = 2601250 
y = 1660 + 656x - 32x 2 . 




13. fit a parabola : 1.8943 - 0.7386x + 0.2071x 2 
fit a line : y = 1.48 + 0.09x 




14. 5.9 - 0.05x; 5.9 - 0.95x + 0.23x 2 
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/5 10 30 Y / 83 \ 

15. A = I 10 30 100 J,6=| 17.5 ] n]-eH 

\30 100 354/ \56.3/ 

(2.2361 0 0 \ 

4.4721 3.1623 0 J , U - L T . nf. 
13.4164 12.6491 3.7417/ 

( 1.8943 \ 
-0.7386 
0.2071 / 

16. b Q n + biJ2 Xj + 6 2 £ xj + 63 £ xj = E « 

fco £ + 61 E + 6a E + 63 E x) = E x jW 
fco E + 61 E x) + b 2 e *J + 63 E *| = E xj w 
60 E *? + 61 E *j + 62 E x) + 63 E *J = E *Jw 

17. n = 6, E*J = 4, £* 2 = 26, £xf = 64, E*j = 
290, £x? = 1024, £x« = 4226 . EVj = 
87, E*i3/j = 362, El?!/j = 1298, = 
5282 

?/ = 0.9161 + 0.22621 + 0.2371a: 2 + 1.1630x 3 . 

18. (2)3) HJ-t) : n = 6, £x; = -0.25, £1? = 
10.3125, Efj = -1. E^Vj = 3.6250 

y = -0.1522 + 0.34781 

(7)4| *HJ : n = 6, E*j = -0.25, E* 2 = 
10.3125, £x 3 = -0.1094, £x} 

34.0664, EW = -1. £*jW = 3-625, £1?% = 
-3.9062 

y = 0.0899 + 0.35221 - 0.1408x 2 



,=0 

||/ - i^H 2 - f ; f2« 



Cubic parabola : n = 6, £ ij ; = -0.25, E x 2 - ' = 
10.3125, Eif = -0.1094, £x< 
34.0664, Eij- = -0.0303, £x| 
130.0159, EVi = "I, Exj!/; =3.625, £x? yj = 
-3.9062, £x|yj= 21.9297 
!/ = -0.0329 - 1.5429i - 0.1091x 2 + 0.5729x 3 

19. (Program) 

m 

20. (a) F m {x) = J2 aj y k S.^ 
/ a 6 / 2 dx - 2 ^ a, / / W d. + 

mm ..(, 

52 52 a J Qit / vjykdx. 

j=0fc=D • /a 

°) A -HH a|-||/-F m || = 0ol<H4^^. <4eM 
m r b 

0 - 2 J 0 * /2/,dx + 2 ^ oj / W j/,<ix = 0. 
(b) /* ww «ix = /'^dxol s\jl, 

0 < x < l°j / 0 k y iW (ir = jfa, (j = 
0,1,- ■• ,m) 

(C) a ' = li^lF- 6i = Ja/(*)w(x)ek (« = 
0,1, - ■■ ,m). 



18.7. Inclusion of Matrix Eigenvalues 



1. |A — 5.1) < 0.5, |A — 4.9| < 0.7, |A + 6.8| < 0.4. 
eigenvalue : 4.9957 + 0.3865i, 4.9957 - 
0.3865i, -6.7915 

2. Symmtric matrix; hence we get intervals on the 
real axis, 9.7 < A < 10.3, 5.9 < A < 6.1, 2.8 < 
A < 3.2. 

eigenvalue : 10.0082, 5.99751, 2.99429 

3. Symmtric matrix; hence we get intervals on the 
real axis,4.98 < A < 5.02, 7.98 < A < 8.02, 8.98 < 
A < 9.02. 

eigenvalue : 4.99, 4.99, 5.02 

4. |A-t| < O.S + v^, |A| < v/2 + %/5, |A-(3 + 4t)| < 2. 
eigenvalue : -0.0933282 + 1.061i, -0.403385 - 
0.72446i, 3.49671 + 4.66356i 

5. |A-5| < 4, |A| < 6, |A-7| < 6. 
eigenvalue : 4, 9, -1 

6. |A| < 1.3, |A - 0.2| < 2.0, |A - 1.2| < 0.1. 
eigenvalue : 0.108609 + 0.742484i, 0.108609 - 
0.742484i, 1.182781 



7. T 



(0.01 0 0 
0 1 0 
0 0 1 



T -1 AT = 1 



3. 



5 0.0001 0.0001N 



8. 



5 0.01 . ra- 
0.01 5 / 
dius^ 1/lOOnJ-f - #<H€-4. 

A 0 0\ 
T = 0 1 0 3. #0. *d 

Vo 0 i-J 

/ 10 0.1 -6.! 
T -1 AT = I 0.1 6 0 

\-%? 0 3 
3 10* f'J»i S^fe. ^4 ori+^l #3.^, 

eigenvalue!-^ i-f- real cflzj-^ii)-"] ^7} 

10- 3 o)*l-ol4. 



.oN, 3* ^S. 



10. 
11. 



<: J) 



y 4, eigenvalues : -1, 1 



p = max{|A : A eigenvalue of A }°]B-3- 
\\A\\= sup ||Ax||>||ylu|| = ||Au|| = ||A|| 

l|x||=l 



18.8. EIGENVALUES BY ITERATION(POWER METHOD) 
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12. Let S = Di U £> 2 U • • • U D p without restriction, 
where Dj is the Gerschgorin disk with center ajj . 
We write A = B -f- C, where B = diag(a.jj) is the 
diagonal matrix with the main diagonal of A as 
its diagonal. We now consider 

At = B + tC for 0 < t < 1. 
Then Ao = B and Ai = A. Now by algebra, 
the rots of the characteristic polynomial /t(A) of 
At (that is, the eigenvalues of At) depend con- 
tinuously on the coefficients of /t(A), which in 
turn depend continuously on t. For t = 0, the 
eigenvalues are an,-- - ,a nn . If we let t increase 
continuously from 0 to 1, the eigenvalues move 
continuously and, by Theorem 1, for each t lie in 
the Gerschgorin disks with centers ajj and radii 
trj where rj = ^jP |«ijjb|. Since at the end, S is 

disjoint from the other disks, the assertion follows. 

13. ^-§r 'A7\ LU decomposition 7\*§-t\t\'% 

A7\ 1 x 1 matrix «J nfl-^ 
A7\ n - 1 x n - 1 matrix<y LU de- 

composition o| sfojcfji ii7: r .a.Ei^ A = 

u c )S. ^-<g,(o]i|, afe- 1 x 1 matrixo|cf.) 

n}-5M .f e]^ B = C - *^l7 r strictly diagonally 
dominants) <HSl4-c- ^ •f-^«r'S €4- 

i = 1 1 = 1 

i = i t = i 



<(I%|-KI)+^(N-KI) 

- l c w o I = \ b ii\- 

14. A7 r Hermitiano]^- 7j,g. A = A T , 4-eM normal-g- 

A7 r skew-Hermitiano|^ ;jt,g. A = 
normal £ 4<£ 

A7 r unitaryo)^}- 7j^- AA T = A T A = /, 
normal^- 

/33 18 30\ 

15. AA T = 18 20 36 } not normal. 

\30 36 69/ 

16. A*{A 2 ) T = AAA T A T = AA T AA T = A T A T AA , 
yes. 

(AB)(AB) T = (AB) T (AB) iff B T A = AB T ; no, 
in general. 

CC T — C T C is symmetic, hence normal. 

/26 2 2 \ 

17. no. 2 21 4 <HM i^-o| |A| < 44.1475o) x) 

\4 2 28/ 
<£, Theorem H S)* r ^ 22 < A < 30, 17 < A < 27, 
22 < A < 34 3. (4)-iJ £4 •j}$l7 r ci 

18. i = [1 1 1] T , y = Ax = [29 37 29] r , 4eH 
29 < A < 37. 

i = [1 2 1] T , y = Ax = [29 37 29] T , 4eH 
29 < A < 37. 

i = [2 3 2] T , y = Ax = [66 95 66] T , 4-eH 
31.7 < A < 33. 

19. i = [1 2 1] T , y = Ax = [8 12 8] T , 5*sM 
6 < A < 8. 

i = [1 1 1] T , y = Ax = [7 7 7] r , nJ-BH 7 < A < 7. 

20. (Program) 



1. xo 



'1597\ 
,799j 



18.8. Eigenvalues by iteration(Power Method) 



3 


1 


2 


3 


mo 


2 


218 


26354 


mi 


20 


2396 


289892 


7712 


218 


26354 


3188810 


9 


10 


10.99082 


10.99992 


error bound 


3.0 


0.302752 


0.027548 



2. i 0 



■ (!)• 



Xl 



(■.)■ - ■ e. 3 )< 



£3 



3 


1 


2 


3 


7710 


2 


34 


1090 


TTll 


-2 


94 


6334 


7712 


34 


1090 


48226 


9 


-1 


2.76470588 


5.81100917 


error bound 


4 


4.94117647 


3.23669725 



3. xo 



Xl 



3.6 
-1.6 



x 2 = 



19.44 

-16.16 

16.24 



S3 = 



f 128.304 ^ 
-122.464 
v 122.48 I 
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3 


1 


2 


3 


mo 


3 


19.52 


902.796 


mi 


4 


128.32 


6462.3232 


777-2 


19.52 


902.7968 


46460.7 


9 


1.33333 


6.57377 


7.15811 


error bound 


2.1746 


1.74223 


0.47378 



4. io = 



/1040\ 
i 3 = 2072 
V1728/ 



xi 



22 = 



88 
172 
144 



3 


1 


2 


3 


mo 


3 


404 


58064 


mi 


34 


4840 


696736 


1712 


404 


58064 


8360768 


9 


11.3333 


11.9802 


11.9994 


error bound 


2.4944 


0.44455 


0.074235 





( l \ 




( 2 \ 






f 5 \ 




1 




1 


P 




3 


10 = 


1 


, 11 - 




' 12 = 2 


, 13 = 


3 




w 






W 




W 



3 


1 


2 


3 


mo 


4 


10 


26 


mi 


6 


16 


42 


7712 


10 


26 


68 


9 


1.5 


1.6 


1.6153846 


error bound 


0.5 


0.2 


0.0769231 



6. xo 



X3 = 




II = 



X2 - 



/8o\ 
149 
97 

\145/ 



3 


1 


2 


3 


mo 


4 


476 


59860 


mi 


42 


5298 


669418 


777,2 


476 


59860 


7541740 


9 


10.5 


11.13025 


11.18306 


error bound 


2.95804 


1.36886 


0.9637431 



7. x7\ jL-rr*H— Ax = \x = y, 44*1 m 0 = 

x x, mi = \x T x, mz = \ 2 x T x. Jl4— JL 
q = =a = A, = A 2 , 444 (5 2 = A 2 — A 2 = 0. 

€ = 0. 

8. x 0 = i^l J , xi = 1^14^ , 444 CollatzS. -f 6| 

8 < A < 14 o|s.«- E ^ -f a]-. ;e -?)-*]•§■ ns. ^-Sfji 
error bound -fe 3J2..S. -g-t4 
/8\ /88\ 

xi = 14 , i 2 = 172 , 444 CollatzS -f 4 

\12/ V144/ 
11 < A < 12.286 o|3.-f E) -f El^ 31-^-^1- 11.6435. 
#-^4:2. error bound -b 0.643iL£. €-4. 



9. ?! = -5.666667, q 2 = -6.53818313, 93 = 
-6.63628132, 91O = -6.79574654, •••o)n_ 
3. A-7I3\ JE-M^- -6.80)14. 444 o] 3L-frz\°H 
^-l-Slt V4 *)>Td (A - 7/)t; = -6.8V, 

Av = 0.2v°]E.3. 0.2-te- A£) ^L-fj-*) o) 14. 

10. As) jl-fr*lfe A = ±5°)JL, »H ^-1-5)^ jL-fr*)7)- 



#-5.^, x 0 = Z\ + Z 2 °]B.S. Xl = 5(*i -22) 



(i)- 



4. 44*) m 0 — 10, mi — x£ xi = 0. 444 9 = 0. 
x 2 = 25(2i +z 2 ) °]E.S. ?il#*H 9 = 0o|4. 

* = - * 2 = V / W T ^ = 5 ^ 

±5£) tH al4- ^ As) JH-fr 

±5»1 Jl 444 -f 44 x Jtr error bounds 4# 
#4fe 3* * 4 1 S14- 



11. 21, 22, -• 
o|4 44. 

44-A-) g : 



2 n # Theorem <H1 4 4 3 
■Hi xo = Ec^e)^, x = i s _i = 
EcjA^-014. 



Zj, y ■ Ax s -i = x 

,27 



mo 



12. I 0 



xi = 



*+•••) 



A, 



-0.6 



X2 = 



0.030303 



- (!)• i 

13 = (-0.5179487)' X4 = (-0. 260013578)' 

X5 = (-0.365775508) ' " 

(-0.332868862) ^^* c t- 
^1 



13. xo 



xi = 



-0.4444444 , 
0.555555 / 



A. 



13 = 



-0.8312757 
0.8353909 / 

-0.98837032 ] , x 5 
0.988373865 / 

?m ( -0.999997139 ) °.± 
0.999997139 / 



-0.95448310 
0.9546078 / 



-0.997075974 
0.997076073 / 



X2 



X4 



^tr4- 



14. 10 = 



1 
1 

w 

0.570469799^ 
1 

0.651006711 
0.973154362/ 
/U549713932\ 

1 

0.618164012 
\0.917530024/ 



11 = 



X3 



/0.466666667\ 
1 

0.6 

\0. 733333333/ 
/0.494302767\ 
1 

0.58220293 
V 0.79815518 / 



X 2 = 



X4 
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/0.526540958\ 
1 

0.598398818 
VO.864660853/ 



15. (Program) 



18.9. Tridiagonalization and QR-factorization 



1. S 2 = 0.0488, u|-eH Vl = 



si 



Pi = 
Ai = 

2. S 2 = 
Pi = 
At 

3. S 2 
Pi = 
Ai = 



0.7384226 
0.6743383/ 
10 0 \ 

0 -0.0905357 -0.9958932 J , 
0 -0.9958932 0.0905357 / 
0.49 -0.220907 0. 
0.220907 0.435082 0.1859016 
0 0.1859016 0.244918 

( ° ^ 
25.92, nJ-sH vi = 0.9238795 

V-0.3826834/ 

° \ 
0.7071068 , 

-0.7071068/ 



ass) S.S., 



0 

-0.7071068 
-0.7071068 



3-^2.5,, 



■ 



5.091169 
0 



5.091169 
9.6 
0 



0 
0 
-0.8 



= 13, nJ-sH «i 



0 



0.8816746 
0.4718579 
10 0 
0 -0.5547002 -0.8320503 
0 -0.8320503 0.5547002 J 



-3.605551 
0 



4. 5? = 17, nJ-eM Vl 



Pi = 



A! = 




° ^ 

3.692308 

3.538462/ 



/I 
0 
0 

\o 

/ 6 -4.123 
-4.123 8.706 
0 -2.43 
V 0 -6.824 



: 52.44, nJ-eH «! = 



P 2 = 



/I 
0 

0 

Vo 




Pi = 



P 2 = 



A 2 : 




A 2 - 



5. 52 _ 45 6g) nj.^ t , i _ 



/l 0 

0 -0.7683 

0 -0.1480 

\0 -0.6214 



3-3 



6. 5 2 = 




5 


-4.2426 


0 


4.2426 


6 


-1 


0 


-1 


3.5 


0 


-1 


1.5 



0 

1.5 

3.5/ 



( 0 \ 



Sf = 2, nf-eM Vl = 



P 2 



/I 
0 
0 

Vo 



0 
0 

0.9239 
V0.3827/ 
0 0 
0 0 
-0.7071 -0.7071 
-0.7071 0.7071 / 
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9.055385 1.43560 0.11043\ 
0 3.9924 1.2127 ) 

0 0 0.7192 / 

9.1585 0.4409 0 
0.4409 4.1452 0.1801 

0 0.18013 0.6963 
9.1691 0.6397 0.008662\ 

0 4.1232 0.2102 J 

0 0 0.6877 / 

9.1893 0.1983 0 
0.1983 4.1236 0.03005 

0 0.03005 0.6871 
9.1914 0.2872 0.0006481\ 

0 4.1185 0.03505 I 

0 0 0.6868 / 

9.1955 0.08883 0 
0.08883 4.1177 0.005011 

V 0 0.005011 0.6868 
/14.2003 -0.055632 -0.0014084X 
I 0 -6.30372 0.133267 j 

V 0 0 2.105288 / 
/14.20039 0.044391 0 

0.044391 -6.30462 -0.066795 

V 0 -0.066795 2.10423 

(14.20046 0.0246825 -0.0002088X 
0 -6.305082 -0.044499 j 
0 0 2.10482 / 

( 14.2004 -0.01971 0 
-0.01971 -6.3052 0.022298 
0 0.022298 2.1047 

(14.20048 -0.01096 -3.0949E - 5 
0 -6.3052 0.01485 

0 0 2.1048 

/ 14.2005 0.008752 0 

0.008752 -6.3052 -0.007443 
\ 0 -0.007443 2.1048 

/7.0178 0.7481 0.007125\ 
0 3.4569 0.05631 J 

V 0 0 -1.5023/ 

(7.0533 0.2463 0 
0.2463 3.4483 -0.04346 
0 -0.04346 -1.5016 
/7.0576 0.3665 -0.001517\ 
0 3.4379 -0.02445 

V 0 0 -1.5021 / 



/7.0661 
B 2 = 0.1200 

V o 

(7.0671 
0 

(7.0691 
0.05829 

(0.5375 
0 
0 

/ 0.6463 
Bi = -0.1471 

V o 
/0.6628 

Ri = 0 

V o 

/ 0.6988 

B 2 = 



0.1200 

3.4358 
0.01899 
0.1783 
3.4334 
0 



0.01899 
-1.5019/ 
0.0003223\ 
0.01068 J 
-1.502 / 
0 



0.05829 
3.4329 -0.008306 
-0.008306 -1.5020 
-0.3802 -0.07640\ 
0.3579 0.2720 

0 0.1213 / 

-0.1471 0 
0.4201 0.06298 
0.06298 0.1036 
-0.2367 -0.01398X 
0.3822 0.07765 ] 
0 0.09209 / 

-0.08483 0 



-0.08483 0.3804 0.01517 
\ 0 0.01517 0.09083 

(0.7039 -0.1301 -0.001829\ 
0 0.3677 0.01880 ] 
0 0 0.09013 / 

/ 0.7145 -0.04431 0 
B 3 = -0.04431 0.3655 0.003719 
\ 0 0.003719 0.09005 

(7.8740 -9.3694 -1.6907N 
0 10.9571 4.2829 j 
0 0 2.2254 / 

/ 11.2903 -5.0173 0 
Bi = -5.0173 10.6144 0.7499 
V 0 0.7499 2.0952 

/12.3550 -8.8955 -0.3045N 
0.8861 



0 7.6988 

\ 0 0 2.0185 / 

/ 14.9028 -3.1265 0 

B 2 = I -3.1265 7.0883 0.1966 

\ 0 0.1966 2.0089/ 

,2272 -4.5153 -0.04037\ 

6.2984 0.2550 
0 2.002 / 

8299 -1.2932 0 

2932 6.1692 0.06249 

0 0.06249 2.0010 



/15.2: 

/15.! 
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1. Ax = b,A^ n x n x, 6-b >8)E-j<a nfl,Aa|- b7\ 

2. pivots H-S ^(«t)4 a 4* 4 J F : <H ^fe 

pivotl- o|-ff^ round off error4 °<H ^^5.^1 
4 4ki -^tr n?\ 4-2-7] i trrf. 

3. Gauss i^iy^ full matrix°|4 matrix size7 r 4-§- 
"H -*r-S-*r jI, Gauss Seidel iteration-^- matrix size^ 
3.4 sparse matrix^ «)| 4-8-^4. 

4. Gauss elimination^.^. ^cHxj -*}--y-4^ a|o| Doolit- 
tle's methods) U4 ^4. 44^ Doolittle's meth- 
odsfe- Gaussi^iya). ty>$°.s, <?i*i Ul- ^-* r 
oL H 4£ L-t- ^"44- 



5. 



- (/ + L) 1 ?7|| < 1o]t^ Gauss-Seidel iteration 
^tr4- 



6. ill-conditioning : dataofl^sj igs^f tfl 
**Rr «fl£) e ^^.f. 7^4- «)|, a ill- 
conditioningo] 43. 44- 

condition number(K(A)) : • H^H -1 
condition number^ linear system ill- 

conditioningS) o\ ojcf. 

7. least squares approximation n7)|s] ^ 
(zi,2/i) ••• (in,yn)-4- m* r 41H p(i) fitting* 

E"=l(W -P(l;)) 2 °l *l£4 Si^p(x)§fe «tJ 
°1 «t|, 4)i7f S]-^ p(x) = 60 + ••• +6 m l m l- §7] 

^ A i, §§7=0, i = 0, ••• ,m°)<H4 44. °| -M-i- 
^sltr u j- ; ^ / M 0 l normal equationo)4. 



8. Ax = Ax°] 07} 4\1 A. 

eigenvalue-^ condition number°l| 4tI!sH j1°..e.3. 
eigenvalue7 r 0<>t| 7 r 4£ ^s. condition number7 r 
^7-1 31 44^ linear system-fr ill-conditioningsM 

ai4- 

9. Power Method 

10. *8*a A4 B7(- similar44fe ^tg^o) ^(4^ 
^ P7 r ^X|jsH p-i J 4F = B0j ^^7). oj^. 4^ 

*«4- 

sysmetric matrix"! ^-f P# *t cfl z^-^ 

"Si 4* 4 SI4- 

11. power method : a simple standard procedure for 
computing approximate values of an n x n matrix 
A. 

Thus in this methods starting any vector xq ^ 0, 
compute successively xi = Axo, 12 = Ax\ ■ ■ - 
°1 HM34 43€r 7J-44 ^144^4 size7 r sparse 
matrixes. 4 5tf4fe 3°)4- ^ 4 



3^M4- 

12. ot-fr^El7 r 4^44- 

13. (Gerschgorin's theorem) 

Let A be eigenvalue of arbitrary n x nmatrix A. 
Then for any some integer j(l < j < n ) we have 
h.7 ~ H < Kl + cdots + Ioj-j-jI + la^+j I + |a in |. 
18.75] 1 

14. tridiagonal matrix : matrix having all its nonzero 
entries on the main diagonal and in the positions 
immediately adjacent to main diagonal. 

»M« QR-g-sflt * ifl *}-§-t!-4. 

15. q%A$ QK£) 3-o.il 44Mi-H 3-tt*1 ♦ tt^rHi 

4*«4- 

16. xi =4, X2 = 2x3 

17. xi = -2, x 2 = 0, x 3 = 5 

18. n = 3, X2 = 3x 3 + 2 

19. xi - 2.2, x 2 = 3.0, x 3 = -0.9 

20. xi = 4, x 2 = -1, x 3 = 2 

21. xi = 3.9, x 2 = 4.3, 2:3 = 1.8 

22. Doolittle's method4 Cholesky's method-? 

/I 0 0> 

L= 1 1 0 

\1 1 I, 

1 1 1\ 

u= 0 1 1 . 

\o 0 l/ 

xi =4, x 2 = -1, x 3 = 2. 



23. L 



1.00 0 0 
0.75 1.00 0 
0.25 0.33 1.00, 
'8.00 5.00 13.00' 
0 -0.75 2.25 
0 0 -2.00y 

sfl-fe- n = 2.2, x 2 = 3.0, x 3 = -0.9. 

/48 -8 -f 

24. i -8 39 1 

\-6 1 29 1 

2.8193 -1.5904 -0.0482N 

25. I -1.5904 1.2048 -0.0241 I 
-0.0482 -0.0241 0.1205 / 

10 -10 -10 \ 

26. -2.99240 3.18590 2.95784 
-5.66690 5.96406 5.97097/ 



U 
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( 17 \ 

27. n = 1.18 , x 2 
\4.0432/ 



1.9863X /2.0002X 
0.9992 ] , i 3 = 0.9999 ) 
4.0016/ \ 4.000/ 



28. ltJH -tj-t- 2»i^ -4| is., 2»H ^* 3S1-2-5., 3SJ.2I 



1.5067\ / 
1 = I 8.1753 , i 2 = 

V-1.0846/ \ 
-1.9992X 
8.0003 J 
-1.0001/ 
3 



2.0193\ 

7.9925 ] , 13 = 
-0.9967/ 



29. xi 



,0.45 

30. 2, v/2, 1 

31. 4, vTO, 3 

32. 24, yfm, 8 

33. 1, 1, 1 

34. 2.4, y/2M, 1.2 

35. 22, \/l86, 11 

36. 11 



3.2312N /3.1969N 
1.925 ) , i 2 = | 1.7875 J , 13 = 1-8020 
0.5078/ VO.4992/ 



37. 29 

38. 9.1 

39. 11.5x4.4579=51.2659 

40. 8.8x19.15=168.5 

41. 9x0.2687=2.4183 

42. y = 2.89 + 0.505x 

43. y = 4.09 + 0.205x 

44. y = 1.95 - 2.217i + 1.067x 2 



1.5 



45. TViangularizd Matrix : | -2.2361 

0 

6.5345 -2.8160 
-2.8160 7.0050 
0 

/ 8.6551 



1 QR-step : 



-2.2361 
5.8 
-3.1 
0 

-1.0387 
-1.0387 0.4604 



0 
-3.1 
6.7 



0 



2 QR-step 



9.4497 
3 QR-step : I -1.06216 



-2.1447 

-2.1447 5.0808 -0.05157 
0 

V-0.05157 0.2640 
-1.06216 

4.2868 -0.003076 

-0.003076 0.2634 J 



° \ 
003076 



Chapter 19 



Numerical Methods 

for Differential Equations 



Numerical methods for differential equations are of great importance to the engineer 
and physicist because practical problems often lead to differential equations that cannot 
be solved exactly by one of the methods in Chaps. 1 -5, and 1 1 or by similar methods. 
Also, there are differential equations for which the solutions in terms of formulas are 
so complicated that one often prefers to apply a numerical method to such an equation. 

This chapter includes basic methods for the numerical solution of ordinary 
differential equations (Sees. 19.1-19.3) and partial differential equations (Sees. 
19.4-19.7). 

Sections 19.1 and 19.2 may also be studied immediately after Chaps. 1 and Sec. 
19.3 after Chap. 2, since these sections are independent of Chaps. 17 and 18. 

Sections 19.4— 19.7 may also be studied immediately after Chap. 11, provided.the 
reader has some knowledge of linear systems of algebraic equations. 

Prerequisite for Sees. 19.1-193: Sees. 1.1-1.6, 2.1-2.3. 
Prerequisite for Sees. 19.4-19.7: Sees. 11.1-11.3, 11.5, 11.11. 
References: Appendix 1, Part E (see also Parts A and C). 
Answers to problems: Appendix 2. 



19. NUMERICAL METHODS FOR DIFFERENTIAL EQUATIONS 



19.1. Methods for First-Order Differential Equations 



true solution : y — 2e 0 11 



X n 


Vn 


Error 


0.1 


1.98 


9.9668E-5 


0.2 


1.9602 


1.9735E-4 


0.3 


1.940598 


2.93068E-4 


0.4 


1.921192 


3.8686E-4 


0.5 


1.90198 


4.7875E-4 


0.6 


1.88296 


5.6877E-4 


0.7 


1.86413 


6.5694E-4 


0.8 


1.84548 


7.4330E-4 


0.9 


1.82703 


8.2788E-4 


1.0 


1.80876 


9.1069E-4 


true solution : 


y — sin hnx. 


obtained give yg 


= 1.0110 


> 


complex and is meaningless 




x n 


Vn 


Error 




0.1 


0.15708 


-6.4E-4 




0.2 


0.31221 


-3.19E-3 




0.3 


0.46144 


-7.45E-3 




0.4 


0.60079 


-1.301E-2 




0.5 


0.72636 


-1.926E-2 




0.6 


0.83433 


-2.531E-2 




0.7 


0.92092 


-2.991E-2 




0.8 


0.98214 


-3.109E-2 




0.9 


1.01170 


-2.401E-2 




1.0 








true solution : y 


_ l 
i+* 5 




Xn 


Vn 


Error 


0.2 


1 


-3.199E-4 




0.4 


0.9984 


-8.536E-3 




0.6 


0.972881 


-0.04503 




0.8 


0.85021 


-0.0970 




1.0 


0.55413 


-0.05413 




1.2 


0.24707 


0.03960 




1.4 


0.12049 


0.03629 




1.6 


0.06472 


0.02235 




1.8 


0.037269 


0.01299 




2.0 


0.022688 


7.615E-3 




true solution : y 


— tanx — x. 


X n 


Vn 


Error 


0.1 


0.00000 


3.35E-4 




0.2 


0.001 


1.710E-3 


0.3 


0.005 


4.296E-3 


0.4 


0.014345 


8.448E-3 


0.5 


0.031513 


1.4789E-2 


0.6 


0.059764 


2.4373E-2 


0.7 


0.103292 


3.8996E-2 


0.8 


0.167820 


6.1818E-2 


0.9 


0.261488 


9.8670E-2 


1.0 


0.396393 


0.161014 



Since the values 
1, j/i0 comes out 



5. true solution : y - 



Xn 


y-n. 


Error 


0.1 


1.105 


0.000170916 


0.2 


1.22103 


0.000377756 


0.3 


1.34923 


0.000626181 


0.4 


1.49090 


0.00092264 


0.5 


1.64744 


0.0012745 


0.6 


1.82043 


0.00169011 


0.7 


2.01157 


0.00217901 


0.8 


2.22279 


0.00275199 


0.9 


2.45618 


0.00342132 


1.0 


2.71408 


0.00420096 



6. true solution : y 



_ i_ 



8. 





Vn 


Error 




0.1 


0.524969 


1.0E-5 




0.2 


0.549813 


2.1E-5 




0.3 


0.574411 


3.2E-5 




0.4 


0.598645 


4.2E-5 




0.5 


0.622407 


5.3E-5 




0.6 


0.645593 


6.3E-5 




0.7 


0.668114 


7.4E-5 




0.8 


0.689890 


8.4E-5 




0.9 


0.710855 


9.4E-5 




1.0 


0.730955 


1.04E-4 




true solution : y 


_ l 
T+x* 




X n 


Vn 


Error 


0.2 


0.96 


0.0015385 


0.4 


0.86029 


0.0017712 


0.6 


0.73504 


0.00025161 


0.8 


0.611571 


-0.0018156 


1.0 


0.50334 


-0.003338 


1.2 


0.41388 


-0.0040476 


1.4 


0.34197 


-0.0041344 


1.6 


0.28476 


-0.0038671 


1.8 


0.23929 


-0.0034458 


2.0 


0.20299 


-0.00299 


true solution : y 


= tan 2x 




Xn 


Vn 


Error 




0.05 


0.10050 


-1.7E-4 




0.1 


0.20304 


-3.3E-4 




0.15 


0.30981 


-4.8E-4 




0.2 


0.42341 


-6.2E-4 




0.25 


0.54702 


-7.2E-4 




0.3 


0.68490 


-7.6E-4 




0.35 


0.84295 


-6.6E-4 




0.4 


1.02989 


-2.5E-4 




0.45 


1.25930 


8.6E-4 




5.0 


1.55379 


3.62E-3 
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9. true solution 



V = 



_ l 



14. 



Xn 


Error of 


Error of improved 




Euler's method 


Euler's methods 


0.2 


-0.03846153 


0.0015385 


n a 


-U.Uo ( iMIU 


0.0017712 


0.6 


-0.04928 


0.00025161 


0.8 


-0.027085 


-0.0018156 


1.0 


-0.0070601 


-0.003338 


1.2 


0.005619901 


-0.0040476 


1.4 


0.01204921 


-0.0041344 


1.6 


0.0145476 


-0.0038671 


1.8 


0.0149013 


-0.0034458 


2.0 


0.01420116 


-0.00299 



10. The error of y(l) is -0.036, 
that in Prob.7.The eoor of 
twice that in Prob.7 and of 



hence comparable to 
y(2) is 0.0067, hence 
the opposite sign. 





3M 


Error 


1.1 


0.1 


0.00439421018 


1.2 


0.203360415 


0.0122022924 


1.3 


0.310868382 


0.0203308893 


1.4 


0.421674001 


0.0280118014 


1.5 


0.534801626 


0.0350654358 


1.6 


0.649419475 


0.0414875661 


1.7 


0.764866364 


0.0473282279 


1.8 


0.880628896 


0.0526509326 


The error is about less 20%. 




Vn 


Error 


1.2 


0.205493379 


0.0100693282 


1.4 


0.427624023 


0.0220617797 


1.6 


0.658699667 


0.0322073733 


1.8 


0.892368066 


0.040911762 


The error is about less 36.84%. 


X n 


Vn 


Error 


1.4 


0.435227219 


0.0144585834 


1.8 


0.90744067 


0.025839158 


The error is about less 82.55%. 




Vn 


Error 


1.1 


0.103290244 


0.00110396624 


1.2 


0.213379526 


0.00218318073 


1.3 


0.32803516 


0.00316411183 


1.4 


0.445615762 


0.00407004017 


1.5 


0.564954245 


0.00491281691 


1.6 


0.68520607 


0.0057009712 


1.7 


0.805753346 


0.0064412456 


1.8 


0.926140678 


0.00713915041 



15. true solution : y = -e~ 2x + 1 



17. 



Xn 


Error of 


Error of improved 




Euler's method 


Euler's methods 


0.1 


-0.0187307531 


0.00126924573 


0.2 


-U.UOUjZUU1o4 


U.UUZU f 995168 


0.3 


-0.0368116356 


0.00255636203 


0.4 


-0.0397289685 


0.00279279434 


0.5 


-0.0401994435 


0.00286040029 


0.6 


-0.0390502126 


0.00281245701 


0.7 


-0.0368817645 


0.00268850452 


0.8 


-0.034124359 


0.00251756507 


0.9 


-0.031081161 


0.00232066052 


1.0 


-0.0279611009 


0.00211274747 



16. The error is substantially less. 



x n 


Vn 


Error 


0.1 


0.181266667 


2.57947652E-06 


0.2 


0.329675728 


4.2258817E-06 


0.3 


0.451183174 


5.18985215E-06 


0.4 


0.550665371 


5.66525951E-06 


0.5 


0.63211476 


5.79874758E-06 


0.6 


0.69880009 


5.69813247E-06 


0.7 


0.753397595 


5.441 16939E-06 


0.8 


0.798098391 


5.09071087E-06 


0.9 


0.834696424 


4.6882677E-06 


1.0 


0.864660452 


4.26495382E-06 


true solution : y = e 


-O.lz 2 


x n 


Vn 


Error 


0.2 


0.996007989 


-1.27165944E-10 


0.4 


0.98412732 


7.85976839E-11 


0.6 


0.964640293 


3.36949801E-10 


0.8 


0.938004999 


7.92162447E-10 


1.0 


0.904837417 


5.57596858E-10 


1.2 


0.865887748 


4.78398654E-10 


1.4 


0.822012235 


-4.21883972E-10 


1.6 


0.774141972 


-3.34722927E-09 


1.8 


0.723250253 


-1.04978299E-08 


2.0 


0.670320067 


-2.06498385E-08 



18. The error of Runge-Kutta is substantially less. 



x„ 


Error of 


Error of improved 




Euler's method 


Euler's methods 


0.2 


-0.00399201066 


7.98925458E-06 


0.4 


-0.00787268012 


1.55762624E-05 


0.6 


-0.0114877065 


2.18345117E-05 


0.8 


-0.0146959283 


2.54447733E-05 


1.0 


-0.0173770811 


2.482018E-05 


1.2 


-0.0194381725 


1.82844515E-05 


1.4 


-0.0208180418 


4.25410799E-06 


1.6 


-0.0214898124 


-1.85709391E-05 


1.8 


-0.021461106 


-5.10472233E-05 


2.0 


-0.0207720845 


-9.34521723E-05 



19. e = (1.402709878 - 1.402707408)/15 
= 1.6467£ - 7 

e = (1.822792993 - 1.822788993)/15 
= 2.6667E - 7 
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Vn 


Error Estimate 


Error 






xlO 9 


xlO 9 


0.1 


1.2003346725 


3.0 


-0.4 


0.2 


1.4027100374 


3.7 


-1.9 


0.3 


1.6093362546 


5.9 


-5.0 


0.4 


1.8227932298 


9.4 


-11.0 


0.5 


2.0463025124 


13.1 


-22.5 


0.6 


2.2841368531 


14.4 


-44.7 


0.7 


2.5422884689 


5.0 


-88.4 


0.8 


2.8296387346 


-38.8 


-177.6 


0.9 


3.1601585865 


-191.1 


-369.0 


1.0 


3.5574085377 


-699.0 


-813.0 



19.2. Multistep Methods 



1 . exact solution : y = e x + x + 1 
Starting y n 

yo =0 



yi = 0.0051708333 
y 2 = 0.0214025709 
3/3 - 0.0498584971 



Xn 


predicted 


Corrected 


Error 




y* 






0.4 


0.09182 


0.09182 


1.57286E-7 


0.5 


0.14872 


0.14872 


-3.76386E-8 


0.6 


0.22211 


0.22212 


-2.73068E-7 


0.7 


0.31375 


0.31375 


-5.57891E-7 


0.8 


0.42554 


0.42554 


-8.99635E-7 


0.9 


0.55960 


0.55960 


-1.30709E-6 


1.0 


0.71826 


0.71828 


-1.79029E-6 



2. exact solution : y = e x 
Starting y n 
yo = 1 



j/i = 1.10517083 
2/2 = 1.22140257 
yz = 1.3498585 



Xn 


predicted 


Corrected 


Error 




f * 


fn 




0.4 


1.49182 


1.49182 


1.57286E-7 


0.5 


1.64872 


1.64872 


-3.76386E-8 


0.6 


1.82211 


1.82212 


-2.73068E-7 


0.7 


2.01375 


2.01375 


-5.57891E-7 


0.8 


2.22554 


2.22554 


-8.99635E-7 


0.9 


2.45960 


2.45960 


-1.30709E-6 


1.0 


2.71828 


2.71828 


-1.79029E-6 



3. exact solution : y = tan x + x + 1 
Starting y n 
yo = 1 



yi = 1.20033459 
j/2 = 1.40270988 
y 3 = 1.60933604 



X n 


predicted 


Corrected 


Error 




y* 






0.4 


1.82272 


1.82280 


-4.86249E-6 


0.5 


2.04620 


2.04631 


-1.24163E-5 


0.6 


2.28398 


2.28416 


-2.42425E-5 


0.7 


2.54203 


2.54233 


-4.35021E-5 



4. exact solution : y — (In i) 2 — (In x) 
Starting y n 
yo = 0 



yi = 0.103290239 
2/2 = 0.213379522 
y 3 = 0.32803515 



Xn 


predicted 


Corrected 


Error 




V" 






1.4 


0.445290 


0.445586 


0.0040997 


1.5 


0.564968 


0.564917 


0.0049495 


1.6 


0.685212 


0.685164 


0.0057429 


1.7 


0.805731 


0.805705 


0.0064890 


1.8 


0.926106 


0.926087 


0.0071925 



5. exact solution : y = e -0. 
Starting y„ 
yo = 1 



yi = 0.996007989 
V2 = 0.98412732 
y 3 = 0.964640293 



Xn 


predicted 


Corrected 


Error 




y* 


Vn 




0.8 


0.93801 


0.93800 


5.7006E-7 


1.0 


0.90484 


0.90483 


1.3123E-6 


1.2 


0.86590 


0.86589 


2.1831E-6 


1.4 


0.82202 


0.82201 


3.1250E-6 


1.6 


0.77415 


0.77414 


4.0739E-6 


1.8 


0.72326 


0.72325 


4.9632E-6 


2.0 


0.67033 


0.67031 


5.7301E-6 



6. exact solution : y = V& + x 
Starting y n 
yo = 3 

yi = 3.07245832 
y 2 = 3.15594681 
y 3 = 3.24961542 
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X n 


predicted 


Corrected 


Error 




y* 


Vn 




0.8 


3.35260 


3.35261 


-7.82118E-7 


1.0 


3.46409 


3.46410 


-1.27380E-6 


1.2 


3.58329 


3.58330 


-1.56472E-6 


1.4 


3.70945 


3.70945 


-1.69210E-6 


1.6 


3.84187 


3.84188 


-1.69662E-6 


1.8 


3.97995 


3.97995 


-1.61590E-6 


2.0 


4.12311 


4.12311 


-1.48134E-6 



7. 4 «fl^ 



8. exact solution : y = tan x + x + 1 
tan x approaches infinity as x \k 

9. (GAS PROJECT) 

10. y n + l =Vn + + 1 p{x)dx°\2-3, T = g. 

/*»+» p 2 (i)tte = /„+i + rV/ n+ i + |r(r + 

l)V 2 /n+l 

Vn+1 =Vn+ f*" +1 P2{x)dx = Vn + £(5fn+l + 
8/„ - fn-l). °l<4i, /„+!* 44-4 4* St 

/i/o 1 p 2 {x)dx = h{f n + iV/n + ^V 2 /„) 

= h (/„ + §(/„ - /„_!) + £(/„ - 2/„_! + /„_ 2 ) 

= £(23/„-16/ n _i+5/„_ 2 ) 

44*1 

Vn+l =Vn + ^(23/n - 16/„_! + 5/„- 2 ) 

= /(*n+i,y;+i) 

jlbIhs. 4*4- 

11. exact solution : y = e* 2 
Starting y n 

yo = 1 

yi = 1.01005017 

2/ 2 = 1.04081077 



Xn 


predicted 


Corrected 


Error 




y* 


Vn 




0.3 


1.09367 


1.09422 


-4.98128E-5 


0.4 


1.17297 


1.17362 


-1.11721E-4 


0.5 


1.28339 


1.28422 


-1.93718E-4 


0.6 


1.43253 


1.43363 


-3.06694E-4 


0.7 


1.63126 


1.63278 


-4.66015E-4 


0.8 


1.89504 


1.89717 


-6.93969E-4 


0.9 


2.24587 


2.24893 


-1.02337E-3 


1.0 


2.71533 


2.71978 


-1.50294E-3 



12. exact solution : y = e x 
Starting y n 
xo = 0, t/o = 1 
xx = 0.05, s/i = 1.00250313 
x 2 = 0.1, j/2 = 1.01005017 



Xn 


(h = 0.05) 


{h = 0.05) 


(h=0.1) 




yn 


Error 


Error 


0.3 


1.09417 


-1.41926E-5 


-4.98128E-5 


0.4 


1.17354 


-2.4295E-5 


-1.11721E-4 


0.5 


1.28406 


-3.8258E-5 


-1.93718E-4 


0.6 


1.43339 


-5.8241E-5 


-3.06694E-4 


0.7 


1.63240 


-8.7496E-5 


-4.66015E-4 


0.8 


1.89661 


-1.3103E-4 


-6.93969E-4 


0.9 


2.24810 


-1.9667E-4 


-1.02337E-3 


1.0 


2.71858 


-2.9682E-4 


-1.50294E-3 



13. exact solution : y = e x — x — 1 
Starting y n 
2/0 = 0 
t/i = 0.0214 

y 2 = 0.09181796 



Xn 


predicted 


Corrected 


Error 




y" 


Vn 




0.6 


0.22131 


0.22215 


-2.7236E-5 


0.8 


0.42460 


0.42562 


-7.7660E-5 


1.0 


0.71718 


0.71843 


-1.4888E-4 



14. exact solution : y = tan i — i + 4 
Starting y n 
yo = 4 

2/1 = 4.00270741 

2/2 = 4.02278899 



Xn 


predicted 


Corrected 


Error 




y 






0.6 


4.08035 


4.08451 


-3.7406E-4 


0.8 


4.21988 


4.23069 


-1.0469E-3 


1.0 


4.52785 


4.55905 


-1.63812E-3 


1.2 


5.24655 


5.36422 


7.92805E-3 


1.4 


7.32509 


8.06095 


0.336930 



15. One step methods Runge-Kutta Methods7]- 

^-e] ^4jL SE. multistep methods.5L4 tfl 
error?)- ajrf. 4£ x«W y£ 

•1 "8-f *3 «fl, ol a* $M *«4- 
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19.3. Methods for Systems and Higher Order Equations 



1. Computation Result 



X 


2/1 


V2 


0 


3 


0 


0.1 


3.6 


0.3 


0.2 


4.2 


0.57 


0.3 


4.812 


0.819 


0.4 


5.447 


1.0545 


0.5 


6.114 


1.2828 


0.6 


6.8241 


1.5094 


0.7 


7.5852 


1.7390 


0.8 


8.4066 


1.9758 


0.9 


9.2976 


2.2237 


1.0 


10.2675 


2.4864 



The graph of the solution yi , t/2 




2. Computation Result : 


X 


yi 


3/2 


0 


0 


4 


0.2 


0.8 


3.2 


0.4 


1.28 


2.4 


0.6 


1.504 


1.6640 


0.8 


1.536 


1.0304 


1.0 


1.435 


0.5171 



The graph of the solution yi , 2/2 




3. Exact Solution : t/i = e x — x, yi 



X 


yi 


Error 


V2 


Error 






xlO 4 




xlO 4 


0.1 


0.8 


48.37 


-1.9 


-48.37 


0.2 


0.61 


87.30 


-1.81 


-87.31 


0.3 


0.429 


11.81 


-1.73 


-118.2 


0.4 


0.256 


142.2 


-1.656 


-142.2 



4. Exact Solution : yi = i 3 — 3x, j/2 = 3x 2 — 3 



X 


yi 


Error 


3/2 


Error 






XlO 4 




XlO 3 


0.05 


-0.15 


1.25 


-3 


7.5 


0.1 . 


-0.3 


10 


-2.99 


14.99 


0.15 


-0.449 


26.24 


-2.95 


22.43 


0.2 


-0.597 


49.96 


-2.91 


29.70 


0.25 


-0.742 


81.06 


-2.85 


36.75 



5. (RK system) 



6. 



10. 



X 


yi 




3/2 




0.5 


6.21875 


1.2734375 




1.0 


10.7287598 2.57672119 




Exact Solution : 


yi = e 


x - X, J/2 


= — e 


X 


2/1 


Error 


y2 


Error 






xlO 8 




XlO 8 


0.1 


0.8048 


-8.10 


-1.9048 


8.30 


0.2 


0.61873 


-14.6 


-1.8187 


15.1 


0.3 


0.4408 


-19.8 


-1.7408 


20.33 


0.4 


0.2703 


-23.8 


-1.6703 


24.53 



- 1 



Error7V 2nfl o]^ °-S. f-<H-&4. 
Solution : yi = 0.3s 4 , y 2 = 1.2i 3 



8. 



I 


yi Error 
XlO 4 


j/2 Error 
xlO 4 


1.2 
1.4 
1.6 


0.62189 1.8518 
1.15197 5.1316 
1.96505 10.314 


2.07294 6.63004 
3.29126 15.3715 
4.91253 26.6382 



Solution 
Appendix. 



The solution is taken from Ref[l] in 



X 


yi 


Error 
XlO 5 


y2 


1.5 


0.511903 


-7.6 


-0.558002 


2.0 


0.224008 


-11.7 


-0.576897 


2.5 


-0.048288 


-9.5 


-0.497386 


3.0 


-0.260055 


0.3 


-0.339446 


3.5 


-0.380298 


17.0 


-0.137795 



9. 



X 


yi y2 


7T + 0.2 
7T + 0.4 
7T + 0.6 
7T + 0.8 
7T+ 1.0 


0.198669 0.980131 
0.389494 0.922061 
0.565220 0.830020 
0.719632 0.709991 
0.84790 0.568572 



Vn+l = f{x n + h) = /(in) + hf'{x n ) + 
|/l 2 /"(Xn)+0(h 3 ) 

y' n+1 = /'(in + h) = /»(*») + hf"(x n ) + 0(h 2 ) 

Vn+l =/(*n+l,y n+ i) 

42M y*+i = y*„ +Vx„ + §/* 2 y*„ + o{h 3 ) 

y n+1 =yx„+hyi' n +0(/ l 2 ) 

2Cn =/(*n+i,y„ +1 ) 



X 


yn 


y' n 


y'l 


Exact (4S) 


Error 




xlO 2 






xlO 2 


xlO 3 


0 


0 


0 


1 


0 


0 


0.2 


2 


0.2 


1.21 


2.14 


1.4 


0.4 


8.42 


0.442 


1.463 


91.8 


7.6 


0.6 


20.19 


0.735 


1.768 


22.21 


20.2 


0.8 


38.42 


1.088 


2.136 


42.55 


413 


1.0 


64.46 






71.83 


73.7 



11. 



Airy's equation : y" = 
■4eM f\x,y) = xys. 



ki = \ x 0.2 x f{x n , y n ) = 0.1x„yi 
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k 2 = k 3 = \ x 0.2 x f(x n + \ x 0.2,sm + \ x 0.2 x 
{y'n + ffci)) = 0.1(x„ + 0.1)(y„ + O.lj^ + 0.05*i). 
*4 = |x0.2x f(x n + 0.2,y n + 0.2 x (y' n + k 2 )) 
= 0.1(x n + 0.2)(y n + 0.2y' n + 0.2fc 2 ) 

12. T (|) = (|) r (|) by (25); now use interpolation 
in Table A2, etc. 

13. Solution : y = x 4 - 6x 2 + 3 



In 


Vn 


Error 


Z/2 






xlO 6 




0.2 


2.76161 


-7.99662 


-2.36808 


0.4 


2.06565 


-46.0698 


-4.54417 


0.6 


0.96970 


-103.992 


-6.33632 


0.8 


-0.43024 


-161.327 


-7.55253 


1.0 


-1.99981 


-187.457 


-8.00087 



14. 



x 


Vn 


Errorx 10 6 


1.0 


0.765198 


0 


1.5 


0.511819 


9 


2.0 


0.223946 


-55 


2.5 


0.048241 


-143 


3.0 


-0.259845 


-207 


3.5 


-0.379914 


-214 



15. (GAS PROJECT) 



19.4. Methods for Elliptic Partial Differential Equations 



1. u(x, y + k) = u{x, y) + ku y {x, y) + 0(k 2 ) 

u(x, y-k) = u(x, y) - ku y (x, y) + 0(k 2 )°\ E.S., 

u(x, y + k)-u(x, y) + ku y {x, y)+\k 2 u yy {x, y) + 
0(k 3 ) 

u(x, y-k) = u(x, y)-ku y (x, y) + \k 2 u yy {x, y) + 
0{k 3 )o)E.S., o) if.q<i\ oj=<^7|e) (6b)£| -&M 

u(x + h, y + k) = u(x, y + k) + hu x (x, y + 
k) + 0(h 2 ) = u(x, y) + ku(x,y) + h(u x (x,y) + 
ku xy (x,y)) + 0(h 2 ) + 0(k 2 ) = u(x, y) + ku(x,y) + 
hu x (x, y) + hku xy (x, y)) + 0(h 2 ) + 0(k 2 ) ■ 
*H A A 

u(x - h, y + k) - u{x, y + k) - hu x {x, y + 
k) + 0(/i 2 ) = u(x, y) + ku(x,y) - h(u z {x,y) + 
ku xy (x,y)) + 0{h 2 ) + 0(k 2 ) =u{x, y) + ku(x,y)- 
hu x (x, y) - hku xy (x, y)) + 0(h 2 ) + 0(k 2 ) ■ ■ ■ ^ 
H *1 

u(x + h, y-k) = u(x, y - k) + hu x {x, y - 
fc) + 0(h 2 ) = u(x, y) - ku(x,y) + h(u x (x,y) - 
ku xy (x,y)) + 0(h 2 ) + 0(k 2 ) = u(x, y )-ku{x,y} + 
hu x (x,y) - hku xy \x,y)) + 0(h 2 ) + 0(k 2 ) ■ • ■ ^ 
1 M 

u(x — h, y-k) = u{x, y + k) - hu x (x, y + 
k) + 0(h 2 ) = u(x, y) - ku{x,y) - h(u x (x,y) - 
ku xy (x,y)) + 0(h 2 ) + 0(k 2 ) = u(x, y)-ku(x,y)- 
hu x (x, y) + hku xy (x, y)) + 0{h 2 ) + 0{k 2 ) ■ ■ • M| »J 

4 4 

*4-§- IhksL M-Jp^ u xy (x, y)7\ vffrcj.. 



U21 = 87.5, 



Ui2 = U22 = 



exact solution 
62.5 

4SH ("11 U21 U12 U22) 

(step 2) (93.75 90.625 65.625 64.062) T 

(step 3) (89.0625 88.2813 63.2813 62.8906) T 

(step 4) 



(87.89063 
(step 5) 



87.69531 62.69531 62.59766) 



(87.59766 87.54883 62.54883 62.5244l) T 
(step 6) 

(87.52441 87.51221 62.51221 62.50610) r 
(step 7) 

(87.5061 87.50305 62.50305 62.50153) T 
(step 10) 

(87.5001 87.50005 62.50005 62.50002) T 
4eH 3S3. *Lo[ 6step^]Ai exact solutions)- ^4. 



3. exact solution : tin = uu - 
118.75 

(step 2) (130 110 137.5 
(step 3) (141.875 116.563 
(step 4) (145.156 118.203 
(step 5) (145.977 118.613 
(step 8) (146.246 118.748 



146.25, u 2 i 



U22 



114.375) 
144.063 
145.703 



146.113 118.682) 
146.248 118.749) 



117.656) 5 
118.477) 5 



5S5. 14 8stepof|^ exact solution^ ^4. 

4. exact solution : uh = —2, U21 = 2, u\ 2 

1 ' , u 2 2 = -16 
(step 2) 

(50.25 44.0625 31.0625 5.03125) T 
(step 3) 

(19.0313 12.5156 -0.484375 -10.7422) T 
(step 4) 

(3.25781 4.62891 -8.37109 - 14.6855) T 
(step 5) 

(-0.685547 2.65723 -10.3428 -15.6714) T 
(step 9) 

(-1.99487 2.00257 -10.9974 -15.9987) T 
(step 14) 

(-1.99999 2.00000 -11.0000 -16.0000) T 
4Bf^1 6S5. JLof 14step<Hl^ exact solutions]- ^-ji, 
3S5. S.o\ 9step<HH exact solutions)- ^-cf. 

5. (step 2) 

(50 37.5 37.7165 19.0206) T 
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(step 3) 

(18.8041 9.4562 9.6727 4.9987) T 
(step 4) 

(4.7822 2.4452 2.6617 1.4933) T 
(step 5) 

(1.2767 0.6925 0.9090 0.6169) T 
(step 10) 

(0.10940 0.10882 0.32533 0.32504) 7 " 
(step 16) 

(0.10825 0.10825 0.32476 0.32476) 7 " 

6. o| ^1-. a}^^ ^o) fi^A vm^jL 014. a) 
^*Rr &-§• [0, 0, 0, 0] T i ^ $\S\ €-4(16 SH 
step)i4 *\ *he] (ll<*i*t step) 

(step 2) 

(0 0 0.21651 0.27063) T 
(step 3) 

(0.054127 0.081190 0.297696 0.311228) T 
(step 4) 

(0.094722 0.101487 0.317994 0.321377) 7 " 
(step 5) 

(0.104870 0.106561 0.323068 0.323914) T 
(step 11) 

(0.108252 0.108252 0.324759 0.324759) T 

7. 1121 = uii = x, U22 — U12 = yS. -f-^ 

*]■£■ -3i + y = -200, 1 - 3y = -100 ±2. wRltf. 
4^ a; - 87.5, y = 62.5. 

8. uii = 92.85714, k 2 i = 90.17857, u 3 i = 92.85714, 
U12 = 81.25, u 22 = 75, u 2 3 = 81.25, u 3i = 
57.14286, u 32 = 47.32143, u 33 = 57.14286 

9. u n = 25, u 2 i = 18.75, u 3 i = 25, u l2 = 31.25, 
U22 = 25, u 23 = 31.25, u 31 = 25, u 32 = 18.75, 
it 33 = 25 

10. Pu, P 3 i, P31, P 33 , P 22 fe25°,P 21 , P 32 -fer 18.75°, 
Pl2, P 23 ^r 31.25°. 

11. tin = 0.0631345, U21 = 0.4267767, it 31 = 
0.4671956, U12 = -0.1742386, u 22 = 0.1767767, 
u 23 - 0.0277919, u 3 i = 0.0631345, u 32 = 
0.4267767, u 33 = 0.4671956 

12. (a) un = -U12 = -66 

(a) By symmetry, we can reduce the problem to 
four equations in four unknowns. 

"11 = « 3 i = -"is = -u 35 = -92.92 

«2i = -«25 = -87.45 

U12 = « 32 — -U14 = -U34 = -64.22 

u 22 = -u 24 = -53.98 

"13 = " 23 = U33 = 0 

13. (a) Coarse grid : u u = -ui 2 = -66.000 in 6 step. 

(b) solution of fine grid : 





Z-93.45 -88.06 


-93.26 \ 






-64.99 54.84 


-64.71 




(step 10) 


-0.74 -0.82 


-0.4548 






63.71 53.41 


63.91 






\ 92.68 87.19 


92.78 / 


(step 30) 








/ -92.92 -87.45 


QO QO 




-64.22 -53.98 


-64.22 


-4.96.E 


- 5 -5.52E - 5 


-3.07E - 


5 


64.22 


53.98 


64.22 




\ 92.92 


87.45 


92.92 


) 


(step 50) 






/ -92.92 -87.45 


-92.92 


\ 


-64.22 -53.98 


-64.22 


-2.07£ 


-9 -2.31JS-9 


-1.28E- 


9 


64.22 


53.98 


64.22 




V 92.92 


87.45 


92.92 


/ 


First Step 









"21 " 0 ,U 12 



,"12 



0.1060613 ,ui 2 



0.1072018, U2i 
"22 = 0.3240289 

0.1079241 ,ui2 



= 0.1081648, U2i 



14. 

1st approximation uu = 0, 
0.2886751, u 22 = 0.2886751 
2nd approximation : 
"u = 0.0769800, u 2 i = 0.3079201 
0.0769800, « 22 = 0.3079201 
Second Step : 

1st approximation un = 0.1026400, u 2 i 
0.1026400 ,ui2 = 0.3143351, u 22 = 0.3143351 
2nd approximation : 
ttii = 0.1060613, U21 = 
0.3216054, U22 = 0.3216054 
Third Step : 

1st approximation uu = 
0.1072018 ,ui2 = 0.3240289, 
2nd approximation : 
uu = 0.1079241, U21 = 
0.1079241, u 22 = 0.3244946 
Fourth Step : 
1st approximation uu 
0.1081648 ,u i2 = 0.3246498, "22 = 0.3246498 
2nd approximation : 

un = 0.1082223, U21 = 0.1082223 ,«i2 
0.32472438, u 22 = 0.32472438 
>4bH 3S5. 22L° r exact solution : uu = u 2i 
0.108, ui 2 = u 22 = 0.325 

15. po = 1.7<y «fl, 1st approximation 

"11 = 0, u 2 i = 0, «i2 = 0.3207501, u 22 

0.3207501, 

2nd approximation 

uu = 0.0859378, ui 2 = 0.3179698, tt 2 i 
0.0859378, u 22 = 0.3179698 
pi = 0.077 <y 4, 
1st approximation 

ttu = 0.1417933, u 2 i = 0.1417933, U12 
0.3161627, it 22 = 0.3161627, 
2nd approximation 

uu = 0.0912449, ui 2 = 0.3203910, u 2i 
0.0912449, u 22 = 0.3203910 

pi = 0.308 <y «fl , 

1st approximation 
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tin = 0.1319289, u 2 i0.1319289 =, uj 2 = 
0.3164818, u 22 = 0.3164818, 
2nd approximation 

uii = 0.1008378, u 12 = 0.32402849, u 2 i = 



0.1008378, u 22 = 0.32402849 
16. (GAS PROJECT) 



19.5. Neumann and Mixed Problems, irregular Boundary 

6. exact solution : u(x,y) = 9j/sin |7rr. 




°]-§-*r<d «fl» %A 



2. 0 = Hoi,* = -^(un - u_i,i)o|S.S. u_i,i = uii 

4- SL^ ^7il5.-¥-E-| U41 = U21 + 3°|iL 

i, HM-M* 

— 4uoi + 2un = 1 

«oi - 4un + u 2 i = -0.25 + 0.75 = 0.5 

tin - 4u 2 i + U31 = -1 

2u 2 l - 4u 3 i = -2.25 - 1.25 - 3 = -6.5 

4EH S||.fe uoi = -0.25, un = 0, u 2 i = 

0.75, U31 = 2. o) St-Jr exact solutions] u(x,y) = 

3. un = 1.1429, U21 = 1.1429, u 12 = 1.4286, u 22 = 
1.4286 

exact solution : u(x,y) = x + y 



exact solution : 


u{x,y) 


= x 2 y 2 






/-4 


1 


0 




1 


0 






1 


-4 




1 




0 


1 


0 


A = 


0 


2 




-4 




0 


0 


1 




1 


0 




0 




-4 


1 


0 




0 


1 




0 




1 


-4 


1 




\o 


0 




1 




0 


2 


-4/ 










/ 


4 


\ 








"21 








10 








u = 


"31 


> b 






8 
1 










1412 
















«22 








-20 







V-103/ 

4^ fsflfe- u u = 1, U21 = 3, 1131 = 9, 1112 
4, U22 = 16, U32 = 36. 

5. 6 = (2 0 -12 -9 -36 129) T 

un = 5.7778, u 2 i = 14.3333, U31 
23.2222, U12 = 10.7778, u 22 = 28.3333, u 32 
52.2222 



/-4 


1 


1 0 


0 




1 


-4 


0 1 


0 


0 


1 


0 - 


-4 1 


1 


0 


0 


1 


1 -4 


0 


1 


0 


0 


2 0 


-4 


1 


\o 


0 


0 2 


1 


-4/ 






/ a \ 






"21 




a 






"31 


,6 = 


2a 






«12 


2a 






"22 




3a + c 






\"32/ 




\3a + c/ 







a = 8.54733, c = — >/243 = -15.5885 
"J-eM, «n = "21 = 8.46365, ui 2 = u 22 = 
16.8436, ui 3 = u 23 = 24.9726. 

7. (GAS PROJECT) 

8. u A -a 2 u P w (1 -a 2 )u 0 + a/i(l -o)^- nj-e)-^ <tf 

a/i(l - o)S. 4^ 4* -M* ^e]«r^ 4 
"1 4£4- 



10. u 4 =uo+ «fc%tt + J(aA)a^ + (i) 

up=uo-ph^ + \(j>h) 2 ^ + (2) 

px(l)+ax(2) « (p+ 0 )u 0 + |(a 2 p+p 2 a)/i 2 ^ 

e 2 u 0 2 T i i i 1 

"1**1 « £ [itf&FB + j^u Q - ±u 0 ] . 



6 = Us. 



11. h = 3ol = s., F^^Mfe a = f , 
o(o + l) = ^, 6(6 + 1) = 2, l + a= f, l + 6 = 2o] 

P 22 °iHfe- a = §, 6 = 1 -f-ig a(o + 1) = 
6(6+1)= f, a +l = 6+l= fo)o S _( 7 )£ 1 p 227) . 

12. u x = 3x 2 — 3y 2 , u xx = 6x, u y = —6xy, u yy = 
— 6x,nJ-eJ"H, V 2 « = u xx + %,, = 0. 
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19. NUMERICAL METHODS FOR DIFFERENTIAL EQUATIONS 



13. A 



,b: 



-4 1 

1 -4 

1 0 

0 I 
/"n\ 

"21 
\ll22/ 

4=M "11 = 2.1214, U21 

1.5080, it 2 2 = 1-7893 



1 0\ 

0 1 

-4 1 

f -4/ 

-12 
0 

V-3.5/ 



3.9777, U12 = 




1 




0 




-4 


3 


2 

3 






' 0 ^ 




— V 


- 




— V 



= t§5, "21 



75IO, un = 



f^lO, «22 = ^16 

zlb)P.5. ff = 100. 4eH v = 380 



15. A 



f-A 


1 


1 




1 


-4 


0 




1 


0 


-4 


1) 


\o 


2 
3 


2 
3 




/"il\ 






380\ 


"21 


- 


■ 


190 


"12 




190 


V"22/ 






0 / 



4eM "11 = 152, u 2 i = 95, U12 = 133, u 22 = 38 



16. — 4un + 1x21 + U12 — 2 = 2 
uii — 4u2i — 0.5 = 2 
3.e) a., o = p = 9 = 1, 6 = 5°]-H~5- 



P22 : 



6U12 = 4. 

44*1 *tife "11 = -1.5, U21 = -1, "12 = -1 



19.6. Methods for Parabolic Equations 



1. u(x, t) = ^"(i> t)°lS-5., « t - = 
U0"t(l, *)l2->"xs = "0"zx(x, t) (j;) 2 . 44*1 

°1 "j = c 2 usfHl HUSr^ "t = u«4 

4- 

2. Sec 19.4 (6a)s) <*-H 2)*|) <3-<g«1 4-S-4- 



t 


x- 1 


x = 2 


x = 3 


x = 4 


x = 5 


0.5 


1.05 


2 


2.3 


2.4 


2.3 


1.0 


1 


1.67 


2.2 


2.3 


2.2 


1.5 


0.84 


1.6 


1.99 


2.2 


2.1 


2.0 


0.8 


1.41 


1.9 


2.04 


2 


i 


x = 6 


x = 7 


x = 8 


x = 9 




0.5 


2 


1.5 


0.8 


0.45 




1.0 


1.9 


1.4 


0.98 


0.4 




1.5 


1.8 


1.4 


0.9 


0.49 




2.0 


1.77 


1.35 


0.96 


0.45 




The 


first term in (10), Sec. 11.5, gi 


exp [- 




= O.lt, 


t = 100(lnl0)/pi 2 =23. 


t 


x = 0.2 x = 


0.4 x = 0.6 


x = 0.8 


0.01 


0.136 


0.15 


0.1 


0.05 


0.02 


0.106 


0.134 


0.1 


0.05 


0.03 


0.087 


0.119 


0.096 


0.05 


0.04 


0.073 


0.105 


0.090 


0.049 


0.04 


0.063 


0.093 


0.084 


0.047 



6. 



t 


x = 0.2 


x = 0.4 


x = 0.6 


x = 0.8 


0.01 


0.2 


0.35 


0.35 


0.2 


0.02 


0.188 


0.313 


0.313 


0.188 


0.03 


0.172 


0.281 


0.281 


0.172 


0.04 


0.156 


0.254 


0.254 


0.156 


0.05 


0.142 


0.229 


0.229 


0.142 


5M " 


(x, t) = u 


(1 -x,t)#- 


D J^t}4 





7. u*(0, t) = Ool.E.5. uij - u-ij w 2/i ^gi = 0. 4 
EH u<y « uij»14- 44*1 °) ^* (5)i D'y-ffr'd 
€*Kr -M-ir <^4- 

8. 7.2] H>4 formular* 4 

"0,7 + 1 = |("0j + 

"i,j+i = |".j + /racl4(u i+ i,j +u i _ 1 , j ), i > 2 
t x = 0.0 x = 0.2 x = 0.4 



0.01 


0 


0 


0 


0.02 


0 


0 


0 


0.03 


0 


0 


0 


0.04 


0 


0 


0.008 


0.05 


0 


0.002 


0.025 


0.06 


0.001 


0.007 


0.049 


0.07 


0.004 


0.016 


0.073 


0.08 


0.010 


0.027 


0.091 


0.09 


0.019 


0.039 


0.097 


0.10 


0.029 


0.048 


0.089 


0.11 


0.039 


0.054 


0.040 


0.12 


0.046 


0.047 


-0.002 
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t 


x = 0.6 


x = 0.8 


x = 1.0 


0.01 


0 


0 


0.5 


0.02 


0 


0.125 


0.866 


0.03 


0.031 


0.279 


1 


0.04 


0.085 


0.397 


0.866 


0.05 


0.144 


0.437 


0.5 


0.06 


0.187 


0.379 


0 


0.07 


0.201 


0.236 


-0.5 


0.08 


0.178 


0.043 


-0.866 


0.09 


0.122 


-0.601 


-1 


0.10 


-0.065 


-0.520 


-0.866 


0.11 


-0.140 


-0.493 


-0.5 


0.12 


-0.183 


-0.406 


0 



11. 



t 


x = 0.2 


x = 0.4 


x = 0.6 


x = 0.8 


0.04 


0.1636 


0.2546 


0.2546 


0.1636 


0.08 


0.1074 


0.1752 


0.1752 


0.1074 


0.12 


0.0734 


0.1187 


0.1187 


0.0734 


0.16 


0.0498 


0.0807 


0.0807 


0.0498 


0.20 


0.03387 


0.05482 


0.05482 


0.03387 



10. t = 2°J nfl, x = 0, 1, 2, • • ■ , 10£| tk-& 0, 0.6691, 
1.2619, 1.7212, 2.0075, 2.1043, 2.0075, 1.7212, 
1,2619, 0.6691, 0 . 

h = 0.2°]Z.Z. k = 0.04. 4sH 
t = 0.081) «fl , x = 0.2, 0.4, 0.6, 0.8.S] 0.04533, 
0.067233, 0.067092, 0.0393789. 



12. (GAS PROJECT) 
19.7. Methods for Hyperbolic Equations 



2. 



t 


x = 0.2 


x = 0.4 


x = 0.6 


x = 0.8 


0.2 


0.012 


0.02 


0.02 


0.012 


0.4 


0.04 


0.08 


0.08 


0.04 


0.6 


-0.04 


-0.08 


-0.08 


-0.04 


0.8 


-0.012 


-0.02 


-0.02 


-0.012 


1.0 


-0.016 


-0.024 


-0.024 


-0.012 


1.2 


-0.012 


-0.02 


-0.02 


-0.012 


1.4 


-0.004 


-0.008 


-0.008 


-0.004 


1.6 


-0.004 


-0.008 


-0.008 


-0.004 


1.8 


0.012 


0.02 


0.02 


0.012 


2.0 


0.016 


0.024 


0.024 


0.016 




t 


x = 0.2 


x = 0.4 


x = 0.6 


x = 0.8 


0.2 


0.048 


0.088 


0.112 


0.072 


0.4 


0.056 


0.064 


0.016 


-0.016 


0.6 


0.016 


-0.016 


-0.064 


-0.056 


0.8 


-0.072 


-0.112 


-0.088 


-0.048 


1.0 


-0.128 


-0.144 


-0.096 


-0.032 




H 1 < t < 2 


^ 33 £3 tVvfl JMr-l- -1-oj 


4- 










t 


x = 0.2 


x = 0.4 


x = 0.6 


x = 0.8 


1.2 


-0.072 


-0.112 


-0.088 


-0.048 


1.4 


0.016 


-0.016 


-0.644 


-0.056 


1.6 


0.056 


0.064 


0.016 


-0.016 


1.8 


0.048 


0.088 


0.112 


0.072 


2.0 


0.032 


0.096 


0.144 


0.128 



3. 



t x = 0.2 x = 0.4 



0.6 



: 0.8 



0.2 0.075 


0.15 


0.1 


0.05 


0.4 -0.05 


0.025 


0.1 


0.05 


0.6 -0.05 


-0.1 


-0.025 


0.05 


0.8 -0.05 


-0.1 


-0.15 


-0.075 


1.0 -0.05 


-0.1 


-0.15 


-0.2 


Sev 11.4 (14)<5H 




= is. Jf-'d 


,(6)-i)<HM Q 










Wij+l = )j + 


= km* + u + w + 


f(ih - (j + l)h] ■ 


-w 







(6)s| A-g-=MW 

"i+lj = \[f{(i + 1)^ + jh) + /((i + l)h - jh)], 

= -klf(ih + U - V>>) + f(ih - - l)h)]. 
^t;}^ (7)-)^ i5-^o| ul^-cl. 

5. true solution : u(x, t) = j-[coS7r(x-t)-cos7r(x-l- 
t)l 



X 


t = 0.2 


t = 0.4 


0.2 


0.11755705 


0.190211303 


0.4 


0.190211303 


0.307768354 


0.6 


0.190211303 


0.307768354 


0.8 


0.11755705 


0.190211303 



: 0.1 



x = 0.2 



x = 0.3 



0.0 


0 


0 


0 


0.1 


0.030901699 


0.058778525 


0.080901699 


0.2 


0.058778525 


0.111803399 


0.153884177 


0.3 


0.080901699 


0.153884177 


0.211803399 


0.4 


0.09510565 


0.180901699 


0.248989828 


t 


x = 0.4 


x = 0.5 




0.0 


0 


0 




0.1 


0.0951056516 


0.1 




0.2 


0.180901699 


0.190211303 




0.3 


0.248989828 


0.261803399 




0.4 


0.292705098 


0.307768354 




/(*) 


= 1 — cos 2ttx, 


g(x) = x - x 2 , 


k = h = 0.1°1 










t = 0.01 °J 4, 








= h{ui-i,o + Uii.o) + kgi ,i 


= l,2,---n - 












= /(0.1i) = l- 


cos(2tt0.1 x i), 


9i = 


g(0.1i) = (O.li) 


-(0.1i) 2 olr4. nj-EH (7f)S-f 


E| u, 


,i, ,i = l,2, ••■ 


n - 1* ^ tr4- 




t = 0.02°J 4, 








= u i-l,j + — u i,j-l = 


l,2,---n - 1 


o] q 


±3. =S4^ 4-S-4 7 E >-r4 
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X 


t = 0.1 


t = 0.2 


ft ft 


o 


0 


ft 1 


ft ^4491 fiftS 


0 575016994 


ft o 


ft 7fifi 
U. 1 OD 




0.3 


1.271 


1.1354915 


0.4 


1.6785085 


1.296 


0.5 


1.83401699 


1.35701699 


0.6 


1.6785085 


1.296 


0.7 


1.271 


1.1354915 


0.8 


0.766 


0.934508497 


0.9 


0.354491503 


0.575016994 


1.0 


0 


0 



8. Sec 11.4£1 (13)441 444, u(x,y) = \(f(x + t) + 
/(* - 0) + /".j?»(«)«*» 0 U. /(x) = u(*,0)«liL3. 

3 4<H1 tfl'y*)-^ -f44 44^ 44 4*4- 
S(s)ds « 2fc 5i 4-H-S- (8)44 

9. i = 0.1, 0.2, •■■ , 0.9°J «H, *8 
-fe- 0.346358169, 0.751566667, 1.25206667, 



1.65687516, 1.81148366, 1.65687516, 1.25206667, 
0.751566667, 0.346358169°] 44- 



10. 



t 


x = 0 


x = 0.2 


x = 0.4 


0 


0 


0.04 


0.16 


0.2 


0.04 


0.16 


0.36 


0.4 


0.16 


0.36 


0.64 


0.6 


0.36 


0.64 


1 


0.8 


0.64 


1 


1.44 


1.0 


1 


1.44 


1.96 


t 


x = o.e 


x = 0.8 


x= 1.0 


0 


0.36 


0.64 


1 


0.2 


0.64 


1 


1.44 


0.4 


1 


1.44 


1.96 


0.6 


1.44 


1.96 


2.56 


0.8 


1.96 


2.56 


3.24 


1.0 


2.56 


3.24 


4 


4 a 


true solution u(x, y) = (x 









Chapter 19. Review 



1. Geometrically it is an approxmation of the curve 
of y{x) by a polygon whose first side is tangent to 
the curve at so- 

2. layer formular<H| 4 y(x + h) - y(x) = hy'(x) + 
0{h 2 )S. 5.4* <r- al-i- 4, 0(/i 2 )* local orderSfJE 

Euler method44 #3.4 4fe -?-4<H14 .2.44 
0(h)H «)|, o| global orderolBfJL -f-g-4- 

3. error estimate = ||true value - calculated value|| 

4. 44£--!r 0(h)44- 445L* ^-444-fe- aj-HJ-g; im- 
proved euler method7l- SU4- 

5. layer Method : /(x + /i) = /(x) + h/'(x) + 
£/"(*) + ••• 

numerical method<H14-c- 444 -t"S"§- 4e1:n. 4-8- 
44- 

6. y n +i4 a* ^44 444. 

7. 67||4 function £.2_.3.4 2M+1-& ^4 HJ"*y 4£- 
(12a)4 (12b) :x&U (14)444- 

8. Euler Method, Runge-Kutta Method 

9. automatic step size contral44 44 -2-44 ^-44 
tolerance & -&4 4 44*1 hn^l 3.4* 4 
f-4 °LS. 3^84-fer 444- 

10. Euler Method* _SL4 y n+ i = j/ n + /i/(x„, 2/„)-2- 
3. 43. a 44 #4-£ 4-§-4£r 4>81- One step 
method4a. 44- 

Adams-Bashforth Method!- 3.4 y n+ i = j/„ + 



£(55/„ - 59/n-i + 37/ n _ 2 - 9/ n _ 3 ) 43- °i 
4 St £4 444 a 44 St* 44 ■£ 4-S-44 St* 

11. improved euler method°fl4 Vn+i = Vn + 

hf{Xn,yn)S.S, 43 2/n+lSM" St°-3. "=^4 

«i Vn+1 = Vn + \h[f{Xn,Vn) + /(^n+l . V* n +l )]* 

^-44- 

12. #4 One step method^- self-starting 44ol 
^tr4. sfl444 *)-§-Hl 444 4, 4 el ^-ir^4 * 
5M 84 4£44- 

0. 5] 4- Muliti step method non-self starting 4 

3. 44^4 4444 4-1-4 44* 4, 4=1 
/i, / 2 , /s-f-S- 4444 44 4*44. 

13. Second differential equation^] 4 y'44 &-c- 44 

*4M sa4- 

14. space 44.2-3.-g. time44.2-3.-c- 4^.2.34 4-S-& 
£ ^-cfl ■>> 4H.3. finite dofference7> *44- 

15. five point difference methods. 

16. Because boundary condition. 

17. tJ-HI 444 4=4- 

18. Laplace equation : ADI-method 
Parabolic equation : Crank-Nicolson method 
Hyperbolic equation : explicit method 

19. 18»!4 44 =£-§-• 



CHAPTER 19. REVIEW 



20. wave equation : initial displacement u(x,0), initial 
velocity ut(x,0) 

heat equation : initial condition u(x,0) 

21. Solution : y = e x 



24. 



Vn 



Error 



0.1 

0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 



1.1 
1.21 
1.331 
1.4641 
1.6105 
1.7716 
1.9487 
2.1436 
2.3579 
2.5937 



0.005170 
0.011403 
0.018859 
0.027725 
0.038211 
0.050558 
0.065036 
0.081952 
0.101655 
0.124539 



Vn 



Error 



22. 



0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
1.00 



1.01 
1.0201 
1.03030 
1.04060 
1.05101 
1.06152 
1.07214 
1.08286 
1.09369 
1.10462 



5.0167E-5 
1.0134E-4 
1.5353E-4 
2.0676E-4 
2.6105E-4 
3.1640E-4 
3.7283E-4 
4.3036E-4 
4.8901E-4 
5.4879E-4 



23. Solution : y = ±e 



-2x 



X n 




Error 


0.1 


0.50526 


-4.13114E-4 


0.2 


0.51959 


-7.34721E-4 


0.3 


0.54241 


-9.90473E-4 


0.4 


0.57336 


-1.20038E-3 


0.5 


0.61227 


-1.38007E-3 


0.6 


0.65911 


-1.54182E-3 


0.7 


0.71405 


-1.69530E-3 


0.8 


0.77734 


-1.84822E-3 


0.9 


0.84942 


-2.00687E-3 


1.0 


0.93083 


-2.17639E-3 


Solution : y = 


2e~ x +x 2 + 1 




Vn 


ErrorxlO 4 


0.1 


2.8205 


-8 


0.2 


2.6790 


-15 


0.3 


2.5738 


-22 


0.4 


2.5033 


-27 


0.5 


2.4662 


-32 


0.6 


2.4612 


-36 


0.7 


2.4871 


-39 


0.8 


2.5429 


-42 


0.9 


2.6276 


-44 


1.0 


2.7404 


-46 



25. Solution : y = e x 



28. 



29. 



Xn 


Vn 


Error(5S) 


Error(9S) 


0.1 


1.10517 


0 


8.60E-8 


0.2 


1.22140 


0 


1.91E-7 


0.3 


1.34985 


0 


3.15E-7 


0.4 


1.49182 


0 


4.64E-7 


0.5 


1.64872 


0 


6.39E-7 


0.6 


1.82212 


0 


8.44E-7 


0.7 


2.01375 


0 


1.08E-6 


0.8 


2.22554 


0 


1.37E-6 


0.9 


2.45960 


0 


1.70E-6 


1.0 


2.71828 


0 


2.09E-6 



26. Solution : y = e V 


Xtl 


Vn 


Error 


0.2 


1.02020133 


6.1E-9 


0.4 


1.08328699 


7.40E-8 


0.6 


1.19721701 


3.53E-7 


0.8 


1.37712642 


1.344E-6 


1.0 


1.64871669 


4.582E-6 



27. Solution : y — e 



— pl+ln I 



Error 



1.2 


3.98395076 


0.000189546 


1.4 


5.67681876 


0.000461198 


1.6 


7.92400548 


0.000846399 


1.8 


10.8879797 


0.001385703 


2.0 


14.7759806 


0.002131595 



From y' = x + y and the given formaula we get, 

with h - 0.2 

/ci = 0.2(x n +y n ) 

k 2 = 0.2[x n + 0.1 + y n + 0.\(x n + y n )] 

k' 3 = 0.2[x n +0.2 + 3M-0.2(x„ + SM)-r0.4[l.l(x n + 

yn) +0.1]] 

= 0.2[1.24(x n + s/ n ) + 0.24] 
and from this 

y n +i = Vn + £[1.328(x„ + y n ) + 0.128] 
The computed values are 



Xn 


Vn 


ErrorxlO 6 


0.0 


0 


0 


0.2 


0.021333 


69 


0.4 


0.091655 


170 


0.6 


0.221808 


311 


0.8 


0.425035 


506 


1.0 


0.717509 


772 





Vn 


Error 


0.1 


1.105 


0.00017092 


0.2 


1.22102 


0.00037777 


0.3 


1.34923 


0.00062619 


0.4 


1.49090 


0.00092266 


0.5 


1.64745 


0.00127452 


0.6 


1.82043 


0.00169014 


0.7 


2.01157 


0.00217904 


0.8 


2.22279 


0.00275202 


0.9 


2.45618 


0.00342137 


1.0 


2.71408 


0.00420099 
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19. NUMERICAL METHODS FOR DIFFERENTIAL EQUATIONS 



30. Solution : y = tan x — x + 4 





V'n 


2/n 


Error 


0.8 


4.2234 


4.2297 


-5.1845E-5 


1.0 


4.5376 


4.5569 


5.4813E-4 



31. Solution : y = sin x 



X n 


y' n 


Vn 


Error 


0.8 


0.717249 


0.717366 


-1.03999E-5 


1.0 


0.841382 


0.841496 


-2.50596E-5 


1.2 


0.931975 


0.932076 


-3.67559E-5 


1.4 


0.985398 


0.985499 


-4.93619E-5 



32. y n+1 =y n + p(x)dx°) 2. 3, r = ^-^3- 

J*»+i pi(x)dx = /n+i 4- rV/ n+ i 

y n +i = Vn + f*£ +i Pi(x)dx = y n + h(fn+i - 

K/n + l - fn)) = Vn + |(/n+l +/»)• «H , 

ft/ Q 1 p 1 (x)di = h(/ n + |V/ n ) 

= A(/« + i(/n-/»-l)) 
= 12 (^/n — fn-l) 

y n+ i = y» + $(3/ n -/„-i) 

/„ +1 = /(in+i,y;+i) 

33. Solution : ;/ = e J - x + 1 

Xti y n Error Error | 

as third degree 

0. 4 0.04977 0.04206 

0.6 0.09826 0.12386 

0.8 0.16870 0.25684 1.3050E-5 

1.0 0.26303 0.45525 | 1.3137E-5 

34. Solution : yi = 2cos(2x), 3/2 = -4sin(2x) 

Xn yi V2 

0.2 2. -1.6 
0.4 1.68 -3.2 
0.6 1.04 -4.544 

0.8 0.1312 -5.376 

1.0 -0.944 -5.481 

1.2 -2.0402 -4.7258 

1.4 -2.9853 -3.0936 

1.6 -3.6041 -0.7053 

1.8 -3.7451 2.1779 

2.0 -3.3095 5.1740 

35. 

x n Vl 3/2 

0.2 1 0 
0.4 1. 0.008 

0.6 1.0016 0.04 

0.8 1.0096 0.11211 

1.0 1.03202 0.24134 

36. True Solution : yi = -6e 9x + 3e 31 , 3/2 = 
-2e 9x - e 3x 

x n I yi Error 3/2 Error 

0.05 -5.9234 -9.9468E-4 -4.2981 -3.3284E-4 

0.1 -10.705 -3.1212E-3 -6.2680 -1.0434E-3 

0.15 -18.432 -7.3450E-3 -9.2807 -2.4536E-3 



37. Solution : yi = — cos x + e x , 3/2 = sin x + e x 



Xn 


Vi 


Error 


V2 


Error 


0.2 


0.24134 


-1.7151E-6 


1.42007 


6.559E-6 


0.4 


0.57077 


-1.9625E-6 


1.88123 


1.412E-5 


0.6 


0.99678 


-6.9491E-7 


2.38674 


2.246E-5 


0.8 


1.52883 


2.0736E-6 


2.94287 


3.139E-5 


1.0 


2.17797 


6.2482E-6 


3.55971 


4.081E-5 



38. Solution : 3/ = x 3 - 3x 





yi 


Error 


V2 


Error 


0.1 


-0.3 


0.001 


-3. 


0.03 


0.2 


-0.597 


0.005 


-2.94 


0.06 


0.3 


-0.8850 


0.01198 


-2.8197 


0.0897 


0.4 


-1.1579 


0.02191 


-2.6388 


0.1188 


0.5 


-1.4097 


0.03470 


-2.3970 





39. Solution : y = |(3x 2 - 1) 





yi 


Error 


VI 


Error 


0.1 


-0.485 


0 


0.3 


0 


0.2 


-0.44 


0 


0.6 


0 


0.3 


-0.365 


0 


0.9 


0 


0.4 


-0.26 


0 


1.2 


0 


0.5 


-0.125 


0 


1.5 


0 



40. u(Pn) = u(Pi 2 ) = 105, u(P 2 i) = 155, u(P 22 ) = 
115 

41. Uij = («<+i,j +Ui,j-i)/4o]°.S. 

42. P n = 1.96, P12 = 7.86, Pi 3 = 29.46 

43. Liebmann's method's^ £|*H 15 Setp(5S)«fl-H «l| 
-HI ^tft*. 

u(Pn) = 267, u(P 2 i) = 30, u(P 3 i) = 
270, u(Pi 2 ) = 90, u(P 22 ) = 60, u(P 32 ) = 
90, u(Pi 3 ) = 30, u{P 23 ) = 30, u(P 33 ) = 30 



t 


x = 0 


x = 0.2 


x = 0.4 


0.02 


0 


0 


0 


0.04 


0 


0 


0 


0.06 


0 


0 


0 


0.08 


0 


0 


0.062 


0.10 


0 


0.031 


0.108 


0.12 


0 


0.054 


0.172 


0.14 


0 


0.086 


0.189 


0.16 


0 


0.095 


0.188 


0.18 


0 


0.094 


0.135 


0.20 


0 


0.068 


0.067 


0.22 


0 


0.034 


-0.019 


0.24 


0 


-0.009 


-0.086 



CHAPTER 19. REVIEW 



t 


x = 0.6 


i = 0.8 


x = 1.0 


0.02 


o 


0 


0.5 


0.04 


o 


0.250 


0 Rfififl 
u.ouuu 


0.06 


0.125 


0.433 


x 


0.08 


0.217 


0.562 


0 RfifiO 


0.10 


0.312 


0.541 


0.5 


0.12 


0.325 


0.406 


0 


0.14 


0.289 


0.162 


-0.5 


0.16 


0.176 


-0.105 


-0.8660 


0.18 


0.041 


-0.345 


-1 


0.20 


-0.105 


-0.479 


-0.8660 


0.22 


-0.206 


-0.485 


-0.5 


0.24 


-0.252 


-0.353 


0 



45. -fajfe x = 0, • • • ,0.5^}s] 

0.5°fl tfl*H 



t 


x = 0.0 


x = 0.1 


x = 0.2 


x = 0.3 


0.1 


0.00 


0.08 


0.15 


0.2 


0.2 


0.00 


0.06 


0.12 


0.17 


0.3 


0.00 


0.04 


0.08 


0.12 


t 


x = 0.4 


z = 0.5 


1 = 0.6 




0.1 


0.23 


0.24 


0.23 




0.2 


0.2 


0.21 


0.2 




0.3 


0.15 


0.16 


0.15 





Chapter 20 



Unconstrained Optimization, 
Linear Programming 



This chapter provides an introduction to the more important concepts, methods, and 
results of optimization. Optimization principles are of increasing importance in modern 
engineering design and systems operation in various areas. The recent development 
has been affected by computers capable of solving large-scale problems, and by the 
corresponding creation of new optimization techniques, so that the entire field is in the 
process of becoming a large area of its own. 

Prerequisite: A modest knowledge of linear systems of equations. 
References: Appendix 1 , Part F. 
Answers to problems: Appendix 2. 
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20. UNCONSTRAINED OPTIMIZATION. LINEAR PROGRAMMING 



20.1. Basic Concepts. Unconstrained Optimization 



1. n = 0-y «H, V/(x 0 ) = V/(6,3) = (12,18) 

n = 1°J «fl, V/(xi) = V/(3.484, -0.774) = 
(6.968, -4.644) 

3.^2.3. V/(x 0 ) ■ V/(xi) = 12 x 6.968 + 18 x 
(-4.644) = 0.024 

n = 2<£ nfl, V/(x 2 ) = V/(1.327, 0.664) = 
(2.654,3.984) 

ZLEi£.S. V/(xi) • V/(x 2 ) = 6.968 x 2.654 + 
(-4.644) x (3.984) = -0.0086. -f--§-. <d^-fe 
gradient^- ^;s]o]c)-. 

i'-sHr t$-& g'(t) = 0-y t = t„»|E5. 
g'(t n ) = [f(z(t n ))]' = V/(z(t n )) ■ z'(t n ) = Oo] 
cf. z(t n ) = x n+ i, z'(t„) = V/(x„)o|=L5. 

V/(x n+i ) • V/(x n ) = 0. 

**************************** 

4^§- Ei-c- i-fr /(xi, x 2 )7l- quadratic func- 

tiono)i5., cf-S-4 ^-o] ^-iV^j-ci. 

/(xi, 12) = axi + bx2 + cxi + dx2 + ex\X2S. -f- 

4, 

V/(xi, x 2 ) = (2ax + c + ex2, 2f>y + d + exi) 
z(t) = (xi,X2) — t(2axi + c + ex 2 ,26x2 + <i+exi) = 
(xi — (2axi + c + ei2)*, x 2 — (26x2 + d + ex\)t) 
_ d/ l(2axi + c + ex2) + d/2(2ox 2 + d + en) 

2a(d/l) 2 + 2fr(d/2) 2 + 2e(d/l)(d/2) 
'tr, d/1 = 2axi + c + ex 2 . <f/2 = 26x 2 + d + exi 



3. 



4. 



n 


t 


XI 


X2 


0 




4 


0 


1 


0.13077 


3.7385 


1.0462 


2 


0.425 


3.11077 


0.889231 


3 


0.13077 


3.08180 


1.00511 




n 


t 


Xl 


X2 


0 




1 


-2 


1 


0.22368 


1.67105 


0.68421 


2 


0.283333 


1 


0.851974 


3 


0.22368 


1.03311 


0.984418 




n 


t 


Xl 


x 2 


0 




5 


2 


1 


0.633598 


-1.4880 


0.97991 


2 


1.38540 


-1.29286 


-0.261496 


3 


0.633598 


-1.40147 


-0.278573 



n 


t 


Xl 


X2 


0 




0 


0 


1 


0.021511 


0.688352 


-0.860441 


2 


0.284722 


1.76390346 


0 


3 


0.02151102 


1.845162 


-0.1015735 



6. /(x) =x\ -x 2 o)n.S. 
z(t) = x- t[2xi, -1] 
zlAs^, g{t) = (1 - 



[(l-2t)xi,'x 2 + t], 



2t) 2 xf 



X2 



-4(l-2t)x?-l = 0. o|s.Jf^,i_2t = - 



- 4- 1-^ 

2 + i 8i? 



t, g'(t) = 
4^> t = 



2 W = [-4H7- 12 '> 2 ■ gxj 
o\S-^- E-i Xl = 1, x 2 = 15. ^ 

«1 = [-T. ! + 5 + g] 

z 2 = [1, 1 + 2-1 + 1 + 2] 

Z3 = hi 1 + 3- |+2-i+2], etc 
7. /(X1,X 2 ) = x\ + CX2">lS.5. V/(xi,x 2 ) = 

(2xi,2ci2). 

z(t) = (xi,i2) - i(2xi,2ci2) = (xi - 2ixi,X2 - 
2cix 2 ) 

g(t) = (xi - 2txi) 2 + c(x 2 - 2ctx 2 ) 2 
g'(t) = -2xi(xi - 2txi) - 2c 2 x 2 (x 2 - 2ctx 2 ) = 0 



2_2 



Xj + CX. 

2x\ + 2c 3 x] 



X 0 = [C, 1]« «S,t= j^.X! =[^,- 



c+1 



e+lJ 



*|4f ■^M^r'S «*Rr 4£<+- 



n 


t 


Xl 


X 2 


0 




2 


1 


1 


0.83 


-1.33 


2.67 


2 


-0.83 


-3.56 


-1.78 


3 


0.833 


2.370 


-4.740 


4 


-0.83 


6.321 


3.1605 


5 


0.83 


-4.214 


8.428 



10. (PROGRAM) 



20.2. LINEAR PROGRAMMING 
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20.2. Linear Programming 



1- &* t &4- convex seto\s_g_ ?£ t)| «1| *\ s| 

2. »Wi. <H]* *H / = 5n + 2X25. =9-^ 
12o]jlo| ^^^-AB^5] i-E-^H 12? r 4*4- 

3. ii*H<M tg-qss. BffH^^. 
4. 



5. 



6. 



7. 



8. 




9. 




10. *^7]- -&|* -II + X 2 < -5# 
-xi +x 2 > -55. »ft<Ho|: tr4- »1«D, Si til St : 
/(9, 4) = 270 + 40 = 310 

11. 10»}4 4#7 r xl3. z\^A S\± *°J 
*r*1 #3- =3(0,10)4 ^ (3,4)* o|£ Aj-g- $)<>(M 

225°|4- 

12. 7^7} -jrtr*r*l ^°.5.5 iH££ &4- 

13. |) = if 

14. : /(9, 6) = 360 

15. *|^H3t : /(0, 5) = 10 

16. f- : P = Xi + 2x 2 , *8$2.3l : 2xi + 4x 2 < 
800, 5xi + 2x 2 < 600, 

4eH PS) *]>M£xi = 50, x 2 = 175-y «fl,225°] 
4- 

17. xi* Li^S\ 7fl^, x 2 * L 2 *fl-§-£) tS^eJ»* «fl, 
i)m o|<H S _ 15xi + i0x 2 o|ji, ^ i^o. 
|xi + |x 2 < 100, |xi + ix 2 < 80. 4eM 
^^11= 210, x 2 = 60<a «t|, 3750* #^4. 

18. xi=Number of days of operation of kiln I. 
X2=Number of days of operation of kiln II. 
Object function : / = 400xi + 600x 2 
Constraints : 

(Grey bricks) 3000xi + 2000x 2 < 9000 
(Red bricks) 2000xi + 5000x 2 < 17000 
(Glazed bricks) 300xi + 1500x 2 < 4500 

xi = 1, x 2 = 3-y nfl, 2200* #-fe4. 

19. xi=the product of B\. X2=the product of B 2 - 
Object function : / = 120xi + 100x 2 
Constraints : 

(Copper) 0.5x x + 0.75x 2 < 15 
(Zinc) 0.5xi + 0.25x2 < 10 

xi = 15, x 2 = 10°J H, 2800* #-5r4- 

20. xi=units of A, i2=units of B 
Object function : / = 1.5xi + 2x2 
Constraints : 

(Protein) 0.5xi + 0.75x 2 < 15 
(Calories) 0.5xi + 0.25x 2 < 10 
*|4l#* xi = 3, x 2 = 2«y ^,8.50* ^fe-4- 



20. UNCONSTRAINED OPTIMIZATION. LINEAR PROGRAMMING 



20.3. Simplex Method 



1. The normal form is 
z - 30:ri - 20x 2 = 0 

— Xl + X2 + X3 = 5 
2xi + X2 + X4 = 10 

Z Xl X2 

1 -30 -20 
-1 1 
2 1 



T 0 = 



Xi 

0 

1 

0 



X4 

0 
0 

1 



6' 

0 
5 
10 



-20°| -30J2J4 c| 3.7] 4-g-°fl 2<£*!| <£•§• ^i\JL, 





~z Xl 


X2 


X3 


X4 


b 






1 -50 


0 


20 


0 


100 


<£1 




-1 


1 


1 


0 


5 


+20 x <g2 




3 


0 


-1 


1 


5 


°|3 
















-50^ 




3^ 




£LS. ^lSi'fl pivottr 



n 


X2 


X3 




b 






10 


50 


550 


0 


0 












3 


3 


3 


0 


1 


2 
3 


l 

3 


20 
3 


3 


0 


-1 


1 


5 



50 



T 2 = 



nJ-eJ-'H basic variables : xi, X2, 

nonbasic variables : X3, X4 

5 20 550 

xi = -, x 2 = -j'i n, — 

2. The normal form is 

Z — Xi — X2 = 0 

2xi + 4x 2 + x 3 = 800 
5xi + 2x 2 + X4 = 600 

Z Xl X2 X3 X4 b 

1-1-10 0 0 
2 4 1 0 800 
5 2 0 1 600 



x °13 



<£2 
+ i x °i3 



T 0 = 



600 

-lo) -lo] f- ^-o_3.S- l»]*i| <g"§- A d^*}3-, — °1 



xi 
0 



l|-£-°ll ^3 <i5- pivot^Vcl- 
b 

120 < 



X2 


£3 


X 4 


3 




1 




0 




5 




5 


16 


1 


2 


5 


_ 5 


2 


0 


1 



-- 560 



■S2 
-f x -g3 



600 



560/— < 600/2, pivot 16/5 
5 



T 2 = 



xi 
0 



X 2 


X3 


X4 


0 


3 


1 






16 


8 


16 


1 


2 


~5~ 




7 




5 




0 


~8 


4 



225 

560 
250 



°4l 



16 



x o|2 



°43 
-§ x "12 



n}-E}-^ basic variables : Xi, 12, 

nonbasic variables : 13, X4 

xi = 50, x 2 = 175°J =ti, JUS 225 

3. Matrices with rows 2 and 3 and columns 4 and 5 
interchaged. 



4. The normal form is 

Z — Xl — X2 = 0 

3xi + 4x 2 + X3 = 550 
5xi + 4x 2 + X4 = 650 

Z Xl X2 X3 

1-1-1 0 
3 4 1 
5 4 0 
550/3>650/5, pivot 5 

Z Xl X2 Xz 

1 

1 0 - 



T 0 = 



Ti = 



0 



X4 

0 
0 
1 



X4 
1 



5 4 0 

160/ - <650/4, pivot 8/5 
5 



T 2 = 



xi 
0 

0 
5 



X 2 

0 

8 
5 
0 



X3 
1 



x 4 

1 



2 

Z2, 



b ' 

0 
550 
650 

6 
130 

160 

650 

b 
150 

160 
250 



°41 



°I2 



x °|3 



041 

+ | x <g2 



°43 
-fx °|2. 



n^-ej-A-j basic variables : xi , 
nonbasic variables : 13, 14 
xi = 50, x 2 = 100<a nfl, sltflSi; 150 

The normal form is 
z — 2xi — X2 — 3x3 = 0 
4xi + 3x 2 + 6x3 + X4 = 12 
31 -il- A*A<£ ^4 ■ 
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X2 


S3 


24 


6" 


T 0 = 
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20.3. SIMPLEX METHOD 



T 2 = 



z X\ 
1 0 
4 

4eM xi = 3, x 2 



X2 

l 

2 

3 



X3 

0 



Xi 

1 

2 
1 



:2,I3 = 2°J «fl,Slcfl^6 



6. The normal form is 
z - 90xi - 50x 2 = 0 
xi +3x 2 +x 3 = 18 
xi +x 2 + x 4 = 10 
3xi + x 2 + x 5 = 24 

"z Xl 
1 -90 
T 0 = 1 
1 
3 

pivot 3 in row 4 

Z Xl X2 

8 



X2 


Z3 


X 4 


XS 


6' 
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0 


0 


0 


0 


3 


1 


0 


0 


18 


1 


0 


1 


0 


10 


1 


0 


0 


1 


24 



Ti = 



0 



0 I 

3 1 
pivot 2/3 in row 3 

Xl X2 



T 2 = 



0 
0 

2 

3 
0 



0 
1 

0 
0 



30 
-4 

1 

_3 

2 



n}-2M basic variables : x\, 12,13 
nonbasic variables : X4, xs 
xi = 7, x 2 = 3<H nfl, S]tfl5i 780 



7. The normal form is 
2 - 5xi + 20x 2 = 0 
-2xi + 10X2 + x 3 = 5 
2xi + 5x 2 + X4 = 10 

A% 4^ 34 : 
~z 

To- 1 



20 
1 

1 

3* 
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x 4 


b~ 


-5 


20 


0 


0 


0 


-2 


10 


1 


0 


5 


2 


5 


0 


1 


10 



5/10=l/2<10/5=2, pivot 10 
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15 
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8. 



44^ basic variables : x 2 , 
nonbasic variables : xi,X3, 14 
xi =0, x 2 = §«J i-tf, -10 

The normal form is 

z - 54xi + 10x2 + 20x 3 = 0 

3xi + 4x 2 + 5x 3 + x 4 = 60 

2xi + x 2 + x 5 = 20 

2xi + 3x 3 + x 6 = 30 
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24 
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2 
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33 
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^4 4*33! 34 
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pivot 3 
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30 



44-H basic variables : x 2 , x 3 
nonbasic variables : xi, x 4 , 15, x$ 

5 
2 



n = 0, x 2 = f , xs = 101) «fl, Sldtii -225 



9. The normal form is 

2 - 10xi - 10x 2 - 20x3 - 20x4 = 0 
12xi + 8x 2 + 6x3 + 4x 4 + x 5 = 120 
3xi + 6x 2 + 12x 3 + 24x 4 +16 = 180 
4*331 34 : 

Z Xl X 2 X3 X4 

1 -10 -10 -20 -20 
12 8 6 4 
3 6 12 24 
120/8<180/6, pivot 8 
Xl x 2 



T 0 = 



Xs X6 

0 0 
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0 
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180 
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-6 
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48 
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80 
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44*1 basic variables : x\, 13, 
nonbasic variables : x 2 , x 4 , X5, x 6 



xs 
5_ 

k 

28 



x 6 
180 

126 



6 ■ 
2200 

7 

48 
750 

7 ■ 



20. UNCONSTRAINED OPTIMIZATION. LINEAR PROGRAMMING 



60 n 1500 

Xl = - t X 2 = 0, X3= — 

2200 



10. (PROGRAM) 



20.4. Simplex Method : Degeneracy, Difficulties in Starting 



The normal form is 
z — 6xi — 12x2 = 0 
xi + X3 = 4 
X2 + X4 = 4 

6xi + 12x 2 + x 5 = 72 
3l4r £3r : 



nonbasic variables : X3, X4 
xi =4, x 2 = 4U «H, i\x%# 72 

2. The normal form is 
z — 611 — 12x2 = 0 

XI + X3 = 4 
X 2 + X4 = 4 

6x1 + 12x 2 + x 5 = 72 
Til-*}- ^4 : 



nonbasic variables : 13, 14 
xi =4, x 2 = 4<a SIr)| ?jt 72 

3. The normal form is 
z — xi — x 2 = 0 
2xi + 3x 2 + x 3 = 130 
3xi + 8x2 + 14 = 300 
4xi + 2x 2 + x 5 = 140 
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pivot 1 
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£4 


X5 


6" 




1 


0 


0 


6 


12 


0 


72 


T 2 = 




1 


0 


1 


0 


0 


4 






0 


1 


0 


1 


0 


4 






0 


0 


6 


-12 


1 
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nf-sM basic variables : xi 


. X2, 


X5 









Xl 


x 2 
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X4 
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b' 
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0 
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0 


1 
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4. 


"l-eM basic variables 


: Xi 


X2, 


xs 





~z 

1 

T 0 = 



pivot 4 



Xl 


x 2 


X3 


X4 


X5 


6 " 
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0 


0 
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Xl 


X2 


X3 


X4 


x 5 
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1 
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0 


1 
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0 




60 




0 


13 

2 


0 


1 




195 
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140. 


Xl 

0 


X 2 
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X3 

1 

2 


X4 
0 


X 5 
1 
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50 


0 
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0 
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7 
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60 
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13 
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-1 
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80 



pivot 2 



Ti = 



nj-el-^l basic variables : xi, X2, X4 
nonbasic variables : X3, X5 
xi =20, x 2 =Z0°i ofl, *|rH5t 50 

4. The normal form is 
z - 300xi - 500x 2 = 0 
2xi + 8x 2 + X3 = 60 
2xi + X2 + x 4 = 30 
4xi + 4X2 + X5 = 60 

Z Xl X2 



Tn= 



pivot 2 



-300 -500 



X3 X4 

0 0 



Ti= 



pivot 4 



T 2 = 



pivot 6 
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20.4. SIMPLEX METHOD : DEGENERACY, DIFFICULTIES IN STARTING 
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T 3 = 



Xl 12 

0 0 



X3 

100 

3 
1 



24 

0 

6 
0 



X5 

175 

7 

3, 



3 ° - 
44*1 basic variables : xi, 22, X4 

nonbasic variables : X3, 15 

xi = 10, x 2 = 5°i q, S)tfl5t 5500 

5. The normal form is 
z - 300xi - 500x2 = 0 
2xi + 8x 2 + x 3 = 60 
2xi + x 2 + x 4 = 30 
4xi + 4x2 + X5 = 60 
34 4^ 34 : 
"z 



T 0 = 



6 1 

5500 
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20 
10 



Xl 
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Xl 
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X2 
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X5 
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pivot 4 



Ti = 



pivot 6 



T 2 = 



44-M basic variables : xi, X2, X5 
nonbasic variables : X3, 14 
H = 10, x 2 = 5<y q, 4)^^ 5500 

6. The normal form is 

Z — Xl — X2 — x 3 = 0 

4xi + 5x2 + 8x3 + X4 = 12 

8x1 + 5x2 + 4x3 + X5 = 12 



T 0 = 



pivot 8 
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12 
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T 2 = 



44-H basic variables : xi, X2 
nonbasic variables : 13, ,14, X5 
xi = 0, x 2 = 2.4, x 3 = 0U «D, 2.4 

7. The normal form is 
z — 6x1 — 6x2 — 9i3 = 0 

Xl + 13 + X + X4 = 1 
X2 + X3 + X5 = 1 

34 43$ =i4 
'z 



pivot 1 
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44-H basic variables : xi, 12, 15 
nonbasic variables : X3, 14 
xi = 1, x 2 = l,x 3 = 0-y nfl, S)m?J: 12 

8. ^&34 ttt=- 

objective function / = -2xi + X2-2] *H5i:-§- 
^ % °_JL Br^H £4- 
artificial variable X6-§- i'U'Sr'S 

X3 = —5 + Xl + X2 + X6 

44*1 objective function /-i- ^s]«|-x)-. 

f = f-Mx 6 - (-2 + M)xi +(1 + Af)x 2 -Mx 3 - 
5AT. 

The new normal form is 

z + (2 - Af)n + (-1 - M)x 2 + Mx 3 = -5M 

Xl + X2 — X3 = 5 
— Xl + 22 + X4 = 1 

5xi + 4i2 + X5 = 40 
34 43$ ^4 : 
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basic variables : X\, x 2 , X5 
nonbasic variables : 13, 14 
xi =2, x 2 =3,x 3 = 0<y *H£ -1 



9. The normal form is 
z — 4xi — X2 — 2x3 = 0 
Xl + X2 + X3 + X4 = 1 
Xl + X2 — X3 + X5 = 0 

~Z Xl x 2 



T 0 = 



pivot 1 



£3 X4 



-4 -1 
1 1 



Ti = 



pivot 1 



T 2 = 



Xl 
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n}-eM basic variables : xi, x 3 

nonbasic variables : X2, X4, 15 
1 1 

xi = -, x 2 = 0, x 3 = -°j mi, sima 3 

10. artificial variable xeir X4 = xi + 2x2 — 6 + X6_2_ 
5. i'ysr'd tfl^-Slfe objective function-gr / = 

2xi + 12 - Mxs 

= (2 + M)n + (1 + 2M)x 2 - Mx 4 - 6M 
The normal form is 

z - (2 + M)n - (1 + 2M)x 2 + M Xi = -6M 
2xi + X2 + X3 = 2 
Xi + 2X2 — X4 = 6 
Xl + X 2 + Xs = 4 

T 0 = 
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Chapter 20. Review 



1. constraint optimization : il^Sr-fr Sr^H control 
variable^ tfltr 2.3 °] 

unconstraint optimization : £|2j$--§. tl^ity con- 
trol variable^ tfltr 2.%°] t^I 

2. ^HM-^ «D, fto) 7 r # #o] »j-*j= 

°| -V/(x)bJ-^o|s}.^ idea7 r 514. 

3- l|V/(x„)|| 

4. (1) take initial xo 
(2)for n = 1, cdots 
z(t) = x n - tV/(x n ) 



find t minimize g(t) = /(z(f)) 
if V/(z(t)) < TOL then stop. 
x n+ i = z(t) 
end 

5. object function : function optimized . 

6. 2\qsW sfl7 r q&$$2\ t|74H SI^tt =a»l4. 

7. slack variables : object functional 14 constraint^ 

artificial variables : object function°|i4 con- 
straint^ "g^. 



CHAPTER 20. REVIEW 



4-§-*te basic variables-!- ^-^ 3.3. 

JS.1- nH , artificial variables* 

9. a feasible solution at which more the usual num- 
ber n-m of variables ae zero . -£-*)] 20-4, 6t! -g- 

10. basic variable* ^-7] «H , 4i± 

^^°] convex7 r o].iJ afl, 
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0.227907 
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0.35334 


-0.0282675 
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22 
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0.0558264 


-1.01462 


3.77669 
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0.479085 


-0.888521 


2.07432 
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-1.00054 


2.06602 
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-0.995857 


2.00276 
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0.055826 


-1.00002 


2.00245 



13. 

" t Xl 12 



0 
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0.05798 


-1.0437 


0.2319 
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0.3632 


-0.7582 


1.516 
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0.0580 


-1.011 


1.5725 
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0.3632 


-0.94153 


1.8831 


5 


0.0580 


-1.003 


1.897 



14. V/(i 0 ) = (18, -4), V/(n) = (-0.7858, -3.536) 
nJ-eM V/(i 0 ) • V/(xi) = 5.15B - 14 

V/(x 2 ) = (4.3522, -0.96715), nJ-eH V/(xi) • 

V/(x 2 ) = -1.0755E - 16-f-f- 

<t*1 0 J °)-n-fc Sec 20.1 &4 1»H *£t$o\ ojcf. 

15. z(t) = x - t/'(x), g'(t) = f'(z(t))z'(t) = 0°1 

16. v/rti-yofl _v/i- tn»jt»-cf. 



17. 



18. 



19. 



20. 



21. 



22. 




23. £|<3|#£ X! = 2, x 2 = 4°J 501- 

24. xi = 6, x 2 = 3°J «fl, 180* S 

25. xi = 3, x 2 = 6°J m, -54* # 



Graphs and 

Combinatorial Optimization 



Graphs and digraphs (= directed graphs) are presently developing into more and more 
powerful tools in electrical and civil engineering, communication networks, industrial 
management, operations research, computer science, economics, management science, 
marketing sociology, and in other areas. An accelerating factor of this growth is the 
impact of computers and their use in large-scale optimization problems that can be 
modeled in terms of graphs and solved by algorithms provided by graph theory. This 
approach yields models of general applicability and economic importance. It lies at the 
center of "combinatorial optimization," a term introduced about thirty years ago for 
denoting optimization problems that have pronounced discrete or combinatorial 
structures. 

This chapter gives an introduction to this wide area, which is full of new ideas as 
well as unsolved problems — in connection, for instance, with efficient computer 
algorithms and computational complexity. The classes of problems we shall consider 
include problems on transportation of minimum cost or time, best assignment of 
workers to jobs, most efficient use of telephone networks, and many others. These 
classes often form the core of larger and more involved practical problems. 

Prerequisites: None. 
References: Appendix 1, Part F. 
Answers to problems: Appendix 2. 
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21. GRPAPHS AND COMBINATORIAL OPTIMIZATION 

21.1. Graphs and Digraph 



1. 
2. 



3^ «i JE.aI-^4. 




7. 



8. 



10. 



11. 



'0 


1 


0" 






0 


0 


1 






1 


0 


0 






"0 


1 


1 


1 


1" 


1 


0 


1 


1 


1 


1 


1 


0 


0 


0 


1 


1 


0 


0 


0 


_1 


1 


0 


0 


0. 


"0 


1 


1 


1" 




0 


0 


0 


0 




1 


0 


0 


0 




0 


0 


0 


0. 




"0 


1 


1 


1" 




1 


0 


1 


1 




1 


1 


0 


1 




.1 


1 


1 


0. 




"0 


1 


1" 






0 


0 


1 






1 


1 


0 






"0 


1 


0 


0 


0" 


0 


0 


1 


1 


1 


0 


0 


0 


0 


0 


0 


1 


0 


0 


1 


0 


1 


0 


1 


0 




12. 




13. 



14. adjacency matrix^ i«| j 1 ^ QJlQ j*$ i a i & 
°1 i j ^*) x 4°\ ai-i- 1=1 SU, 

Sd^Sjxl %}■■§- «g 0°] s\E.S- adjacency matrix-^ cfl 

15- °o 1 ^ ^S-S. fy&S.?} M-7fe digraph. 

16. a^e|*| 7fl^ n c 2 = n( " ~ ^ JL4 *U 



<jV«f G7\ completed ofl,i^s]fi| Tj^fe „C 2 »!4 
17. When G is complete. 



18. 



19. 



20. 



1 1 

1 0 

0 1 

0 0 

p 0 

r-i 

1 0 
0 1 
0 0 



1 0 
0 1 

0 0 

1 1 

0 0 

1 

0 

-1 

0 



1 0' 



Vertex Incident Edges 

1 -ei, -e2, e3, —en 

2 ei 

3 e2, — e3 

4 e4 



21.2. SHORTEST PATH PROBLEMS COMPLEXITY 



1. 



21.2. Shortest Path Problems Complexity 

9. 






4. n - 17)1, <£of= e] #4,3 «M 3 >4ehi- 3 
olui, «4eH a HI <fl-§-s)fe cycle-g- «M3l4- 
complete graphs! ^-f-fe- one edge. 

5. The idea is to go backward. There is Vk-i adja- 
cent to u/t and labeled k - 1, etc. Now the only 
vertex labeled 0 is s. Hence X(vo) = s, so that 

vo — vi Vk-\ — v k is a path s -> that has 

length fc. 

^ 5 -> t)i 7|-fe 7 r # zj u.a.4 »H| 

^fe Vfc-iOl) tfl-SW >(«,_!) = i - lo)cf. 

= io|rf. -jvq^: of^^ „<>] ej-^o. ; ir + ^o. 

7)- Jir4 7jJo|3. „ 7r 7]Z)1£ ^fecHr 

7. 

8. No. 



10. 



11. 





12. Delete the edge (2,4) 

13. No, (3,4)* ««« *l<4*r #H* tto- 

14. 1-2-3-4-5-3-1, 1-3-4-5-3-2-1 

15. Police patrol, track repair crew, farmer's best route 
for seeding his fields. 

16. Let T : s — ► s be a shortest postman trail and v 
any vertex. Since T includes each edge, T visit v. 
Let Ti : s —>■ v be the portion of T from s to the 
first visit of v and T2 ■■ v -t s the other portion of 
T. Then the trail v -> v consisting of T2 followed 
by Ti has the same length as T and solves the 
postman problem. 

17. 1-2-3-4-5-6-4-3-1, L=25 

18. 0(m 3 )+0(m 3 ) = aim 3 +6im 2 +cim+di+a2m 3 + 
i>2m 2 + C2?n + d2 = am 3 + 6m 2 + cm + d = 0(m 3 ) 
kO(mP) = k{amP + -•■) = kamP + ■■■ = 0(mP) 
0.02e m + 100m 2 = e m + slowly term = 0(e m ) 

19. 0(m)HMfe- 100m, 0(m 2 H-H-£ 10m, 0(m 5 )HM 
fe- 2.5m, 0(e m )<H]^ m + 4.6 



20. algrithm 
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21. GRPAPHS AND COMBINATORIAL OPTIMIZATION 



21.3. Bellman's Opimality Principle Dijkstra's Algorithm 



1. The algorithm gives 

1. Li = 0,1-2 = 6, L 3 = 20, L 4 = 18 

2. L2=min{L2, L 3 , L 4 }=6, fc=2 

3. L 3 =min{20, L 2 + Z 23 }=min{20, 6 + 14}=20 
L 4 =min{18, L 2 + / 2 4}=min{18, 6 + 8}=14 

2. L4=min{L 3 , L 4 }=14, fc = 4 

3. L 3 =min{20, L 4 + i 43 }=min{20, 14 4- 4} = 18 
2.L3 = 18, k = 3 

a.e)M 7 i£ 1-2-4-3 

2. Let j be the vertex that gave fc its present label L*. , 
namely, Lj + Ijk- After this label was assigned, j 
did not change its label, since it was then removed 
from TL. Next, find the vertex that gave j its 
permanent label, etc. This backward search traces 
a path from 1 to fc, whose length is exactly Lfc. 

3. 

4. The algorithm gives 

1. Li = 0,L 2 = 2, L 3 = 6, La = 8, L 5 = 00 

2. L 2 =min{L 2 , L 3 , L 4 , tildeL s }=2, fc=2 
3.i3=min{6, L 2 + ( 23 }=min{6, 5}=5 
L 4 =min{8, L 2 + Z 24 }=min{8, 9}=8 
L5=min{oo, L2 + hs} — 00 

2. L 3 =min{L 3 , L 4 , Ls}=5, fc = 3 

3. L4=min{8, L 3 + ! 34 }=min{8, 10} = 8 
L5=min{co, L 3 + = 00 

2. L4 = 8, k = 4 

3. L5=min{co, L 4 -f Z45} = 28 
2.L5 = 28, k = 5 

^•sfl-H 1-2-3-4-5 

5. The algorithm gives 

1. Li = 0,L 2 = 10, L 3 = 17, La = 00 

2. L 2 =min{L 2 , L 3 , L 4 }=10, fc=2 

3. L 3 =min{17, L 2 -M 23 }=min{17, 10 + 6}=16 
L4=min{oo, L 2 + Z 2 4}=min{co, 10 + 3}=13 

2. L4=min{L 3 , L 4 }=13, fc = 4 

3. L 3 =min{16, L 4 + i 43 }=min{16, 13 + 2} = 15 
2.L3 = 15, fc = 3 

7\*k 1-2-4-3 

6. The algorithm gives 

1. Li = 0,L 2 = 15, L 3 = 2, La = 10, L 5 = 6 

2. L 3 =min{L 2 , L 3 , L 4 , tildeLs}=2, fc=3 

3. L 2 =min{15, L 3 + i 32 }=min{15, 2 + 13}=15 
L 4 =min{10, L 3 + ( 34 }=min{10, 2 + 9}=10 
L 5 =min{6, L 3 + J 35 }=min{6, 2 + 3} = 5 

2. Ls=min{L 2 , L 4 , Ls}=5, fc = 5 

3. L 2 =min{15, L5 + i 2 5}=min{15, 5 + 00} = 15 
L 4 =min{10, L 5 + Z 45 }=min{10, 5 + 4} = 9 

2. L4 = 9, fc = 4 

3. L 2 =min{15, L 4 + ! 24 }=min{15, 9 + 5} = 14 
2.L 2 = 14, fc = 2 

rLZS-H ;W ^-fr 1-3-5-4-2 



7. The algorithm gives 

1. Li = 0>L 2 = 2, L3 = 00, L4 = 5, L5 = 00 

2. L 2 =min{L 2 , L3, L4, tiWeLs}=2, fc=2 

3. L 3 =min{oo, L 2 -M 23 }=min{co, 2 + 3}=5 
L 4 =min{5, L 2 -H 2 4}=min{5, 2 + 1}=3 
L5=min{oo, L 2 + Z 2 5}=min{oo, 2 + 00} = 00 

2. L 4 =min{L 3 , L4, Ls}=3, fc = 4 

3. L 3 =min{5, L 4 + Z 43 }=min{5,3 + 1} = 4 
L5=min{oo, L4 + i4s}=min{oo, 3 + 4} = 7 

2. L 3 = 4, fc = 3 

3. L s =min{7, L 3 + Z 35 }=min{7, 4 + 2} = 6 
2.L5 = 6, fc = 5 

aiM 7\% 7^ 1-2-4-3-5 

8. The algorithm gives 

1. Li = 0,L 2 = 8, L 3 = 10, La = 00, L 5 = 5, 
Le = 00 

2. L5=min{L 2 , L3, La, tildeLs, Le}=5, fc=5 

3. L 2 =min{8, L 5 + i 52 }=min{8, 5 + 2}=7 
L 3 =min{10, L 5 + / 53 }=min{10, 5 + 6}=10 
L 4 =min{oo, L5 + (54}=min{oo, 5 + 5}=10 
Z-6=min{co, L5 + (s6}=min{oo, 5 + 2}=7 

2. L 2 =min{L 2 , L 3 , L4, Le}=7, k = 2 

3. L 3 =min{10, L 2 + i 23 }=min{10, 7 + 2} = 9 
L4=min{10, L 2 + Z 2 4}=min{10, 7 + 8} = 10 
L 6 =min{7, L 2 + Z 2 6}=min{7, 7 + 6} = 7 

2. L 6 = 7, fc = 6 

3. L 3 =min{9, L& + /63}=min{9, 7 + 00} = 9 
L4=min{10, L 6 -I- Z64}=min{10, 7 + 1} = 8 

2. L4 = 8, fc = 4 

3. L 3 =min{9, L 4 + (43}=min{9, 8 + 00} = 9 
2.L3 = 9, fc = 3 

a. sIM 7\^ ^ 1-5-2-6-4, 2-3 

9. The algorithm gives 

1. Li = 0,L 2 = 10, L 3 = 00, L 4 = 00, L5 = 4, 
L 6 = 15 

2. L5=min{L 2 , L 3 , L 4 , tildeLs, Le}=4, fc=5 

3. L 2 =min{10, L s + / 52 }=min{10, 4 + oo}=10 
L 3 =min{oo, L5 + i5 3 }=min{oo, 4 + 3}=7 
L 4 =min{oo, L5 + /s4}=min{oo, 4 + 6}=10 
L6=min{15, L5 + is6}=min{15, 4 + oo}=15 

2. L 3 =min{L 2 , L 3 , L 4) Le}=7, fc = 3 

3. L 2 =min{10, L 3 + i 32 }=min{10, 7 + 2} = 9 
L 4 =min{10, L 3 + J 34 }=min{10, 7 + 1} = 8 
L6=min{15, L 3 + ! 3 6}=min{15, 7 + 00} = 15 

2. L 4 = 8, fc = 4 

3. L 2 =min{9, L 4 + Z 42 }=min{9, 8 + 3} = 9 
L6=min{15, L 4 + i 4 6}=min{15, 8 + 00} = 15 

2. L 2 = 9, fc = 2 

3. L 6 =min{15, L 2 + / 26 }=min{15, 9 + 5} = 14 
2.L 6 = 14, fc = 6 

JL$*\ 7}% ^o. i_ 5 . 3 . 4 _2-6 

10. Algorithm 



21.4. SHORTEST SPANNING TREES KRUSKAL'S GREEDY ALGORITHM 
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21.4. Shortest Spanning Trees 



1. 



2. 



3. 



Edge Length 


Choice 


(2,3) 1 


1st 


(2,5) 2 


2nd 


(1,6) 6 


ora 




4tfl 










(\ A\ R 




A shortest path is 




A 

1 — 3— 2< 








(1,4) 2 


1st 


(4,3) 2 


2nd 


(4,5) 3 


3rd 


(3,5) 4 


reject 


(1,2) 5 


4th 


(1,3) 6 




(1,5) 7 




(2,3) 8 




(2,4) 20 




A shortest path is 












Edge Length 


Choice 


(3,4) 1 


1st 


(1,4) 2 


2nd 


(2,4) 2 


3rd 


(2,3) 3 


reject 


(1,3) 4 


reject 


(3,5) 5 


4th 



(4,5) 7 
(1,2) 8 
A shortest path is 




's Greedy Algorithm 



4. 



5. 



6. 



Edge 


Length 


Choice 


(7,8) 


2 


1st 


(2,8) 


3 


2nd 


(5,6) 


3 


ora 


(3,4) 


5 


4th 


(1,2) 


7 


5th 


(1,7) 


8 




(6,8) 


9 


6th 


(5,7) 


10 


reject 


(2,4) 


11 


7th 


(3,5) 


12 




(4,6) 


12 




(1,3) 


13 




A shortest path is 






y6 5 




7— 8< 








XL 










Edge 


Length 


Choice 


(1,6) 


1 


let 


(2,6) 


2 


2nd 


(3,5) 


3 


3rd 


(3,6) 


4 


4th 


(2,5) 


5 


reject 


(1,5) 


6 


reject 


(2,4) 


7 


5th 


(1,4) 


8 




A shortest path is 




5—3- 


< 






x 2 — 4 




Edge 


Length 


Choice 


(3,4) 


2 


1st 


(2,3) 


4 


2nd 


(2,4) 


6 


reject 


(3,5) 


6 


3rd 


(1,5) 


8 


4th 


(2,6) 


10 


5th 


(4,5) 


12 




(1,2) 


20 




(1,6) 


30 





A shortest path is 




7. New York - Washington - Chicago - Dallas - Den- 
ver - Los Angeles 



8. Order the edges in descending order of length and 
delete them in this order, retaining an edge only 
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21. GRPAPHS AND COMBINATORIAL OPTIMIZATION 



if it would lead to the omission of a vertex or to a 
disconnected graph. 

9. Yes. 

10. 5L*\Z)2) £*|* z)ol7l- S ^-fE) u+o^tV 4* cy- 
cle* o| =^ i^e]* je^e]* *o r <4#4. 

11. 



Edge 


Length 


Choice 


(2,4) 


11 


1st 


(5,6) 


9 


2nd 


(3,4) 


8 


3rd 


(2,3) 


7 


reject 


(4,5) 


6 


4th 


(1,3) 


4 


5th 


(1,2) 


2 




(3,6) 


1 





A longest path is 



1 — 3- 




12. Algorithm 

13. G7 r tree7f 0^4^ Gfe- cycle* 7\*)3L <&3. 
n*eM =L cycIe«M ^ aJ-o)^ pathfe- #sl*r 
*l 

14. -f- u, tMM3 P ath7 r *<y* r 7,) ete^ 
u -» u uE)~fc- cycleo] ^1^1 "t^M trees) ^ ^| ofl 

15. connected graph G<HI-H trti edge* cf^I *1 
<icf^ Gfe- cycle* vertexS] degree7) 2o| 



3-°J ^-t-«14- 44*1 G7Vtreeef^ cycle* & 
jl, n^-e)-^ vertexS) degree7)- 1°1 ^*-b path$°]tq-. 

16. n = 2<HM^r #3*1 3^*4- 

ni4 4* vertex* 7]-^l S.S. t ree<Hl tflsH 3^ 
Hr4JI 44. °1 1)), T* n7))Sl vertex* 7)-^l treeef 
4^., (u, u)* T°Vs) edgee} 44. n.sj'd T°1H 
(u, d)* graph -c- disconnected°l JL, G\, G2* 
44 connected^! 3*°14 44-°) "A, 44 s ! graph 
Gi, G2SI vertex* m, 712 4 ^ nfl, ni, ra 2 -te- raicf 
4»"l 44*) 71-3 °1| 3*M Gi, G 2 s] edges] 7fl^ 
^ m - 1, n 2 - 1* 4fe4- 44-M Gs) edges) 7fl^ 
■fe- ni - 1+ n 2 - 1 + 1 = n - 1°14. 

17. 457#i 

18. Expand an edge e into a path by adding edges 
to its ends if such exist. A new edge attached at 
the end of the path introduces a new vertex, or 
close a cycle, which is impossible. This extension 
terminates on both sides of e, yielding two verteces 
of degree 1. 

19. <£4 £*)El (u,v)t T»ll 42.$: i-MalS. *°J4^ 
T^ ^^slH 1\±S-2. T«V<H1 u -> u°J path7f aM. 
44*) jl pathfe- i^E) (u, u)* 3.44fe- cycleo] 
34- 

20. G7|- tree43 *JSH S)*H cycle* 43. al*) 
Sjji *^1 16SH s)*H i-lTflsi i*)E)* 4^-4- 

G7)- cycle* $3. H*| &:a, n- l7flsl SL*\*\ 
* %3L $14^ 44- 3-5) >d i* vertexS) degree^- 
1°U, 44-H ^ JZ.^4°I3 pathfe *°JSl-cp 44 
-H **H 13«lofl s)*H G-fe tree°14- 



21.5. Prim's Algorithm for Shortest Spanning Trees 



1. G7)- treeU «fl 

2. Step2HH ■£*) U°ll ^4*1 ^n-lTflS) 3f-7-l*H! 
tfl*H *)4t1e) Uj% 3^1r4- Step 3* n - 2»ls| 
updating* A^tr^-- 4* °J "A °11 -c- Step 24 Step 
3* Si**)-^^ n - 3»iSl «ls.S(- n - 3<dS) updat- 
ing* 44-H ^1^-sW D r^)4 
<S! l^S) alias}- iBjo) updatingofl 0)2.5.5. o) is 
^ ^g. („ - 2)(n - 1) = C(n 2 )o)4. 

3. UtVofl 517.) ^ ^l^ollAl S)^t1b)7) S|fe 3* 3 
*?*r^-H M-7J-35. cycleol §Jc).. 

4. *1 4?! s) * 4^- spanning tree* t 1 -*!-^- algorithm* 
3 Hi tirSi* distance matrixS] i* ^ji* trSl* 
7)140): tl-r4. 4e)-xj o|7jnJ- ^zj-sdi ^ojof* o) D ) 
0(n 2 H 394. 

5. vertex 1* 'd^^ graphs 7)-3 §* 7j^- ^ 
*^ 0(4- 



6. Labelling of Vertices 



ver- initial 




Relabelling 




tex label 


(I) 


(H) 


(III) 


2 ii2=6 


; 3 2 = 3 






3 lis = 1 








4 00 


( 3 4 = 10 


( 3 4 = 10 


(54 - 2 


5 ds = 15 


hs = 15 


hs =9 






(1,3),(3,2),(2,5),(5,4) 


4 EM 


L=H-3+9+2=15 








Labelling of Vertices 






ver- initial 




Relabelling 




tex label 


(I) 


(II) 


(III) 


2 h 2 = 16 


(42 =4 


U2 = 4 




3 iis = 8 


(43 = 2 






4 !i4=4 








5 00 


Us = 14 


/ 35 = 10 


/ 35 = 10 


4eM T-b 


(1,4),(4,3),(4,2),(3,5) 


Uj-Ef/-) 



L=4+2+4+10=20 
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Labelling of Vertices 


vertex 


initial 






label (I) 


(ii) 


2 


'12 =3 




3 


CO Z 2 3 = 4 




4 


CO CO 


Z34 = 3 


5 


CO oo 


(35 =5 


6 


CO i26 = 10 


he =2 


7 


co hi = 7 


Z 3 7 = 6 


8 


lis = 8 hs = 7 


(28 =7 


vprtpv 


Relabelling 




(III) (IV) 


(V) (VI) 


2 
3 
4 


(64 = 1 




5 
6 


^65 = 5 ( 35 = 5 




7 


I37 = 6 (37 = 6 


Z37 = 6 


8 


hs = 7 hs = 7 


'28 = 7 hs = 7 


4eM (1,2),(2,3),(3,6),(6,4),(3,5),(3,7),(2,8) 




=3+4+2+1+5+6+7= 


28 


Labelling of Vertices 




vertex 


initial 


Relabelling 




label (I) 


(II) 


2 


'12 = 6 (12 = 6 


il2 =6 


3 


(13 = 4 il3 = 4 




4 


In =2 




5 


00 Z 45 = 20 


hs = 12 


6 


00 infty 


(63 = 12 


vertex 


Relabelling 






(III) (IV) 




2 
3 
4 
5 


'53 = 12 Z 53 = 


12 


6 


he = 8 






ir (1,4), (1,3), (1,2), (2,6), (3,5); 3.^3.3, 


L=2+4+6+8+ 12-32 




Labelling of Vertices 




vertex 


initial 


Relabelling 




label (I) 


(II) 


2 


/12 = 20 h 2 = 20 


Z32 = 4 


3 


00 (53 = 6 




4 


00 Z 54 = 12 


(34 = 2 


5 


lis =8 




6 


Zi6 = 30 he = 30 


he = 30 


vertex 


Relabelling 






(III) (IV) 




2 


(32 = 4 




3 






4 






5 






6 


he = 30 he = 


10 


uj-BH T 


(1,5), (5,3), (3,4), (3,2), (2,6); aejHS. 


L=8+6+2+4+10=30 





11. Labelling of Vertices 



ver- 
tex 



initial 
label 



(I) 



2 Z12 = 5 (12 

3 (13 = 6 (34 

4 (14=2 

5 (15 = 7 (45 



Relabelling 
(II) 



(III) 



(12 



(45 = 3 



(12 



4BH T-fe- (1,4), (3,4), (4,5), (1,2); na)-S. 
L=2+2+3+5=12 

12. Labelling of Vertices 



ver- initial 
tex label 



(I) 



Z12 = 7 

(13 = 13 Z13 = 13 



Relabelling 
(II) 



(HI) 



00 
00 
00 
(17 = 8 
00 



(24 = 11 
OO 
CO 

(17 = 8 

(28 =3 



(13 = 13 

(24 = 11 

CO 
(86 = 9 
(87 =2 



(13 = 13 

Z24 = 11 

(75 = 10 

(86 = 9 



ver- 
tex 



(IV) 



Relabelling 

. ( v ) 



(VI) 



(is = 13 (53 = 12 
(24 = 11 Z 24 = 11 

«65 =3 



(34 = 5 



45M (1,2),(2,8),(8,7),(8,6),(6,5),(2,4),(4,3); 
ae)2.S. L=7+3+2+9+3+l 1+5=40 



13. Labelling of Vertices 



ver- 


initial 


Relabelling 




tex 


label (I) 


(II) 


(III) 


2 


'12 = 5 (32 = 1 






3 


(13 = 3 






4 


Z14 = 6 Z14 = 6 


(24 =4 


(24 = 4 


5 


CO 00 


Z25 = 2 





«r*M T-fe- (1,3),(3,2),(2,5),(2,4); 
L=3+l+2+4=10 

14. (a) e(l) = 16, e(2) = 22, e(3) = 12 

(b) d(G) = 24, r(G) = 12 = e(3), center(3)=12 

(c) 20, 14, center {3, 4} 

(e) Let T* be obtained from T by deleting all 
endpoints (=vertices of degree 1) together with 
the edges to which they belong. Since for fixed 
u, maxcZ(u, v) occurs only when v is an endpoint, 
e(u) is one less in T* than it is in T. Hence T has 
same center as that of T* . Delete the endpoints of 
T* to et a tree T** whose center is the same that 
of T, etc. The process terminates when only one 
vertex or two adjancent vertices are left. 

(f) xlx]$ u* -ijajtr cf-S- 7}^ ^e) ai-fe- 3 

4 u»* 3Hr>+- 



21. GRPAPHS AND COMBINATORIAL OPTIMIZATION 



21.6. Networks. Flow Augumenting Paths 



1. T={4, 5, 6},cap(S, T)=10+5+13=28 

2. T = {2, 4, 6}, cap(S, T)=20+10+4+13+3=50 

3. T - {3, 6}, cap(S, T)=ll+3=14 

4. T = {3, 4, 5, 6, 7}, cap(S, T)=7+8=15 

5. T = {3, 6, 7}, cap(S, T) =8+4+4= 16 

6. T = {4, 5, 6, 7},cap(S, T)=7+10=17 

7. T = {3, 6}, cap(S, T)=14 

8. One is interested in flows from s to t, not in the 
opposite direction. 

9. S = {1,4}, cap(S, T)=6+8=14 

10. 2.4-i- flow augumenting path l->4-+5->2-> 
3 -> 6 

A M = 6, A 45 = 3, A52 = 1, A 23 = 3, A 36 = 7 

11. i-Me] (2,3)4 (5,6)3 inflow-outflow=0°|7l «fl-g-<>)l 
flow augumenting path7 r $4- 

12. flow augumenting paths ; 

Pi : 1 - 2 - 4 - 5, A12 = 5, A 24 = 8, A45 = 2, 
4sH A = 2 

F 2 : 1 - 2 - 5, A12 = 5, A 25 = 5, 44-M A = 3 
P 3 : 1 - 3 - 5, A13 = 4, A35 = 9, 44*1 A = 4 

13. flow augumenting paths ; 

Pi : 1 - 2 - 4 - 6, A12 = 3, A 24 = 2, A 46 = 3, 
44^1 A = 2 
P 2 : 1 - 4 - 6, A14 = 3, A 46 = 3„ 44-H A = 3 



P 3 : 1 - 4 - 5 - 6, A14 = 3, A45 = 3, A 56 = 4, 
44-H A = 3 

P 4 : 1 - 3 - 5 - 6, A13 = 3, A35 = 4, A 56 = 4, 
44-H A = 3 

14. flow augumenting paths ; 

Pi : 1 - 2 - 4 - 6, A12 = 1, A 24 = 1, A 46 = 7, 
44-H A = 1 

P 2 : 1 - 3 - 5 - 6, A 13 = 1, A35 = 1, A 56 = 7, 
44-H A = 1 

P 3 : 1 - 2 - 3 - 5 - 6, A12 = 1, A 23 = 1, A 35 = 
1, A 56 = 7, 44-H A = 1 

P 4 : 1 - 2 - 3 - 4 - 5 - 6, A12 = 1, A 23 = 
1, A 34 = 2, A45 = 6, Ass = 7, 44*1 A = 1 

15. flow augumenting paths ; 

Pi : 1 - 2 - 5, A 12 = 3, A 25 = 3, 44*1 A = 3 
P 2 : 1 - 2 - 4 - 5, A12 = 3, A 24 = 4, A45 = 3, 
44-H A = 3 

P 3 : 1-3-5, A13 = 2, A35 = 2, 44-*1 A = 2 
P 3 : 1 - 3 - 2 - 5, Ai 3 = 2, A32 = 4, A 25 = 3, 
44-H A = 2 

P 3 : 1 - 3 - 2 - 4 - 5, A13 = 2, A32 = 4, A 24 = 
4, A 45 = 3, 44-H A = 2 

16. /12 = 8, /13 = 6 J2.3.-T-IM / = 14<y-ft- ^tr4- 

17. / = 17 

18. /12 = 2, fis = 2°.S.tt f = 4»J-i- ^tr4- . 

19. / = 15 

20. U-a^oJ »fl, f-f- 



21.7. Ford-Fulkerson Algorithm for Maximun Flow 



1. 1-2-5-IM A t = 2;, l-4-2-5«fl-H A t = 1 44-H, 
maximum flow / = 6 + 2 + l = 9. 

2. l-2-4-6<Hl-H A t = 1;, l-3-4-6«H|-H At = 1 44-H, 
maximum flow / = 2 + l + l=4. 

3. l-2-4-6<H|-H A £ = 2;, 1-3-5-641 -H A t = 1 44-H, 
maximum flow / = 4 + 2 + l = 7. 

4. f 4^aif^M«]4- 

1-2-5HI-H At = 2;, 1-3-5^1 -H At = 5, 1-2-3-5-fl >H 
At = 1 44-H , maximum flow /=9+2+5+l= 
17. 

5. S = {1, 2, 4, 5}, T = {3, 6}, cap(S, T)=14. 



6. No. Sec 21.63 ^45. -f4 4£-4- 

7. (2,3)4 (5,6) 

8. Not more work than in Example 1. Step 1- 
7 ^ of] «]£-4jl flow augmenting path 
Pi : 1 - 2 - 3 - 6o) 4-S:4- 

-t-SJ*')! flow augumenting pathl i*j 
*| scan l-§- S}3. labelling 2,41- A 2 = 

9, A 4 = 10-1- <3fe4- ^ 4* scan 2* 4*3 
c 0 - = c 23 = /y = /23 = Hol7| ufl-g-o)] label 
34 51- t-oj^ SU, £ / 5 2 = 0°H-H label 51- -fr 
°J <r &4- scan 41 4^ A 5 = 7, A 6 = 3. 
5. flow augumenting path-fe- P2 : 1 — 4 — 5 — 6°1 
JL, At = 3°|4. 44-H 4 fl ow augument- 

ing paths-i- <r &7] nfl-g-°H maximum flow 
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11 + 3 = 14o]cf. 



10. forward egdes£ capacity^*) 4-§-^ ^ ojcf. sju): 
«r-d 3.%. ^ £43 « ^4*1 label* ^ <&7\ 
nH-5-o|4. b|^.-&(.7)| backward edges«fl tflifx-jt^ 

11. Algorithm 

12. Let G have edge-disjoint paths s->t, and let / 
be a maximum flow in G. Define on those paths 
a flow / by /(e) = 1 on each of their edges. Then 
f = k < f since / is maximum. Now let G* be 
obtain from G by deleting edges that carry no 
portion of /. Then, since each edge has capacity 
1, there exist / edge-disjoint paths in G" , hence 
also in G, and f < k. Together, f = k. 



13. i€- ifl-S} nfl-g-ofl. 

14. (G, T)7\ cut setol7l nfl-g-ofl (S, T)£| edges?)- 
G«1M s is. 7 r £. path7|- &cf. 0.5)3. 2.^ 
edges^ ^-^=o| io) 7 | nfl^-H) cap(5, T) < q. 
^eM £o* HhtM 97fls) edgef-s) ^-^Ha). 
SrJL G 0 # q?^S\ edge7l- Ge)- sj.* r . HEjs. Vb* 
Go«?HM s vs. direct path7]- ^^fls].^. s_ 
€• *j^-o|sj- tfjT. vi^- a. ^ ^.g. 

^thoiel- *V7.f. s eV 0 , t e V 1 o}7] 

°fl (V 0 , Vi)^ cut seto|4. o] cut set£- V 0 s] 
■HI £]*H G 0 S\ edgef-* S.^ ^ n.^\S.S. 
(V 0 , V^sl egdesfe E 0 °^] nj-ej-Aj g7 fls] 
edge* ^■•fe-nf. ^ (5, T)fe- minimum cut seto] 
4- nJ-eH cap(5, T) < cap (Vb, Vi) < q. D.z]S.S. 
cap(S, T) = q 

15. 2000 



21.8. Assignment Problems. Bipartite Matching 

1. S = {1, 4}, T={2, 3} 

2. 5={1, 5}, T={2, 3,4} 

3. No. 

4. Yes. S= {1, 4, 5, 8} 

5. S= {1, 3, 5}, T = {2, 4, 6} 



4^, 6z^, 8^^ f-^- bipartiteolcf. 

7. 5-1-4-3-6-2 

8. 1-2-3-7-5-4 

9. 1-4-3-6-7-8 

10. (1,4), (2,3), (5,7) 

11. (1,5), (2,6), (3,4) 



12. (1,4), (3,6), (7,8), (2,5) 

13. 4 

14. 5 

15. nin2 



16. 







Period 




1 


2 3 


4 


Ti 


C4 


C3 Cl 




T 2 


Cl 


C4 C 3 


C2 


T 3 




C2 C4 


C3 



17. 3 

18. 
19. 

20. One might perhaps mention that particular signif- 
icance of K$ and #3,3 results from Kuratowski's 
Theorem, starting that a graph is planar iff it con- 
tains no subdivision of K$ or 
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21. GRPAPHS AND COMBINATORIAL OPTIMIZATION 



Chapter 21. Review 



1. graph : two finit sets of vertices and edges, such 
that each edge conneced two vertices. 

digraph : a graph in which each edge e = (i, j)has 
a direction from its initial point i to its terminal 
point j. 

tree : a graph which is connected and has no cy- 
cles. 

cycle : a closed path. 

path : the trail whose each vertex may occur at 
most once. 

2. U1* ol-g-sKH.3. Ji* 0(n 2 )$S.2\ 
4- 

3. graph : salesmann peobelm , postman problem 
digraph : network 

4. 

5. bipartite graph : a graph in which the vertex set 
V is partitioned into two sets S and T (without 
common elements, by the definition of a partition) 
such that every edge of G has one edge in S and 
the other in T. 

»)!*l5LSj H q<$*\7] *)*H ti** <H=W, A 
^feH^ -f-o-K *r^i-* ft- 

6. graphs digraph* 3.*\ t\7\ -^SH- 

7. ford-fulkerson algorithm. 

8. label* *°|7l $1*M. 

9. 31*151-* Sl-fet-H 4-8-sl 3d4- ^-*1 ford-fulkerson al- 
gorithm 4-f-slSi-l-. 

10. JZ.£ «M *j* i^-«rfe 31 #7] Bl cycle* ^*i~Jr **ll . 

11. ^SKJ-t- *7l<4 networkl- ^ -§--§-5l4- 

12. 7)-^- gfr-g- spaning tree* ^«H4 tr edge* 
-33*11 <4 7 i "H, cycle o] s]^ edge^ *M*M 

13. path* *1* 14M "-el 

««, i"& 3-f^<HM 7^ 7^* §ol 

47 r ^4^.»J4ol4. 

14. maximum flow* ^-s\JL^} ^1 4-§-5l °1t44 
^€ *<g*i ^elfe Sec 21.6S1 ^ej 4o|c+. 

15. flow augumenting path : a path (s — > t) such that 
no forward edge is used to capacity and no back- 
ward edge has flow 0. 

forward edge : an edge in its given direction, 
backward edge : an edge opposite its given direc- 
tion. 



16. 



17. 



18. 



'0 


0 


1 


1" 






0 


0 


0 


1 






1 


0 


0 


0 






.1 


1 


0 


0. 






'0 


1 


0 


1" 






1 


0 


1 


0 






0 


1 


0 


1 






.1 


0 


1 


0. 






"0 


1 


0 


1 


0 


0" 


1 


0 


1 


1 


0 


0 


0 


1 


0 


1 


0 


0 


1 


1 


1 


0 


1 


1 


0 


0 


0 


1 


0 


0 


0 


0 


0 


1 


0 


0. 



19. 



20. 



21. 




22. 



Vertex 


Incident Edges 


1 




2 


ei, e2, e4 


3 


e2, es 


4 


e-4, es, ee, ej 


5 


ee 


6 


e-7 



23. 4 

24. (1,2), (1,4), (2,3); L 2 = 2, L z = 5, L 4 = 5 
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25. A shortest path is 




26. salesman i-g- *f-x|;§-§- i^sl-fe- Sl'tr^s} 
cycle-i- ^-si|°|: Z^jl postman-£-a||£. i-g- i^E)l- 
^<Hi U-ti Qo)7\ ^±7\ s|-g walkf- ^f- 

27. "j^ n=l<y bH tree7f l7l|o|u.£. 4^4. 
n=2«fii tree7 r 171M.ELS. ^<d*| <Ufl*4. 
n=3»H, tree?)- (1,2)(2,3) JZsU, (1,3)(3,2), HSlJL 
(l,2)(l,3)o.S. 37fio]o.5. uH&trcf. 
n=4«H,tree7 r (l,2)(2,3)(3,4) ZLE] (1,3)(3,2)(2,4) 
f-,2.3. 167)1 ojo^ nj-^cf. 



28. Tha maxmum flow is / = 7. 

29. By considering only edges with one labeled end 
and one unlabeled. 

30. Yes. 

31. Ford-Fulkerson algorithm^ capacities?]- x£^- 

maximum flowl- ^-Srfe- TtlAj-fhg- ^l-s) 

o|rf. 

32. 

33. 1-2-3-5 

34. (1,6), (4,5), (2,3), (7,8) 



Chapter 22 




Data Analysis. 
Probability Theory 



We first show how to handle data numerically or graphically (in terms of figures), in 
order to see what properties they may have and what kind of information we can extract 
from them. If data are influenced by chance effect (e.g., weather data, properties of 
steel, stock prices, etc.), they may suggest and motivate concepts and rules of probability 
theory because this is the theoretical counterpart of the observable reality whenever 
"chance" is at work. This theory gives us mathematical models of such chance processes 
(briefly called "experiments"; Sec. 22.2). In any such experiment we observe a "random 
variable" X, a function whose values in the experiment occur "by chance" (Sec. 22.5), 
which is characterized by a probability distribution (Sees. 22.5-22.8). Or we observe 
more than one random variable, for example, height and weight of persons, hardness 
and tensile strength of copper. This is discussed in Sec. 22.9, which will also give the 
basis for the mathematical justification of statistical methods in Chap. 23. 

Prerequisite for this chapter: Calculus. 
References: Appendix 1 , Part G. 
Answers to problems: Appendix 2. 
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22. DATA ANALYSIS. PROBABILITY THEORY 




22.1. DATA: REPRESENTATION, AVERAGE SPREAD 
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4 1 

9 1 

15 1 

20 1 



* unit(O.l) 
1122 
33333 
444444 
55556 




* unit(l.O) 



3 7 

9 8 

13 8 

17 8 

20 8 



379 
122333 
4455 
6666 

777 




* unit(O.l) 



10 12 14 14 IS 20 21 



1 


14 


5 


4 


15 


000 


6 


15 


55 




* unit(l.O) 



10. 



2 


19 


89 


6 


20 


0111 


7 


20 


3 




Kt>i 






11- ^S-fr 9.3o]3. median^- 10°14. 

2.5408°lJL interquartile ranged 11.4-7.2=4.2o] 
4- 

12. sg-gvg- 16.875o|ji median^- 17o|cf. if^^t 
0.8345o]jl interquartile ranged 18-16=2o]4. 

13. JgiJ-g- 35.1429°lJl median^- 35°14. 

*J-£- 9.1134o] j7 interquartile ranged 42.5- 
28.75=13.75 °1 4. 

14. ^*-£r 12.6o|a q m = 7o] as. i-?m = 15.6. &€■ 

15. -1, 0, 301. 

16. nx min < Xi H hXn < HImai ll M "cT^-i" "-2-S 

4¥^ €4- 

17. 3.5355, 1.2910 ^-°1?H SH^ig tflo]Ei^ o^JS.^ 

f-«i€4- 

18. Q M ^ rQR^r x, sin} ^\ 7 ) 4=1-4- 0J4. 
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22. DATA ANALYSIS. PROBABILITY THEORY 



22.2. Experiments, Outcomes, Events 



1. jSl-B-M-43711, -2-*4427||4 44417)1, iL.g-44 i7j 
4 ^44 271), £44 37fl. 

2. A.B-f- 33 ^-g-t- x,j/4 4:* S.^ 
4^ (1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), 
(2,2), (2,3), (2,4), (2,5), (2,6), (3,1), (3,2), (3,3), 
(3,4), (3,5), (3,6), (4,1), (4,2), (4,3), (4,4), (4,5), 
(4,6), (5,1), (5,2), (5,3), (5,4), (5,5), (5,6), (6,1), 
(6,2), (6,3), (6,4), (6,5), (6,6). 

3. £3 -¥4|, ^44 *'3*r4(T L, B°l 51^ ^ 
7)7.)), ^ ^41 . 

4. 6o] 4* «f)747;) ^A^(die)!- 7))^ 3*! 4 3 -r- 
4*1 Tfl^s! 514- «r, 3*3 ^ ^444 

5. l-^l-o] 44 l,2,3,4,5,6,7,8,9,10»]s|Hl 
7f 514- 

6. A U B = {(1,1), (1,2), (1,3), (2,1), (2,2), 
(3,1), (3, 3), (4, 4), (5, 5), (6, 6)}. i4 e =(l,2), (1,3), 

(1.4) , (1,5), (1,6) (2,1), (2,3), (2,4), (2,5), (2,6), 

(3.1) , (3,2), (3,4), (3,5), (3,6), (4,1), (4,2), (4,3), 

(4.5) , (4,6), (5,1), (5,2), (5,3), (5,4), (5,6), (6,1), 

(6.2) , (6,3), (6,4), (6,5). S c =(l,4), (1,5), (1,6), 

(2.3) , (2,4), (2,5), (2,6), (3,2), (3,3), (3,4), (3,5), 

(3.6) , (4,1), (4,2), (4,3), (4,4), (4,5), (4,6), (5,1), 
(5,2), (5,3), (5,4), (5,5), (5,6), (6,1), (6,2), (6,3), 

(6.4) , (6,5), (6,6). 

7. *\S. mutually exclusive °] 4- 

8. mutually exclusive7l 43 3 15 s ! "fl^r 7 !" 
444-c- 7j-f7f 51<H4 44- -MS. mutually exclu- 
sive°14- *r*\m 37«ol^ (6,6,3)^ $+7} a| 7 ] 
°.<L 4-5- mutually exclusive?)- 434- 

9. A=(l,l), (2,2), (3,3), (4,4), (5,5), (6,6) . B=(l,l), 

(1.2) , (1,3), (2,1), (2,2), (3,1) . AuB=(l,l), (2,2), 

(3.3) , (4,4), (5,5), (6,6), (1,2), (2,1), (3,1), (1,3) . 
AHB= (1,1), (2,2) . A°=(l,2), (1,3), (1,4), (1,5), 
(1,6) (2,1), (2,3), (2,4), (2,5), (2,6), (3,1), (3,2), 

(3.4) , (3,5), (3,6), (4,1), (4,2), (4,3), (4,5), (4,6), 

(5.1) , (5,2), (5,3), (5,4), (5,6), (6,1), (6,2), (6,3), 

(6.4) , (6,5). B c =(l,4), (1,5), (1,6), (2,3), (2,4), 

(2.5) , (2,6), (3,2), (3,3), (3,4), (3,5), (3,6), (4,1), 

(4.2) , (4,3), (4,4), (4,5), (4,6), (5,1), (5,2), (5,3), 
(5,4), (5,5), (5,6), (6,1), (6,2), (6,3), (6,4), (6,5), 

(6.6) . 

10. <t>, {a}, {&}, {c}, {a, 6}, {a.c}, {b,c}, {a,b,c}. 



11. 4 -§41 6°i 4-2-fe Tj-fte 14*1, -r^H-fe- 547-1, 41 

SH*r 2571*1, tflSl^fe 1254*1, 44!ti*)l-fer 6257J- 
7), a 78171-7.1. E c ^ 4^SJ^^li 6o) 4447) 
&£■ 4*8°1 ol^ofl ^.4- 7|^-l-£) 

^^■014- 

12. 1. 43* jiji I-tI-t-4 -E-ol ^4514- 2. 4s)-i- a 
2. «3-f 4 ^-o| ^-oi5J4. 3. 43* #£-3. 51.2-4 
t-Tl-T-4 €-»l HH-514- 4. 431- °J-Jt3. 51-2.4 •& 
t!*4 4*4- 5. 43* SKS.:n. 51 -2.4 #^7l 
#3. 4*4- 6. 43* #3*1 &jl €■■§- 
4*4- 7. 43* ^ #71^-4 4^4- 



No defect=7 



14. 




15. <& 1-414 Ik"] 4t14 4t1 3 3L4-H* 

16. 3*8 ; 9 1 &<H14 Aofi ^4*1 740.5. i°J ^Hl 
3-47-1 Ste- 74^- A<H1 ^-44- A41 #4^ A<H| 3 
4*1 Sir i44-fcr 34°*! 34*1 ste-4- ^, 
(A c ) c = A«14- =8 *l| 3«4| 3-4*1 Sfc 3£ 4* 

74i ^4- S<= = $. olJjL^i ^4H1^ Ol-Li 

34*1 &^4- «h ^-343 4*J4£ 4^444- 
Aofls. 343- A c <Hli #44 ^ A<H| 344*1 34 
4 ei-^4^- 444- ^3444- 



22.4. PERMUTATIONS AND COMBINATIONS 
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22.3. Probability 



1. 4°J «i| 37)4, 5°m 47^1, 6°m 57}x\o]s.Su 
12/36 = 1/3. 

2. 7°m 67\x], 8°J«j| 57f7:l, 9«y«fl 47}x\, 10<y=H 
37>t:1o15.s. 30/36 - 5/6°] 4. 



3. 4 tfl«|)^ £444 4-§- 4-f-g. 7fl44<g 
1/3 x 1/3 = 1/9. 1 - 1/9 = 8/9. 

4. ^a}.^ 4-f- 4f.,g- 10/30 x 9/29 = 3/29. 

1 - 3/29 = 26/29. «1 2.4*3 8/9 = 232/3614 
26/29 = 234/361. v\-$H^$<Q. nfls] 4f-o) t) 
=14- 

5. (a) ^-^^-t<y bH 9/10 x 9/10 x 9/10 = 729/1000. 
(b) Bl-4^4-t-°J "119/10 x 89/99 x 88/98. 

6. 6o| 44s. 4_2.*1 4t-£- (5/ 6 )3 _ 125 / 218 <»1 
2.3. 1 - 125/218 = 93/218. 

7. «i4^ 4*l T #4 ^# 
3 =S4^r 4*1 4£4- 

8. 4J2.4 4*14 *ol 4±fe (1,1), (1,2), 
(2,1) (3,1), (2,2), (l,3)o)4. a, 94/100 = 47/50o] 
4^4 * 4*«14- 

9. Ml 7]| 5} 4°1 0 W «)lt!- ^l-ELS. 0.9 4 o|4. 

10. (a) (1/2) 2 = 0.25. (b) (1/2) 2 x 2 = 0.5. (c) 
(1/2) 2 = 0.25. (d) 50/200 x 49/199. 

11. 96/100 x 95/99 x 94/98 x 93/97. 



12. #t|M jL*t%-2\ 4-£-£ P4 44- ^ 

44 °14°l ^s^** 4#£- l-P 4 o]4. 0)^0] 
0.99^.4 3-7\% 445-5. P 4 < o.oio] m p 2 < O .io| 
4. P < 0.31622777o|^ -34. 

13. ajH-SE. tM°14 0 ) -£-4f-4-fc- 4#£- 1 - (1 - 
0.04) 3 = 0.125364. 4, 2.^ 4*4*7 4f"€- 
0.874636. 

14. (a) l-^ol Sio.ei'd 0.98 2 = 0.9604. (b) -i-^o] 17]) 

0.02 x 0.98 x 2 = 0.0392. (c) 2.^- %*$<>)^ 
0.02 2 = 0.0004. 

15. (a) 4-ti *] 1/2. (b) (1/4) 2 x 2 = 1/8. 
(c) «1 4^ 11 3-f: 3! 4 =-4 44 ma i e 4 f e - 
malel! ^-fS. 4TH ^1^4^ 100/200 x 100/199 x 
99/1984 100/200 x 99/199 x 100/198^ 4. 43] °J 
7|.f : (1/2) 2 = 0.25. 

16. <*W 44- 

17. P{A - B) + P(B) = P(A). P(A -B)> 0o] o £. 
P(B) < P(A). 

18. P(A n B n C) = P((A n B) n c)°|;e..£. = 

P{A n B)P(C|A n B) = P(A)P(B|A)P(C|A n B). 

19. P(A) = 0.5,P(B) = 0.5, P(C) = 0.5, P(A n B) = 
0.25, P(B flC) = 0.25, P(C n A) = 0.25<>14. 

p(A n B n C) = 0. 44^ (16) <q 4*14 ^ aj 

34*1 Ste4- -HI *J1H1 ^-^»14^ 44 -* 
f- °J^5) i-o| ^-^0)4^ 4^. ^ 0 |4. 



22.4. Permutations and Combinations 



1. (1234), (1243), (1324), (1342), (1423), (1432), 
(2134), (2143), (2314), (2341), (2413), (2431), 
(3124), (3142), (3214), (3241), (3412), (3421), 
(4123), (4132), (4213), (4231), (4312), (4321). 

2. (a) (a,e), (a,i), (a,o), (a,u), (e,i), (e,o), (e,u), (i,o), 
(i,u), (o,u), (e,a), (i,a), (o,a), (u,a), (i,e), (o,e), 
(u,e), (i,o), (u,i), (u,o). (b) (a,e), (a,i), (a,o), 
(a,u), (e,i), (e,o), (e,u), (i,o), (i,u), (o,u). (c) (a,e), 
(a,i), (a,o), (a,u), (e,i), (e,o), (e,u), (i,o), (i,u), 
(o,u), (a,a), (e,e), (i,i), (0,0), (u,u). 

3. 507))<HH 471)1- ^ i4°l°S. (50 -49-48 -47)/(4- 
3 ■ -2) o)jl ^ 23030071). 

4. 7! = 5040. 

5. 8*3 ofH 3^* J£ir3^o|o^(8.7-6)/(3-2) =56. 



6. ^ 107fl^ 27)1 S\ 4^ 871)^ 37« <S] t^f 

#2 4€- <=H*lM£- <ti«?4 °\A7\ $4- I07fl^ 

27)1 4AJj-§- 4f-£. 1/45 o| 2 Si f - 37H* ^ 
1/560)0.5. 1/(45 ■ 56) = 1/2520. 

7- 97C 7 /i00Cio<>l°.5. 2/2695. 

8. 26 3 4#S1 *4-fl-<Hl 10 3 7fl£) $-4Jf*. 
17576000, 

9. 6!/6 = 120. 

10. 4*H^ ^ ^ f^HH tf£ ^ ^alfci 
9 - 8 = 727W. 

11. 4^*1 ^-f- 4-t-gr 3C3/9C3 = i/84°l;n. *1 ♦ 
^ 4f-^6C 3 / 9 C 3 = 5/21014. 
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22. DATA ANALYSIS. PROBABILITY THEORY 



12. (a) 8 C 3 = 547 r 7). (b) 6 C 3 = 207 r 7|. (c) 
2 Ci - 6 Ci = 127W. (d) 2 C 2 = l7 r 4- 

13. 2 0C 2 = 190. 190/365 = 0.52. 

14. CASPROJ 

15. (a) *)•§■£] 7jg| n7 r 4 n - 171-7], a)1 

<an^ n -271-xi. oi^tii 7fl^-«r^ fcBj^fii >a«i-a- 

(n - fc + 1)71-7]. olTj-g- JE.Jp. ^Llg n7|MH 

4*|iiL tHtt Wr- (b) ^4*4 ?) 

tf-g* 4-§-«i-7lS. tS4- ^7-1 n = 1<J] Tj-f fc7 r <►) 

tt 1tt 74 < d<r 0 )€- 44 4<y 44. n = p _ i<y «)] i=. 

4^ fcofl tfls)]^ f-^S^-S) i|o| ^^SicfjL 7(-Xj 

44. °)*« n = p<y«||, JZ.-& 4<g<^ fco)) cflafl 

o) A_lo) 4^.Jj).§. Jio]^ fc = 16) ^ o.- p y M 

*\ 17111- 7jo)ojL 40)] rfloj-gj.^ -f-S- 4 
°1 fc = m<a «« "?M^4:n. 7H«r 

4. fc = m+l<U TjJf-1-^.ol^ ^4. o] ^-f-ofl-fe- 77171] 
1- «•£ 4^1 17)11- P) 4££. O.JL 7717111. ^ 

7t-3!*r P +m-iC m «ll 1-1: #t1|*) l-ol^ 0.3,2- £ = 
4fl3.* tJ+o|4. ol^tl 21 *°|^ HJ-HH tflaH 2.e)*l- 

3, °1%711 4€ Tjjoll^ 1^ oj-^. ^40, A Lo H , 

*4°l <*3 21 1-<*H 45.^771 + l7fl 4el 

34-7)51(21 7fl£ #°l7l 4) m7) | ^ej 
s] aitM 1* i^*r7] ^jJtHof #4fe 3-1- ^ Si 
4- 711^2,- •• ,ps.°f = ^- 771711 4el ^42. 
tM^ji £)sH P -i+ m _iC m °14- °M1 3-i- 



♦"H 444fe 4-£.£-m+l7ll 4e) f4it-& -^efl 
77171) 4b) ^42.4 >H4 1,27)- &4 Tj-fofl 3*- 1- 

<*H tf-E- 31-°I4- o|^7i| pi i-oife. 7^-f 44 s.j= 
>>J44^ p+m -iC m + P+m -2 C m + • ■ • + m c m °] 

*U .It p+m C m+1 °14- (C) (°) + (fc + j)* 

o!/(fc!-(a-fc)!)-f-a!/((fc + l)!-(a-fc-l)!)o]4. Jj-«. 
^ -g-*Rr a!(fc + l) + a!(a-A:) = (a + l)!o)ji 1-i 
(fc + l)!-(o -*)! = (* + 1)!- ((o+l)-(fc + 1))!7|- 

- ' + 1) ( d ) (° + "S! «-«raL *d 
7l)tl-4i 'MsW. Ml "fl-alM -&<33 JiL*H3 

*)-§■ Al.^-44 7j)7ll^ ^^1 7,)^. J7e)4^ 

4-8-tV a*6 n - fc 7l- s)fe ig-£) 7l)^fe a! 
fc7fl 1 6i „ - fc7H 4-§-*V«i "S-a- *^s) 7)1^4 ^4. 
f-7H| alo)oj- n7])s1 tH |^ a7 i ^ fcl . 

iU-^W 34i -f-<y44. 0)7301 7)l^7f 2. 

^ *J*fl7l^ °)-rV°14- (e) (fyir (1 +x)?<H|4 

^0|4. O]^^- ^-4^ 7)1^7). £1^7 fc6 )] xfl^J ^ 

tV4fe- 7 r ^tV i€- i-f- t'-sH i r £) Til 

<r* ^o)4- (l + x) p+ «S) x r ^1^4£ 

(f) 2" = £2=0 "C*. n2 — 1 = Et= 0 *»C*, 
( a + 6 + c )n = E p+9+r=n n!/(p! g !r!)aP6«c'-f- a. e| 
s)Hli S»l S14- 



22.5. Random Variables. Probability Distributions 



1. /(I) = 1/14, /(2) = 2/7, /(3) = 9/14. 

2. °i^5) ^ 4x]4«)|7i 2 " = E2 =on c fc l oJ-g-4^ 
2 3 = £Lo3C*ol4. ^,k = 2~ 3 . 

3- /(0) + /(l) + /(2) + /(3) = H 03. 4o)Aj.s) ots) 
^ ^ Si4- 

4- /(0) + /(l) + /(2) + /(3) + /(4) = lOOfc = H4 
fc = 0.01. 



5- E^ =1 fc/m! = 14H fc -i = £~ =1 l/m!. 
1 - + 1/2!). 

6. P(X > 4) = 0.5. P(X < 3) = 0.25. 

7. (a) ^4 ^^o) 0.3. ?j2\<q iflSl^-Tj-s) z)o)o)l 
«)^144- c = 5.6. (b) ^-Tj-fi) o) 0.3. c = 4. (c) 

c = 2.2. 



8. P(X < c) = 0.957F s)^ F(x) = 0.951] * 
o\S.S, 1 - e- 011 = 0.95<H1^ ln(0.05)/ - 0.1 = 
29.957323. F4 fS\ nel) 44 44-4 ^4- 



9. J^ 1 fcx = H4 fc(l.l 2 - 0.9 2 ) = 2. fc = 5. 

10. P(X = 0) = 7 C2/1OC2 = 7/15, P(X = 1) =3 
Ci -7 Cx/iOCs = 7/30, P(l < X < 2) = 0, 
P(0.5 < X < 5) = 1 - P(X = 0) = 8/15. 

11. 15004 7i4*l ^l 7 !)^ 'di 1 - s.*f-7\ ti°M * 
4- *7fl5i xj^-7 r 15004 7J-44 514471 a-i- 4* 
£ /j 2 s /(x)tte = 0.5°l2.^ 0.5 3 = 0.125. 



22.6. MEAN AND VARIANCE OF A DISTRIBUTION 
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12. <q Sj-f-o| lo\u£_ k = 57f £14. 1V71)S] axle 7\ 

0.02 x 5 = O.lo) b_s, 5007fl «fl tfltt -i- 
^f-^ 7fl^ t))^ 500 x 0.1 = 507)lolc}. 

13. ^-l-ol 1°|.H.3. *j-S-*M fc = 0.2/(1 - 
e- 20 ). P(X > 5) = (e- 1 - e~ 2 )/(l - e" 20 ). 

14. *:»!*!) <Hl ^^s. 6o) 4_5_s|<a fc - WlT/pX)^ 
6o] v+i^ 0^4. ^-f-^- (5/6)*- 1 x (1/6). 
fe°)l l-r-Ef o] sj-f-f-t. *r*l 

1/6 x 1/(1-5/6) = 1. 

15- Jo* f(x) = 0.475°] x^ t)|^ 0.8. 

16. I7fl5l ^Bo| lOO'l-g-ol^o) 7r *l S|-f-,£- 0.5. 

^ 10007fi o)] tflsfl^- 5007)). P(X < 99.5) = 0.375. 
P(X < 99) = 0. F4 /4 A A 7^ 

4- 





17. *)3) £] ^f-o) lojn,^ fc = 3/ 8o ] p( X < 
ci) = 0.1->)H c? = 0.8o)ji Cl ~ 0.929. P(X < 
c 2 ) = 0.9o)l^ c| = 7.2ol3. c 2 ~ 1.918. 

18. f(x) = 0.4s. 0.2(3 2 - 2.5 2 )2.75/5 = 5.05. 

19. %*3. X > b, X > b, X < c, X < c, 
X < borX > c, X < borX > c°]z\. 

20. {X : X < b} C {X : X < c}°}™3- <S •£-§-*)! 22.3S] 
18<ti -t #5l*}<$ s)4. 



22.6. Mean and Variance of a Distribution 



1. k = 1/8°J£ i^S) <d**^l 2<*HH ?-Sr^i4. Jg 
S£(0-l + l- 3 + 2- 3 + 3- l)/8 = 1.5. 

(0 2 -l + l 2 -3+2 2 -3+3 2 -l)/8-1.5 2 = 3-2.25 = 0.75. 

2. ^-gvg- (1+2 + 3 + 4 + 5 + 6)/6 = 3.5. 
(l 2 +2 2 +3 2 +4 2 +5 2 +6 2 )/6-3.5 2 = 91/6-12.25 = 
2.917. 

3. /qI^x = 1/3. / 0 l x 3 dx - 1/9 = 
5/36. 

4. 5g-g-£ f™xe-*dx = 1. / 0 °° x 2 e- I dx - 
l 2 = 1. 

5. ig** l/lOo] ji 0. 

6. 4-2 = 2. -g-^-gr 4 2 ■ 1 = 16. 

7. fc = 6/0.2 3 = 750. %tt-£ ft * f(x)dx»)3L °] 

■§- ^-irSr'd ^-a-^ -S"ir£ ~ 0.204-0.404+ 

0.205 - 0 2 -> 0.005A: = 3.75. 




8. 2fc J/ 06 /(x)ds = 0.375 ■ 2 = 0.75o] 
H.S. ^-*3=f-£ 0.25o|cf. 

9. 105)^eo1 90 3)^h.o) 3-£f--£ ^"ltrcf. 
2fc Jj 0 /(x)dx > 0.9* ^Spfe C-f- -?-5r<d ^'4- 
c 3 - 3c 2 + 2.18 >♦ <?r^*r^- c» ^4*3 €4- °1 ?it 
£-31^ 1.0729o)4. 2=- it- f-i] is. ±0.0729. 

10. IVtH! cfl^V Jg*S°l 7/2o)h.S. 207HI tflslMfe- 
70o) ^ 7)1)1^014.. 

11. /o/dx* Til-iVs).^ ^ 0.5. 0.3 - 
0.5 2 = 0 .05. standardized variable^- Z = 
(X - 0.5/-V/O05). 



12. 4°)1 ^H.7f «j ^#o] 5s)^^4fe. 95se) 

^^-Sl "H^ofl 4ttr / 0 C / = 0.95 

cl- ^4. of 0.8650)4. a. ^3.o| ^. 

^ 86507|^}. 
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22. DATA ANALYSIS. PROBABILITY THEORY 



13. f£°xf{x)dx = 9. 3000CM1H4V z}- 4#£. 

/3?000 /(^ = «- 15O °- 

14. ZL7\ ««>fe (10 + 20 + 30 + 40 + 50 + 60)/6 = 
35°|4- 4»H 35^JM ^ €4- 

15. (a) E(X - p) = £(X ) - £(p) = E(X) - p = 0. 
(b) (1)4 (8)* (10)oJ 4^4. (2)sf (9)# 

«U«|-^ (ii)°l 4^4- 314 n ^j- 
*r 4-iH4- °J3^ -fj-tr^-s. -t-^^*^ «M4 4 

£ 44°l 7^44. (c) £(X*) = / 0 ***/(6 - a)dx 
= ( 6 *+i _ o*+i)/p + 1)(6 - a)], (d) 7)^Hr 

22.7. Binomial, Poisson, and 

1. 5 C x (l/2) 5 . 431-5. 1/32, 5/32, 31/32, 31/32°14. 

2. 4 41-ol 0.75^4 1 - 0.75 4 = 0.68459375. 

3. 4 4#o| 0.95M 4 1 - 0-95 20 = 0.64251408°1 
^HittHJ-^-t 4*. 

4. sg^-o] 47flo|n_5. /( x ) = 4 z /i!e- 4 . /(0) = e~ 4 , 
/(l) = 4e" 4 , /(2) = 4 2 /2e- 4 , /(3) = 4 3 /3!e- 4 , 
/(4) = 4 4 /4!e" 4 , /(5) = 4 5 /5!e- 4 . 

5. /x = 0.5<HH /( s ) = 0.5 r /x!e-°- 5 ol4. P(X > 2) = 
1 - /(0) - /(l) = 1 - e-° 5 - 0.5e-°- 5 . 

6. (1 - 0.02) 15 = 0.98 15 = 0.7385691. 

7. (1 - 0.02) 100 = 0.98 100 = 0.13261956. 

8. %Ttm-3- £4 2f, l^-fr 434^ aicfl 
15io)4. 

9. l-^l-ol 0.15)^e, 1007flofl tflsfl sg^-aj 0.5. 0.17H 
£) 1-^. O.l^/sle- 01 ^.^ 1 - e- 01 . 

10. 431 JL 0,1,2,3^ 4#£ 4^-4 4°1 31 
-ii-^4- i5C 3 / 2 0C 3 = 91/228, 5C115C2/2OC3 = 
105/228, 5C215C1/2OC3 = 15/114, 3C3/2OC3 = 
1/114. 

11. (a) iOC 3 /i3C 3 = 120/286. (b) 3 CiiOC 2 /i3C 3 = 
135/286. (c) 3C 2 i0C 1 / 1 3C 3 = 30/286. (d) 



4 -f4^M 7l^o)4. 4-^o|o.s. 

0°U i 3 /fe 7|4*tH4- 2. fx 3 f(x)dx = 0. (e) 
/ 0 °°(x - l)»/(x)*e = 11. 




(f) 4*<KJ* «Ws. 1- ^ 5J4- 

Hypergeometric Distributions 

3 C 3 /i3C 3 = 1/286. 

12. «t-i-°| 511- 41-^- JL-f- xjf-oj 4f-o|i 17)|£) xj^ 
4*£ 0.9. 4f-, 1 -0.9 10 

13. (a) d k G/dt k = Z j d k (e tXj )/dt k f(x j ) = 

Zj^e^Hxj). 444 G<*>(0) = E,*J/(*i) = 

E(X"). G'(0) = Ei*jfi*i) = E(X). D.^SL 

d k G/dt k = f d k {e tx )/dt k f{x)dx = f x k e tx f{x)dx. 

44^ G< fc )(0) = fx k f(x)dx = E(X k ). 

G'(0) = Jxf{x)dx = E(X). (b) GW(0) = 

X2_o**»CxP*? n -» = ES=o **/(*)■ (c) 
G'(0) = p!n!/(n - 1)! = np = p. (d) 



G( 2 >(0) 



p 2 n(n - 1) - p 2 



npq. 



(e) 



e ''pe'' = p. it 2 = 
P 2 = P- 



G(t) = E^o^e-Vxlp- 1 = e"" £(e«p)»/*J 
e-^e*"'. p = G'(0) 
G< 2 >(0) - p 2 = e-"pe"(l + p) 
(f) imC, = xM\/[x\{M - x)!] = M(JW - 
l)!/[(x - 1)!(M - 1 - (x - 1))!] = 
oil- °l-g-4°i *1M€ ^445. 44- 

P = I2 x f( x ) = JL x MCxN-MC n -xlNCn 

E^M-iG^-iAT - MC n - x / N C n 
M N-iC x -i/ N C n = Mn/N N C n / N C„ = nM/n. 

14. (a + b + c) n = ££=o»C*(" + b )k c n-k 

= E^oEf=o" ! /[fc'(« - *)!] • *!/[«(* " 
;)!]a , fc fc - i c"-* : <»| =14. l,k-l,n-kt 44p-?-rS. 

= E p+s+r= nnVb!9W]a p & 9 ^. «J«1-^^S. 
fe- °l 4^ <HI ^i^^* ^-8-4^ f-^* ^ =r 514- 



22.8. NORMAL DISTRIBUTION 
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22.8. Normal Distribution 



1. P(A > 12) = P(Z > 1) = 0.5 - 0.3413 = 0.1587, 
P(A < 10) = P{Z < 0) = 0.5, P(X < 
11) = P{Z < 0.5) = 0.5 + 0.1915 = 0.6915, 
P(9 < X < 13) = P(-0.5 < Z < 1.5) = 
0.1915 + 0.4322 = 0.6247. 

2. P(X < 112.5) = P(Z < 1.5) = 0.4332 + 0.5 = 
0.9332, P{X > 100) = P(Z > -1) = 0.3413 + 
0.5 = 0.8413, P(110.5 < X < 111.25) = P(l.l < 
Z < 1.25) = 0.0301, 

3. P(A < c) = 0.054H ( c -50)/3 = 1.65. c= 54.95. 
P(A > c) = 0.01»11^ (c-36)/0.1 = 1.28. c = 48.8. 
P(|3z| < c) = 0.5°)M c/3 = 0.67. c = 2.01. 

4. P{X < c) = P(Z < (c - 3.6)/0.1) = 0.54H 
c = 3.6. P(A > c) = P(Z < (c - 3.6)/0.1) = 0.H 
-<i (c - 3.6)/0.1 = 1.28. c = 3.728. P(-c < 
X - 3.6 < c) = 0.999°1M c/0.1 = 3.29. 

c- = 0.329. 

5. P(A < 4) = P(Z < -1) - 0.5 - 0.3413 = 0.1587. 

6. P(X < 4) = P(Z < -c-^S-S. €<H€-4- 

7. P(0.009 < X < 0.011) = P(-l < Z < 1) = 
0.6826. 1000 x 0.6826 ~ 682. 

8. P(A > 2048) = P{Z > 208/%/IoTo) = P(Z > 
0.881) = 0.5 - 0.3106 = 0.1894. 

9. P{X < 500) = P(Z < 0.2) = 0.5 + 0.4772 = 
0.9772. 

10. P(0 < X < 10) ~ *((10-10 + 0.5)/v / 9^9)-*((0- 
10 - 0.5)/y/9S) ~ $(0,159) - $(-3,337) ~ 0.564. 

11. P(X > 15000) = P(Z > 1.5) = 0.5 - 0.4332 = 
0.0668. 

12. P(X < c) < 0.05, (c - 1500)/50 = Z = -1.65<>IM 
c= 1417.5. 



13. P(X > c) < 0.2, (c - 1000)/100 = Z = 0.854M 
c = 1085. 

14. (a) ^^iif #Str<4. (b) V2k$(-z) = 

= !l~^ /2 dt = J~e- t2 ' 2 dt. cM 

z£. "HM-M = VSr - e.-^i' 2 d f i = 1 - *(z). 

(c) ^ (-1/a 2 + (x - M ) 2 /<r 4 ) e xp(-(x - 

n) 2 /(2a 2 )). (x - U.) 2 = a 2 . 

x = fj, ± a. (d) 2tt$ 2 (oo) = J™ x e- u2 l 2 du 

■I^e-^dv = IZoI-^e-^+^dudv = 

C S2°re-'*/*drd0 = 1. (e) v^<r 2 = /^(x - 

/l) 2 e -(x- M )V/3 2 d3; = l/pf^fiu'e-^/'Pdu = 

P 2 f? x (.-u)(-ue-» 2 ' 2 )du. <H7H 4*33-* °1 

**M = 0 2 /r. e-« 2 / 2 du = 

/5 2 . (f) binomial distribution-!- normal distribu- 
tion^ €-4 A l?]^ ^5-31- -g-4-g- 4^ np.npq°\-c\. 
P(np — ne < X < np + ne)-§- 5L^i)-x}. np7\ 
F(-ne < A' — m < ne)Sr Q 
2 Jl^sj £H| tflsl) n -> oo°l^ o) 
4- (g) = fx*f(x)dx = /(en + c 2 )f(x)dx 
= ci / xf(x)dx + C2 = ciju + C2. cr*' 2 = 
/(x*-/J*) 2 /(x)dx = /(cix + c 2 -cifi-c 2 ) 2 /(x)dx 
= c 2 /(x- M ) 2 /(x)dx = c 2 £ r 2 . 

15. 6/1- o 0 t^o|^ P{x <b) = 0.5 + P(0 < X < 6), 67 r 
-g-<fo|ig p(A < b) = 0.5 -P(0 < X < -6). 071- 
^o]^ p(x > a) = 0.5-P(0 < X < a), a7 r 4-*^o| 
^ P(X > a) = 0.5 + P(0 < X < -a), i-f- »<J=^ol 
^ P(a < A < 6) = P(0 < X < 6)-P(0 < X < a), 
&<£ P(a < A < 6) = P(0 < X < b) + P(0 < 
X < -a), JL-f- -l-^ol^ P(a < A < 6) = P(0 < 
A < —a) — P(0 < A < -6). k7\ 0.5^4 a 
^ P(A < c) = fc^ P(0 < Z < (c - 77l)/<r) = 
fc - 0.5S. 3.5L c^r -T-^cf. P(A > c) = fc-fe- 
P(0 < Z < -(c - m)/cr) = fc - 0.55. iJl 
c* T"-tr4. k7\ 0.5^4 4^ P(A < c) = fc^ 
P(0 < Z < -(c-m)/«r) = 0.5-fcS. JLil c* -?-tr4. 
P(A > c) = fc-fe P(0 < Z < (c-m)/a) = 0.5-kS. 
12 n t t!-4. O-Blul P(/x-c < A < /i + c) = fcfe 
P(0 < A < /i + c) = fc/2S. ^2.^5] «H^^§- ^-g-^V 
4- 
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22.9. Distributions of Several Random Variables 



1. ^3-5L5. M-tH k = 1/30. P(9 < X < 13, Y < 
1) = 1/30, P(X < 8,3 < Y < 4) = 1/15, 

2. P(X > 4, Y > 4) = 0, P(X < 1, y < 1) = 1/32. 

3. k = 2.9. P(X + Y < 1) = 1/9, F(K > X) = 0.5. 

4. /j(x) = (8 - x)/32. f 2 (y) = (8 - y)/32. 

5. /i(x) = l/(/?i - Ql ), / 2 (j/) = l/(/3 2 -a 2 ). 

6. ^^-■5: 2. 44-8: 0.03 2 /10000. 

7. ti^fc 50X + 49y^. 4-b4- ^5-* 50 ■ 0.5 + 
49 • 0.05 = 27.45. E{(X + Y) 2 ) = E{X 2 ) + 
2E(XY) + £(y 2 )<HH E(X 2 ) = 0.05 2 + 0.5 2 = 
0.2525 E(XY) = 0.5 • 0.05 = 0.025 E(Y 2 ) = 
0.02 2 + 0.05 2 = 0.00291- tfl^sH 444 0.2525 • 
2500+25-49-0.025 +49 2 -0.0029-(50-0.5+49-0.05) 2 . 

8. (a) /i(x) = 1/0.04, f 2 (y) = 1/0.04. (b) 1J14 44 
4 T^^ofl l"H4-H-3. 0.5. 

9. (a) = 2e~ 2x , / 2 (y) = 2e- 2 «°l:2 3-4^ 
/4 34. 4, ^HH4. ( b ) (aHH ^4. ( c ) 



l-/ 0 '/i(*)«fa = l-e- 



10. sga-^r 5 + 100 = 105, E({X + y) 2 ) = E(X 2 ) + 
E<-Y 2 )+2E{X)E{Y) = 11025HH E(X 2 ) = 0.2 2 + 
5 2 = 25.004, E(Y 2 ) = 0.5 2 + 100 2 = 10000.25. 4 
eH 444 11025.254 - 105 2 = 0.254. 



11. 4 A]fg£) «jx-l- l,---,n4 444 Xife ^ 
3. ^°I4- Z = + -.-Jf„* °144i°l 
3. = £(Z) = = np. (J 2 = 
£(x 2 - 2i/x + m 2 )/(i) =£x(x- l)/(x) + /i - /u 2 
= n(n — l)p 2 + np — (np) 2 = npg. 

12. E{X) = p = M/JV<HM E(£Xi) = ZE(Xi) = 
nM/N. 4441 cflsflA^ sl^s) £.%o] 7fl<ys)S.5. 

44 ^ &4- 

13. Bi(l.l) = Ei(l,2) = E X (2,1) = Ei(2,2) = 1/4, 
E 2 (l,l) = E 2 (2,2) = 1/8, £; 2 (1,2) = £ 2 (2,1) = 
3/8. Ei 4 E 2 tr marginal distributiono] ^ 
4- 

14. F(ai < X < bi,a 2 < Y < b 2 ) = F(X < 
bi,a 2 < Y < 6 2 ) -F(X < ai,a 2 < Y < b 2 ) 
= F(X < b u Y < b 2 ) -F(X < 6i,y < a 2 ) 
-(F(X < a u Y < b 2 ) -F{X < ai,y < a 2 )). 



15. 444 34*1144 €4- 

16. ^2)11 £)«« 4^ 44- 
Chapter 22. Review 



l- 334 i^* 42-44- *|i.SLa44 44<HI dloiEl 

S) 3.711- cflTj- "£o r -i-^ SU tflolE^ 
4*H-§r 44-H.7|7 r 34- 44-E44 r-)|o|El 

<q 3*11*11] 4-3. Jg7 r 4j.i ^.71 3 7)| 3.^44- 

2. i£ 4314 41-&4 tiloiE-)^ ^)el4 zl -=■*) 

3. ^ -a^-Hl ^4 tflolE-il SH44- 

4. ^ el 44 7l*°l SlI^-4 5g^4 ^-4(a«^ 
4)1 ^rS- "1-1-44- 

5. c^el ^a 0 v^. ^4^ hhi ^44 Hl#4fe ^ 
3 ^44*1 4-2-fe- 'i-f^ -5-*4- 4t-*£ "i^Hi 7|) 
°J4 a l ^lolE-ll xW-sljL 4°>4 4^si 4 
^44^ 3*4^ °J*44- ^7H1 *^7V7fl«]£i4. 

6. ^47f ^4*1 ofl^-slx)^ «J«4a >g^7l- ^^t-U 
a ^4* i44 =r "11 a ^1^-S^ ^sfl 
♦ 4fe4- °1^°1 °J^>€^°14. 

T- 43 £1 3-*fl Sl-H^l 7flojs) t ^J4^£| ^ 4 



8 . -Lc^X] Al^cHl ^Sflx^ xjsflx] 47dol «liol ^ 

*1- 

9. #4 tfl4 4#°1 ^HS!i<>|3. o]^. ^ 

^4 4*3 ^444- 

10. -S-^-* 4i4H 4 4*^-i<Hl ^4^-3-4 ^-41- t 2 - 
4^ -ti-i- 4443. °11-°1 ^4* "All 444fe 4 

444- 

11. 7^ marginal tfl4 4f-i" ^4<H 

^-i7> ^0)7:]^ OH 4^o)4 44. ZZ.EIJ7 3.^^ 

41^^rl-* -Hs. 4^14 44- 

12. ^4°fl^ -T-g-i: *4 4-^4-^ ^* ^»14 
4«1 -f^* S4°14 44- o14-S-i 

ojei 440. s. xj 7 |i^4. 

13. ■ysl'd^ 4^oIl a ^4* *fl^4fe(4^4 
-) >g^oi4. 0H1 tfltv 41* 4i»-i4^4 44. 

14. 4^>a^4 2]^^^7i- 514. oit-<Hi rH4 44^-i<Hl 
alH-M ^*4 £4-!- t"-4^ * a. 4^il t 1 - 
4fe m f-5.4 71-S--2-.5L 4444- ^-f4 
ci 38^44- °14<3^4 ^4^^4 S14- °H1 ^4 
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15. ol-iVo] ^ o.- ^.g. ^ 

-is., ^^Sr *<j^€4- 3-^1, °H qfsfl ^4 *j 
*J£|=!4- P1075. 

16. -SJ^<d#£ f-«lM ^HS! 3-3£<Hl tfl-g-*)- 

^*o] OolJL &s}o) lo] njc.^ nj.-^ 

17. 2^ ^*-§- 7HI "^Si «J:^-*fe tj^mI 3. 
s\7$°\ °J<H4-fe- ^^7]- 44.^ 3H^i7V 43. °1 
#-S-i°14- 

18. °l$-g-S.<!| ttJLSL JIM) 3 

7|- =lcf. ^S°V^.S. 7l-tSj 4: 

Sl4- hypergeometric distribution^- -f- ^-??-S} 
°M 7)141- ^ *|j ufE^M-^ tfltr £i 

o)cf. 

19. S|-t* ^-Sf7H<4 7^3 «H-o)l tfltV tflolEiS) ri^l- 

*W °l-§-tt4- 

21. 7l"^t).4. P(B - A) = 0o|<g Jgcf. P(5 - £) = Ool 
3 34- 

22. 3*11 aJ-g-sM lo|j> ^4^0] 0.S.4 sTjuf 

23. ^41- ^sf^ ^1^^- ofls.s.^ ^4. a. xj^of) t)|tV 

^fl-^-i ^3|3. 3^ 45. 5J4- 

24. *H] cfltr SM-g- ZL *H] cfl«j| 4.0^ Sj-f-Ui^ 

<H4. 

25. -g-lH! tflsfl^fe -S^s] 3L7d°l ^A*W^r ^5-H| *)) 
*«<Hfe zj-zj-s) ^-ojcf. 

* unit(l.O) 



2 


10 


49 


5 


11 


001 


8 


11 
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10 


11 


68 



27. 




28. 111.9 o]3. 4.0125. 2.0031. 

29. 13.14 ol jl 3-ir-g- 0.6025. 0.7762. 

30. nx min < xi H h in < nx mol o)M 0 o l, S* nii 

4¥-d £4- 



31. Jg^vg- 6. 3.6515. 1.9109. 




35. o)^£] jn.3H #5- 
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36. (a) f-33 ■T-'iol S-^sV'd ^4 0,1,2,3-?] 

!2C 3 = 110. (b) 9 C 3 = 84. (c) 9C23C1 = 108. (d) 
9 C 13 C 2 = 27. (e) 3C3 = 1. 

37. 3*11433 ^S" 5 ! H-E.3. P(0) = P(5 C ) = 
1-P(S) = 1-1 = 0. 

38. n«d*H vf* (1/2)". sg^-fr 
Er=ofc(l/2) fc =2. 

39. 5 2Ci3. 

40. 6!/6 6 . 



0.12 



008 



O.M 



41. 0te ' 1.5 i 14 1 is * 

42. F*V /-b 




-3-1 01 ! 3 4 S • 7 



0.1s 



0.1 



0.06 



°-i -101234567 

43. fc = 1/(1 - e- 2 ). P(X > 1) = (e- 1 - e- 2 )/(l - 

44. sg«£ 0 • 1/4 + 1 • 1/2 + 2 ■ 1/4 = 1. £3£ 
0 2 • 1/4 + l 2 • 1/2 + 2 2 • 1/4 - l 2 = 2. 

45. -3^!«"§- °|-§-*M = 
f£°e-*dx - f£°e-*dx = 0. £3£ 
/!to * 2 - v? = 4 - 0 2 = 4. 

46. / 0 X (2i - 2x 2 )di = 1/3. £3£ /o(2i 2 - 
2i 3 )di - 1/3 2 = 1/18. 2 /^(x - 1/3) 3 (1 - x)dx = 
1/135. skewnessfe 54 v^/ 135 = 2y/2/5. 

47. 100»le)3 0.02. (a) sCxO^O^ 3 "*. 
(b) 0.98 3 . 

48. P{X > 83) = P(Z > 1) = 0.5 - 0.3413 = 0.1587, 
P{X < 81) = P(Z < 0.33) = 0.5 + 0.1293^ = 
0.6293, P(X < 80) = P(Z < 0) = 6.5, 
P(78 < X < 82) = 2P(0 < Z < 0.67) = 
2 • 0.2486 = 0.4972. 

49. P{X < c) = 0.954H (c - 14)/2 = 1.65o| ^jL, 
c = 17.3. P(X < c) = 0.05HM (c - 14)/2 = 
-1.657V 5)3., c = 10.7. P{X < c) = 0.995<HH 
(c - 14)/2 = 2.58o] s\jl, c = 19.16. 

50. 5X + 4Yo\] ^ £.4}. E(5X + 4F) = 
5E{X) + 4E(Y) = 5 • 5.03 + 4 ■ 0.14 = 25.71. 
E((5X + 4y) 2 ) = 25£(X 2 ) + 40P(Xy) + 16P(y 2 ) 
= 25(0.008 2 + 5.03 2 ) + 40(5.03 • 0.14) + 16(0.005 2 + 
0.14 2 ) ~ 685.8405. V{5X + AY) = 685.8405 - 
25.71 2 = 24.8364. 



Chapter 23 



Mathematical Statistics 



In probability theory we set up mathematical models of processes and systems that 
are affected by "chance." In mathematical statistics or, briefly, statistics, we check 
these models against the reality, to determine whether they are faithful and accurate 
enough for practical purposes. This is done mainly as a basis for predictions, decisions, 
and actions, for instance, in analyzing markets, planning productions, buying 
equipment, investing in business projects, and so on. The process of checking models 
is called statistical inference. 

In this process we draw random samples, briefly called samples. These are sets of 
data values from a much larger set of data values that could be studied, called the 
population. Examples are 10 diameters of screws from a large lot of screws, 100 
household incomes in your community, 5 values a die turns up in 5 trials (here the 
population is hypothetical, consisting of an infinite sequence of outcomes of trials). 
Such an inference from samples to a population holds true, not absolutely, but with 
some high probability, that we can choose (95%, for instance) or at least compute. 

Methods of statistical inference are based on drawing samples ("sampling," Sec. 
23.1). Most important are estimation of parameters (Sees. 23.2, 23.3) and hypothesis 
testing (Sec. 23.4, 23.7, 23.8) with application to quality control (Sec. 23.5) and 
acceptance sampling (Sec. 23.6). The last two sections (Sees. 23.9, 23.10) give an 
introduction to regression and correlation analysis, which concern experiments 
involving two variables. 

Prerequisites for this chapter: Chap. 22. 

Sections that may be omitted in a shorter course: 23.5, 23.6, 23.8, 23.10. 
References: Appendix 1, Part G. 
Answers to problems: Appendix 2. 
Statistical tables: Appendix 5. 
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23.2. Estimation of Parameters 



1. 



V\/27r/ Vct 
In I = — n In -s/i^r — n In <r 



i 

2. A = - Yl x i 
n r — : 



: X. 



/i = X. 

b-a 7} 7\% xj-8r Tj-f, 



a 7^ 7^ ^£ S.-& 5M 
f> 71- 7)-^ $ sM'd i = „ 1 „ °1 € #-§- 



9 = 



(b - a)" 



1 . 
M = 77> M : 



1. 

r =2,F(x) = {* 
x [0, 



2l , x>0 
x < 0. 

JL^ Tim D-^ F(x) *i *<r) 7V F(x) 



i = p fc (l-p)"- fc , 

In / = fc In p + (n - fc) ln(l - p) , 

k n—k , k 

- = , fe = np, p = -. 

p 1 — p n 



10. / = p*i (1 - p)"- fc i 



.(1-P) 



,n — A:„ 



lni = (fci + --- + fe m )lnp 

+ [nra - (*i + r km)] ln(l - p). 

(fci + h km)- = [nm - (fci H h fern)] 

P 

fci + • • • + fc m = nmp. 
1 m 

p= — Vfci. 

Tl TY) *— » 



11. p: 



2 + 3 + 2 



12' 



3-4 

12. i = / = p(l-p)*- 1 . 

In / = lnp + (x - l)ln(l -p). 

1 x- 1 . . 1 

- - = 0. p = -. 

p 1 - p x 

13. p = -. 

x 



14. 13 ofl s]sfl p = 



7 + 6 



_2_ 
13' 



1-P 



23.3. Confidence Intervals 



7. (a) n = (2 



1. t 1 *^ 
3 

2. 2.576 • — = = 0.773. 

vToo 

Q°\7\ 30% *$S. ^"H^t}- 

x 2} olf-o] olf. 3 "Vf-) ofl Setter- 

3. -ys] ^-7+ CONF 0 .99{ 28.45 < ix < 33.71 }. 

4. n = 8, c = 1.960, x - 10.25, fc = 0.832, 

^■7+CONF 0 .9s{9.41<//<11.09}. 

5. -as] ^7+ CONF 0.95 {74.25 < /x < 75.37}. 

6. S.£ 3.71* i Sfl *}<?} ^-7+S] 7jo]7l- 2 «fl. 

f N 2 
1.960 — ) «4. 
2<r/ 

(b) n = (2 ■ 1.960-) « 16. 

8. n = 290, - « 0.3, L « 0.18, - « 0.09, fc = 0.832, 

•Us) ^7> CONF o.99{16.21 < ix < 16.39}. 

9. ^-7+ CONF o.99{15.308 < ix < 15.692}. 

10. n - 1 = 4; F(c) = 0.995 => c = 4.60, 
x - 659.2, s 2 = 22.70, fc = -^L = 9.8, 

-as] ^-7+ CONF o.99{649.4 < /x < 669.0}. 

11. <]3] ^-7+ CONF 0.99(62.71 < /x < 65.29}. 

12. n = 24000, x = 12012, p = - = 0.5005, 

"HI m ^ X % 24000 a]^o)|^ ufe} 

M-fe tJJ^s} sg^- 24000p ^4 

24000p(l -p) °1 ^ ^ii 5-4* =r ^4- 
24000p = 12012, 24000p(l -p) = 5999.99, 



c* - 12012 „ 

*(c) = 0.995 =>• c = . = 2.576, 

v \/6000 



c* - 12012 = 2.576%/6000 = 199.5, 

-OS) ^-7+ CONF o.99{H812 < ix < 12212}, 

4! Sl ^-7+ CONF o.99{0.492 < p < 0.509}. 



13. c = 1.96, x = 87, s 2 = 71.86, fc : 



= 0.742, 



^ si ^-7+ CONF 0.95(86 < ax < 88}, 
ilsl ^7+ CONF 0 .95(0.17<p<0.18}. 
14. n - 1 = 9, F(ci) = 0.025 =J- c = 2.70, 
F(c 2 ) = 0.975 => c = 19.02, 
x = 253.5, 9s 2 = 54.5, 



sci 

fci = — = 
x/n 

SC2 



fc 2 ^ 



54.5 

2.70 
54.5 



= 20.19, 



= 2.86, 



19.02 

-as) -?7+ CONF o.95{2.8 < <t 2 < 20.2}. 

15. -asl ^-7+ CONF o.95{23 < a 2 < 553}. 

16. n - 1 = 7, F(ci) = 0.025 c = 1.69, 

F(c 2 ) = 0.975 c = 16.01, 
x = 17.7625, 7s 2 = 0.73875, 
fci = = 0.437, 

fc 2 = = 0.046, 
Vn 

si ^7+ CONF 0.95 { 0.046 < a 2 < 0.437 } . 

17. z}7l 120, 198 oIjl ^-aV 36, 100 °J 73 fl- ^-i- 

18. 73 el 1 3} 22.8 ^2) £-*H 14(g) °fl «« 4X X - X 2 ± 

4 • 16 - 12 = 52 2} 16 • 8 + 2 = 130 °J 7, 
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19. Z = X + Y 3-2IO o| sl 4.25 <U ^ 
P(208 < Z < 212) = 67%. 

20. ^ 1 <H1 Sl-f- Z -b ^5 40W, -g-^ 4/V °1 
^ £-i°14- *l7H N £ 7^£j 



P(Z < 2000) = *( 2000 2 ^° N ) =0.95, 



2000 - 407V 



2y/N 

23.4. Testing of Hypotheses, Decisions 



> 1.645, TV = 49. 



1. T = X /X ° = 0.18 < c = 1.94, 7^ ^a). 

2. 7|--a : p = 0.5. 

»S<r * : 4040 <?jsl a| 
^ = 2020, ct 2 = 1010, 

c = 2072 > 2048, 

3. c = 6090 > 6019, c = 12127 > 12012, 7p4 e| . 

4. : M = 60.0, tfloV : M = 57.0. 

o- 2 9 
4 'iM!- 3^", — = — = 0.45, 



n 



20 



P(X < c)„ =6 o.o = * f C J^ 0 ") = 0.05, 

V V0.45 / 

c = 60.0 - 1.645v/0~45 = 58.9 > x, 

5. — = 1.8, c = 57.8, 7}-^ ^. 

6. r? (57.0) = P(X<c), =57 = *(^^) 

= *(2.83) = 99^%. 

7. /i < 58.69, /i > 61.31. 

8. 4 #4 3*. 





9. n = 5, n = 200. 




10. 7l-*l : fj. 0 = 35000, tfl^V : /i > 35000, 
37000 - 35000 
* = Hoc = 200 > c = 

7K 7]ZJ-. *fli q*tS\ o\2\£. E^. 



11. 7j-g : M = 5000 3 , tfl*V : ft # 5000 S , o)^-, 

4900 - 5000 

t = -g- = -3.54 < c = -2.01, 7Hi 7)7^. 

\/50 

12. 7l1i : ^ofT-lT-l <$± cfloj : 

a)-* x : 400 ^ *] a€ ^, 

H = np = 300, (T 2 = npg = 75, a = 5% 
c — 300 „ — 
— ==- = 1.645, c = 300 + 1.645\/75 = 314, 
V75 

£ 310 o) C Ji.4 3.7-1 7^ 7]7+ 

13. 3fs 

7|-S : *M &<6S Htf : *Mtf, t-Hi »]-§-, 
0.55 - 0 

t = , =2.11 <c = 2.37, 7f-a *fl«). 



546 
8 

14. 7pi : <r 2 = 25, rfltV : a% < 25, 

n-l = 27,y = (n-l)^ = — 

^ 25 
P{Y > c) = a = 5% =>• c = 16.2, 
K = 1.08s 2 = 1.08 • 3.5 2 = 13.23 < c, 
4 £4 3^°|H-3. n-S 714. i& ^*J*1* -f-*M 

15. 7|-a H 0 : <7 = 0.8, tJltV J?i : <r > 0.8, 

s 2 

n - 1 = 19, y = (n - 1)-=- = 29.69, 
^o 

P(K < c) = 1 - a = 95% => c= 30.14 > y, 
7Ki 

16. 7l-^ : <r\=al, tfltV : a 2 > <7 2 , 

s? 350 

ni — 1 = 5, ri2 — 1 = 6, vn = = - — = 5.65, 

s 2 61.9 

P(V < c) = 1 - 0 = 95%, => c = 4.39 < v 0 , 
^-^4 3.4- 

X - J/ 



1.08S 2 , 



17. to = \fn 



= 3.33 > c = 1.70, 



B 71- M-4 
18. ° 0 tA 

ni +n 2 - 2 = 28, 



to = 



niri2(n\ + ri2 — 2) 



x - j/ 



ni+n2 ^(ni - l)s 2 + (n 3 - l)s 2 

= -3.58, 

c 2 = 2.05 (a = 97|%), c 2 = -2.05 (a = 2|%), 
to = -3.58 < -2.05 = c 2 o] S.S. 7j-g 7|z|-. i^j^r 

19. 71-g ffo : M — W). ff t : = Ml. 

X — lio 

71 — > CO o|l^ f = 



±00. 



°\A>\ -r-^fe ^-4^1 -T-310II ^ ^^€4- 

3.7)1- *7W?i^ ^*fb ^ 

€4- 
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20. ofl 2(a). 



of| 2(b). 



23.5. Quality Control 



1. LCL = 1 - 2.58 



0.02 



= 0.974, UCL = 1.026. 



0.02 

2. 1±3- — =- = 1±0.03. 

v/4 

/ 0.02 \ 2 

3. n = 2 ■ 2.58 « 27. 

\ 0.02/ 

2 58 

4. V2 = 1.41 Hr« *fc; ^ 

*M ^ J-af- i- ^4- 
V0.0004 

5. LCL = 3.5-2.58- r - 

V2 

6. LCL = 3.5, UCL = 6.5. 

7. «g^=a-S-Sj 2\tH&-2.£2\ n±tt- 



1.32 ^ i 
3.464, UCL = 3.536. 




9. LCL = rip — 3y / np(l — p), CL = np, 

UCL = np + 3v/np(l - p). 
10. S*f- Z 7} 3.7] n ^ 

°l a}-* npg ojci. 4ef^ x = - 2) 

n 



npq 



0.000384 



UCL = 0.04 + 3cr = 0.0988. 

(a) LCL = (i- 3^Ji, CL = fi, UCL = /i + Zy/Jl. 

(b) LCL = /i - 3^ = -2.K 0 °1 S.S., 
LCL = 0, CL = p.= 3.6, UCL = 9.3. 

*le)t 5L7lsl 4»«t 

13. (a) °-J= 30%. 
(b) «t 5%. 

14. 23.3 ^ 1 ofl Sl«fl 

LCL = n/xo - 2.58cr v / n, UCL = n/^o + 2.58(7 N /n- 

15. ^^"U ^7\; HHJ, ' 



11 



12. 



1. 0.9825(^ = 0.2, c = 1), 
0.9384^ = 0.4, c = l), 
0.4060(ji = 2, cr= 1). 

2. P(A;0)~e-»«£^ 

0.9098(/x = 0.5, c = 1) (1%), 
0.7358(/x = l,c= 1) (2%), 
0.0404(/j = 5,c= 1) (10%). 

3. 0.8187(/i = 0.2,c = 0), 
0.6703(/j = 0.4, c = 0), 
0.1353(/i = 2,c = 0). 

4. P(A;0) =e- 20 * (1 + 20(9), 

0 = 1.5% => P(A; 0.015) = 96.3% =! 
fi = P(A; 0.075) = 55.8%. 

5. P(A;0) = e- 3t *> (1 + 300). 

6. [0e- 3oe (l + 306»)]' = 0=> 0 = 0.054 
AOQL = de- 3O0 (l + 300) = 0.028. 

, (20 - 2O0)(19 - 206) 

Q_ 380 

(20 - 2O0)(19 - 200) 

380 



23.6. Acceptance Sampling 

±W ■. e°(i ■ 



-.3.7%, 



= 19.47%, 



fi' 



= 14.74%. 



8. 



0) 2 . 



0 


**(2D) 


5-451: 


0.0 


1.00 


1.00 


0.2 


0.63 


0.64 


0.4 


0.35 


0.36 


0.6 


0.15 


0.16 


0.8 


0.03 


0.04 


1.0 


0.00 


0.00 



9. (1 - 9)" +n0(l - 0)"- 1 
10. P(A;0) = 



(20B\ (20-20e\ 
_ \ 0 M 3 I 



(2°) 

_ (20 - 2O0)(19 - 2O0)(18 - 200) 
6840 

P(A; 0.1) = 0.72, P(A; 0.2) = 0.49, 

12. P(A;0) = e- 2O9 (l + 2O0), 

[0P(A;0)]' = 0 => 9 = 0 O = 0.0809, 
0 o P(A;0 o ) = 0.0420. 



23.7. GOODNESS OF FIT. x 2 -TEST 



13. (1 - 0) 5 , [61(1 - 0) 5 ]' = 0, 9 = -, AOQL = 6.7%. 

14. 9 = 0.05, P(A;6) = 0.98, 

n = 100, np = 5, npq = 5 • 0.95 = 4.75, 

' /100\ , lfln „ 
' ^ - ' -100— a; 



z=0 




0.98, 



/4T75 / V </4.75 
= 0.9859 

=> c = 4.5 + 2.214v / 4^75 = 9.325, 

4eH c ttss. 9 4 io -i- ^sfl4 tvcf- 
is. ws-i^oi-i-, 

9 

£ (^O.^O^ 100 -* = 22%. 
i=o x 



23.7. Goodness of Fit. x 2 -Test 



2 _ (40-50)^ (60 -50) 2 
o- - + - -4>c=3 



Xo 

X 2 , = 0.4 < c = 3.84, 

xg = 



.84, 



16 

To 



<c= 11.07, ^jtv^HH- 



4. x 2 , = 1-628 + 26.582 + 7.426 + 52.250 + 3.945 
+ 2.359 = 94.19 > 11.07, 7]Q. 



5. x8 = 10-264 < c = 11.07, nfl-g-. 

6. AT - 1 - 1 = 1, 

13 + 3 + 8 



: 3.84, 



X 2 = §[(13 - 8) 2 + (3 - 8) 2 + (8 - 8) 2 )] = 6.25 



7. fi=x = 3.8704, K - 1 - 1 = 10, 



X 


F(x) 






M (l) 4 *j- 


0 


0.0209 


54.38 


57 


0.1265 


1 


0.1015 


210.46 


203 


0.2645 


2 


0.2577 


407.29 


383 


1.4478 


3 


0.4592 


525.45 


525 


0.0004 


4 


0.6541 


508.42 


532 


1.0932 


5 


0.8050 


393.56 


408 


0.5297 


6 


0.9024 


253.87 


273 


1.4410 


7 


0.9562 


140.37 


139 


0.0134 


8 


0.9823 


67.91 


45 


7.7294 


9 


0.9934 


29.20 


27 


0.1664 


' 10 


0.9978 


11.30 


10 


0.1503 






5.78 


6 


0.5498 



23.21 > xl = 13.5125, i-g-g- ^-ftl -2-^°! Poisson -g-isM °14^ 7}^ 3)^4. 
8. £ = 59.87, s = 1.504, K - 1 - 2 = 2, 



z — x 



13 



4« -4J (1) si %v 



58.5 


-0.91 


0.1812 


14.31 


14 


0.01 


59.5 


-0.25 


0.4028 


17.51 


17 


0.01 


60.5 


0.42 


0.6623 


20.50 


27 


2.06 


61.5 


1.08 


0.8608 


15.68 


8 


3.76 








11.00 


13 


0.36 



9.2i >xl = 6.10, a-g-i- s^o] s-isn si4fe 



9. Xo = 1 < c = 3.84, ^ 
10. 50 + 6 7} 7>^-t- 7)7^71 ^t_V °}4^r, 

— >c,6>5^, 

50 + 6 = 60,63,64 5%, 1%, 0.5%). 
„ , 10 2 10 2 10 

1L x ° = -4y + T2o = T <c = 3 - 84 ' 

4 f-^i 7^ 7}S_%. 7\7.) *}7j- ^Ak 

12. A- = 2 (^-3 74, efle^v 74), 

: ^3 3=10, oil Bit!- 74=390, 
1, 



2 _ 49 _49_ 
X ° ~~ 10 + 390 



: 5.03 > 3.84, 



°!3 7] 74. 

73 2 + 23 2 + 97 2 



13- xl = 



= 18.02 > c = 5.99, 



847 

^ 45.4. 

14. n = 3- 77 = 231. 

231 

(a) aj = = 11.55, K = 20, a = 5%, 

20 

19, Xo = 24.32 < c = 30.14, 

(b) a = 5%, 

TWrS. 1, Xo = 13-10 > c = 3.84, 



338 



23. MATHEMATICAL STATISTICS 



m- 

(c) a = 5%, 



1, xl = 10.62 > c : 



: 3.84, 



23.8. Nonparametric Tests 



1. P(X = 5) = (^)(0.5) 5 = 3.12% < a, y\^. 
P(X = 4) = (*)(0.5) 4 = 6.25% > a, ?H) 

2. 7pJ : A = 0, 

p =r +6 -© 6+i5 -© 6=34% ' 

7f"*i 7)zj-^. 

3. 7fii : A if B fe *H 7 f 

*fo]7f Tj-ff- iTl, 8 Si ^1*8, 
A 7\ B JLrf 7 »}oli4 8 o} -f^ 2f# 



P=[l + 8]l-l =3.5%, 

AA- A 7\ B -f*r*f4. 

4. 7f-y : A if B -fe- ^-o|7|- 

i-g-oJt^ 0 -I- ±.7\, X : 7%^-, 

p (*= 9 >=® G) 9=a2% ' 

7fU 7|Zf. A if B ^ 4»|7f 114. 

5. 7f-a : /i = 0, tfloj- : /x > 0, 

2 = 1.58, £ = H| = 4.06 > c = 1.83, 7f-g 7)zf. 
vTo 

6. 7f<8 : ^ *£HJ3 4o| 7 f 

^7f 7j^«H«> 3?fl sa-g- sfi- 

'-[•♦O+OOKi)"-"* 

7^ 7]Zf. B 7f tSj uf^^olcf. 

7. 7HJ r-f-HHii) *fol7f^, 
x = 9.67, s = 11.87, 

9.67 

t = - rrw = 3.15 > c = 1.76, 7f^ 7)4. 

8. X : <5K^ 7g^, 

7f-S *|*(a< = 0), 

-S-^^f 7l3}*)K I7fl 

p= G) 8+8 G) 8=3 - 5% ' 

9. 

10. n = 5, 

111.1 °) 110.9 if 111.0 <5H 4£ : 91*1 2, 

3. A12 oil Si sfl 



P(T < 2) = 0.117, 

?Ht 7)7^1-^.. 

11. 7f*j : ^1 tflo]. : ^ (^ 7) . 3^ 
a A12 °l-g-, n = 10, 

22 > 19,21,20,18, 

19 > 18, 

21 > 20,18, 

20 > 18, 

25 > 18,24, 

27 > 26,24 30 > 26,24, 

26 > 24 : 3*Jt! 9\Z] 15, 
P(T < 15) = 10.8%, 

7RJ 

12. n = 8, 

33.4 7f 31.6 $o(| uf^-, 

35.3 °) 31.6 2f 35.0 "SH i-f-g-, 

37.6 o) 36.5 : 33t! *i*l 4, 

2. A12 Hi s\n 
P(T < 4) = 0.007, 

7Ht 7)Z)-. a] a* ^7)-*f^ q^s. f"7f. 

13. 7fH : ^ tfloj. : o^oj ^ ( ^ 7) . 

3. A12 o|^.,n = 6, 
2.1 > 1.9, 

2.6 > 2.2 : 3^t! 2, 
P(T < 2) = 2.8%, 
7f-a 717^. 

14. 7fi| : W cflo} . ojts) ^ (£. 7 f 
n = 10, 

418 > 301, 352, 395, 375, 388, 
395 > 375,388, 
465 > 455, 

521 > 455,490 : ^*Jt! 10, 
3. A12 ofl il*fl 
P(T < 10) = 1.4%, 

7f-i 7)Zf. 

15. 7f-a : ^| tfloj- : -S-il ^1 (7j-i 7^^=), 
5. A12 o)^-, „ = 8, 

37 < 40,38 : 3*Jt! 2, 
P(T < 2) = 0.1%, 

7f^ 7]Zf. 



